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Distributed Model Predictive Formation Control with Gait
Synchronization for Multiple Quadruped Robots

Shaohang Xu'2, Wentao Zhang',

Abstract— In this paper, we present a fully distributed frame-
work for multiple quadruped robots in environments with ob-
stacles. Our approach utilizes Model Predictive Control (MPC)
and multi-robot consensus protocol to obtain the distributed
control law. It ensures that all the robots are able to avoid
obstacles, navigate to the desired positions, and meanwhile
synchronize the gaits. In particular, via MPC and consensus,
the robots compute the optimal trajectory and the contact
profile of the legs. Then an MPC-based locomotion controller
is implemented to achieve the gait, stabilize the locomotion
and track the desired trajectory. We present experiments
in simulation and with three real quadruped robots in an
environment with a static obstacle.

I. INTRODUCTION

The advanced mobility of quadruped robots motivates a lot
of works on the development of quadruped machines, such as
ANYmal [1], HyQ [2], MIT Cheetah series [3]-[6] from the
robotics research community, and Boston Dynamics Spot [7]
and Unitree Al [8] from the commercial robot companies.
Recently, there has been an increasing number of research
works on locomotion control for an individual robot, towards
highly dynamic and stable quadruped locomotion in difficult
and unstructured terrains [9]-[16]. However, the isolated op-
eration of individual robots limits the autonomy, perception,
and decision-making [17]. Instead, the cooperation of mul-
tiple robots can improve the applicability in complex tasks
such as search and rescue, industrial inspection, etc [18]-
[21]. For example, multiple quadruped robots can explore
subterranean environments autonomously [22], [23], which
are inhospitable to humans.

This paper considers the locomotion control of multiple
quadruped robots in a distributed way. In particular, we pro-
pose a distributed control framework to achieve the following
objectives:

o All the robots are regulated to their own desired posi-
tions with a certain formation;

e All the robots are able to avoid collisions within the
robot swarm or against the obstacles in the environment;

o The gaits of all the robots are synchronized;

o All the robots stabilize their dynamic locomotion and
do not lose balance.

An illustrating example is shown in Fig. 1. Next, we give
a brief review on the related work and highlight our main
contribution.
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Fig. 1. An illustrating example of our control objective. The left and right
figures show the test scenarios in the simulator PyBullet [24] before and
after distributed control, respectively. The red circle highlights the obstacle
in the environment. Robot 1, 2, and 3 are circled in the green, pink, and blue
colors, respectively. Our first two objectives are controlling all the robots
to achieve a predefined formation (a queue in this example) and meanwhile
avoid any collision within the robot swarm or against the obstacle. Moreover,
a significant objective in this paper is to synchronize the gaits of all the
robots, which can be understood straightforward by observing the leg states
of the robots: the robots have different gaits in the left figure while their
leg states become the same after distributed control. Last but not the least,
the dynamic locomotion should be stabilized, i.e., all the robots should not
lose any balance to achieve the above three objectives.

A. Related Work

1) Swarm Robotics: Inspired by the collective behaviors
of social animals such as ants [25], bees [26], birds and
fish [27], researchers are interested in developing aerial,
underwater, and ground swarm robotic systems to achieve
the similar capability of their animal counterparts [28]—
[31]. Compared with wheeled or tracked vehicles, legged
robots are able to traverse difficult and unstructured terrains
with dynamic and agile locomotion [32]. However, there
are few works focused on legged robots in the swarm
robotics community. Indeed, the swarm of quadruped robots
shows extraordinary performance in real-world applications,
such as exploration of underground environments [22], [23].
Nevertheless, the unique locomotion modal of legged robots,
i.e., gait, is rarely considered for the swarm robotic system.
By synchronizing the gait, the quadruped robot swarm is
expected to accomplish some particular tasks better, such as
coordinated carrying loads [33]. In this paper, we propose
a dynamics model for quadrupedal gaits and then present
a consensus-based control method for gait synchronization.
The main advantage of the proposed model is that, it can
generate the periodic gaits which are easy to stabilize on
real robots. Moreover, the distributed control system with
the proposed controller is guaranteed to converge.

2) Distributed Formation Control: There is a large num-
ber of works on formation control of multiple robots in
environments with obstacles [34]-[37]. In this problem, a
significant challenge is that there are always physical or
task constraints, such as the limit of the control input,
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An overview of our control framework. We assume the robot is equipped with localization and mapping modules, which can providle DMPFC

with the odometry and the obstacle information. Moreover, wireless broadcast network is also required by our controller, through which the robots can
exchange their trajectory and gait phase information. DMPFC outputs the desired trajectory with a predefined formation, and GSC outputs the desired
contact profile. Finally, MPLC calculates the desired motor torque commands to the low level motor controllers on the robot, which is to stabilize the
dynamic locomotion and achieve the desired gait. The color indicates the update frequency of the corresponding modules on our hardware.

collision avoidance, etc. In control theory, there are many
strategies to handle constraints, but in particular, MPC is
one of the most attractive methods because it is able to
straightforwardly address constraints and meanwhile has the
optimal performance [38], [39]. For distributed control of
multi-agent systems, distributed MPC theory is well-studied
in literature [40]-[42]. Compared with centralized MPC,
distributed MPC is expected to be more scalable in structures
and with lower communication costs [43]. By decomposing
formation control from locomotion control, we implement
distributed MPC in our proposed framework to obtain the
optimal trajectory for each robot. By simplifying the compu-
tation and omitting the stability analysis, we use off-the-shelf
solvers [44], [45] to solve a nonlinear, nonconvex program
online. The proposed method can be easily combined with
other modules in the framework and deployed on real robots.

3) Quadruped Locomotion Control: Locomotion control
of an individual robot has been learned in the quadruped lo-
comotion community, and it can be categorized into learning-
based methods [12]-[16] or model-based methods [9]-[11].
Learning-based methods do not require the dynamics model
of quadruped robots and show extraordinary adaptiveness,
robustness, and stability in complex environments [12]-
[14]. Although some recent approaches can deal with multi-
modal gaits [16], [46], [47], most learning-based methods
cannot adjust the contact schedule online due to the lack
of model representation. Therefore, the gaits of multiple
quadruped robots cannot be synchronized in this way. On the
contrary, model-based methods can handle multi-modal gaits
straightforwardly, as long as the contact profile is predefined.
In particular, MPC-based methods are proposed to stabilize
highly dynamic locomotion [10], [48], and all common gaits
can be achieved on real robots [9].

B. Contribution

In this paper, we propose a distributed control frame-
work for multiple quadruped robots to achieve formation
control with gait synchronization, visualized in Fig. 2. The
proposed method decomposes the overall objective and
combines three sub-controllers: Distributed Model Predictive
Formation Controller (DMPFC), Gait Synchronization Con-
troller (GSC), and Model Predictive Locomotion Controller
(MPLC). The main contribution is that our method extends
the capabilities of legged robots to coordinate in a distributed
way. To the best of our knowledge, this is the first time that
a distributed control framework is applied to a quadruped
robot swarm with gait synchronization. The proposed control
framework is validated on multiple quadruped robots in both
simulation and the real world.

II. METHODOLOGY

In this section, the distributed control framework is pre-
sented in detail. First, DMPFC is introduced to design the
optimal trajectory. Then, the dynamics model of quadrupedal
gaits is first proposed and GSC is then designed based on
the consensus protocol. Finally, MPLC is briefly introduced
for the sake of completeness, in order to track the desired
trajectory and to stabilize the generated gait.

A. Distributed Model Predictive Formation Control

The control objective of DMPFC is to regulate all the
robots to desired positions with a certain formation. Mean-
while, all the robots are able to avoid collisions and obstacles.
In order to make the problem tractable, we omit the whole-
body dynamics but use a simple difference model,

si(k +1) = si(k) + vi(k), (N
where s; = [x;,;,7]" is the state vector of the i-th robot
with x;,y;,v; representing the positions and yaw angle in
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the global two-dimensional frame; v; = [Vz,5, Uy,i5 Uy, 18
the control input with v ;, vy ;, v ; representing the desired
velocity of z;,v;,7; to be tracked in the following MPLC
module.

For the i-th robot at time step k, the following optimization
problem is solved in DMPFC:

N-1

s 2
Jmin, 2 (pillvi(k +1k)|2
tai Y lsi(k+ k) = si(k + k) — di13) @)
JjEN;

+ Billsd — si(k 4+ 1|k)|13,

s.t.s;(klk) = s;(k) 3)
si(k +14+1k) = si(k + k) +vi(k + k), (4
s;(k+ 1+ 1]k) — s;(k+ 1+ 1]|k)||3 > R, (5)
|si(k +1+1|k) — so(k+14+1|E)||%2 > D, (6)
vi(k) e U (7
1=0,1,---,N—-1,jeN;, 0€ O,

where the notation a(k +1|k) represents the value of « at the
time step £+ which is predicted at the time step k, p;, «;, B;
are positive weights; N; denotes the set of the neighbors on
the communication topology that is an undirected graph in
this paper; s is the desired position of robot i; d;; £ s —s¢
is the desired relative position between robot i and j; s, =
[%0,%0] " is the positions of the o-th obstable with o in the
set O; R and D are the predefined safety margin for group
self-collision and obstacle avoidance.

The motivation of the optimization problem is illustrated
as follows. The optimization objective (2) is to penalize the
energy cost and the differences between the predictive and
desired states in the formation. The equality constraint (3)
specifies the initial states and (4) represents the dynamics
model (1). The inequality constraint (5) is to avoid collisions
among the quadruped robots, while (6) is introduced for
obstacle avoidance. The set U in (7) gives the velocity
limitation and defined as {v € R3*jv < v < T} where v
and v are the lower and upper bound respectively.

In this paper, we assume that s,,, s‘ij, d;;, and N; are known
for robot 7. In practice, all the above-mentioned information
can be obtained through the localization and mapping module
or wireless communication. In this paper, we aim to apply the
proposed controller onto the quadruped robot swarm, while
the design of the terminal set and the terminal controller is
omitted for brevity, and the analysis of recursive feasibility
and stability will be left for the future work.

The above optimization problem is nonlinear and non-
convex, and it is challenging to obtain the globally optimal
solution. Instead, we use an interior point solver [44] to
quickly obtain the local optimum. It is known that a good
initial guess could lead to high-quality local optimum and
improve the solving frequency. In this paper, we delete the
constraints (5) and (6) and solve the sub-problem. Com-
pared to the original problem, the sub-problem is a convex
quadratic program and can be solved efficiently by many

solvers. We use [45] to obtain the optimal solution of the sub-
problem and then use it to initialize the original nonconvex
program. In practice, the overall solving frequency is fast
enough for the formation control, and the control perfor-
mance is satisfactory in our experiments.

B. Gait Synchronization Control

Here we introduce the parameterization method for peri-
odic gaits of quadruped robots. The key parameters are as
follows:

« Stepping frequency f. The stepping frequency is used to
represent how fast a gait cycle is. It is equivalent to the
inverse of the periodic time of the gait. It is known that
when f is high, the locomotion would be more robust.
However, a higher f might be less energy efficient for
low-speed locomotion. This is caused by frequent but
not necessary leg swings.

o Nominal phase ¢(t), phase offset dofset and phase
threshold ¢¢hreshold- The nominal phase ¢ is defined
as

¢(t) = (fot) mod (1), (®)

where fj is the nominal stepping frequency. All legs of
an individual robot share the same nominal phase, but
they have different offsets in order to capture different
kinds of gaits:

¢l = ¢ + (bf)ffsem (9)

where ¢! denotes the phase of the I-th leg and ¢! 4.,
denotes its corresponding offset to the nominal phase.
When qﬁéﬁset > @threshold, the [-th leg is in the swinging
phase according to the contact schedule. Otherwise, it
is in the stance phase.

In this paper, we only consider the case that the [-th legs
of all the robots share the same ¢>f)ffset and Ginreshold- Then,
when the nominal phase ¢ is synchronized, the movement
of all legs are synchronized. Moreover, we appoint the same
nominal stepping frequency f; for all the robots.

To synchronize the gaits, we define our control input as
an offset f; to the nominal stepping frequency. Then, we can
obtain the model of the gait for robot ¢ as follows,

¢i = (0:(0) + (fo + fi)t) mod (1),

where ¢; is the nominal phase and ¢;(0) is its initial value;
fi is the offset to the nominal stepping frequency. f; is used
to regulate the internal clock, which is defined as

0; = ¢i(0) + (fo + fo)t, (1)

The robots transmit their internal clocks to their neighbors
through wireless communication. Then, the distributed feed-
back controller of gait synchronization is to design f; for the
synchronization of 6;.

In this paper, we use the consensus protocol [49] without
time delays, meaning that the control law is designed as

fi=— Z a;;(6; —6,)

JEN;

(10)

(12)
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Fig. 3. An illustrating example of different dynamics models for gait
synchronization. (a) The dynamics model (15) with the controller (16). (b)
Our method. There are two robots in this example: the initial phase of Robot
2 is 0.9 while the initial phase of Robot 1 is 0.5. The consensus protocol
is used for both models. We can observe that the robots in (a) achieve
consensus faster than that in (b). However, in (a), Robot 2 decreases its
phase from the initial value 0.9 to nearly 0.6, which will lead to undesired,
challenging gaits to stabilize. In (b), the phase trajectory using our method
remains periodic and smooth, and the generated gait is more natural and
easier to stabilize using MPLC.

where a;; = aj; are positive weights for ¢ # j. The
convergence is given as follows.

Theorem 1: Assume the communication topology is a
connected graph. Then, when the time is sufficiently large,
the gaits of the quadruped robot swarm are synchronized,
ie., when t — 00, ¢1 = o = -+ = @y,

Proof: We substitute (12) into (11), and then we can
obtain the dynamics model for the gaits of the robots,

O;=fo— > ai;(0; —0)). (13)
JEN;
Define ; = 0; — fot. Then we have
b= S b 0) (14

JEN;

From Theorem 5 and 6 in [49], we can prove that when the
time is sufficiently large, #; will converge to zero for all i,
and 0; will converge to be identical for all . Then, from
the definition of 6, ; will be identical for all i, i.e., all the
robots will get the internal clock consensus. Therefore their
nominal phases ¢; also achieve consensus due to (10) and
their gaits are synchronized. [ ]

Intuitively, the robots achieve the phase consensus by
accelerating or decelerating their stepping frequencies. The
main advantage of the proposed model and controller for
gait synchronization is that the generated gait is easier to
stabilize. For example, another way is to use an offset to the
internal clock as the control input, denoted as J;. Then the
dynamics model is

0; = :(0) + fot + d;
We can also utilize the consensus protocol to synchronize

the gaits:
di=— Y ay(0; — ;)
JEN;

15)

(16)

Similar to Theorem 1, we can also prove the convergence of
the control system. However, the synchronization procedure
will lead to undesired phase trajectory, which is challenging
for locomotion controllers. Please see the illustrating exam-
ple shown as Fig. 3 for more details.

It is worth noting that when ¢.g ., in (9) is different
for each robot, we can model the robot leg phases one by
one instead of the solely nominal phase, and use a similar
controller to synchronize them. However, the synchronization
procedure may lead to unnatural contact profiles which are

challenging to achieve on real robots.

C. MPC-based Locomotion Control

The robot legs have two different status: swinging in the
air and stance on the ground. The state of the [-th leg can be
determined by qbf)ffset and @¢hreshold, introduced in Section
II-B, and then the desired gait is obtained. In the proposed
framework, MPLC consists of a swing leg controller and a
stance leg controller in terms of the leg states. The objective
of MPLC is to track the desired trajectory from DMPFC and
to achieve the generated gait from GSC.

1) Swing Controller: For a swing leg, the controller will
first calculate the desired trajectory of the foot end in the air,
which is based on the desired body velocity and trajectory.
Then, the desired motor positions are calculated using inverse
kinematics. Finally, a simple Proportional-Derivative (PD)
controller is used to track the motor positions,

T, = kp,i(ad,i - 91‘) - kd,iéi

where the subscript ¢ implies the ¢-th motor, 7 is the motor
torque, 64 the desired motor position, # and éi are the current
motor position and velocity, respectively, and &, and k, are
PD parameters, respectively.

2) Stance Controller: The stance controller computes the
optimal ground reaction force for the stance leg, and then
uses the Jacobian matrix J; of the leg to obtain the motor
torques:

Ti = Jsz i*

where f is the ground reaction force of the i-th leg.
An optimization-based MPC method is used to obtain f;.
Similar to [9], the dynamics model of the quadruped robot
is linearized using the desired trajectory from DMPFC,

Tiy1 = Aiwi + Biug,

where

Vi=t, ,t4+n—1,

z=[©0" p' w' P —g,

u = [fl f4]T7
© € R? is the body orientation in the global frame, p € R?
is the body position in the global frame, w € R? is the body
orientation velocity in the body frame, p € R? is the body

linear velocity. Then, a QP is formulated to find the optimal
ground reaction forces

min 37 (@i — yir1) T L@ — yir1) +ud Kiug,
s.t. Tit1 = AZ(E1 —+ Bmi

¢ <Ciu; <G

Vit t+n—1,

where n is the length of the predictive horizon, y;4; is
the desired states, L; and K; are the weighted diagonal
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Fig. 4. Figure showing our quadruped robot Unitree Al (right), and its
simulation model in Pybullet [24] simulator (left). The UWB sensor and
the onboard computer are circled by the blue and orange dotted lines,
respectively.

matrices, ¢;, ¢; and C; are the coefficient vectors/matrix
for the linearized friction constraints. In practice, we use
si(k + llk) from DMPFC to construct y;11. The MPC
control law at the time step ¢ is defined as u}, and then
the optimal ground reaction force of the i-th leg can be
obtained. Fast Convex MPC method [50] is used to solve
the above optimization problem with a high update frequency
for better control performance in trajectory tracking and gait
stabilization.

ITII. RESULTS AND DISCUSSION

In this section, the proposed control framework is val-
idated in both simulation and the real world using three
Unitree Al robots [8], shown in Fig. 4. In real-world
applications, the communication topology should be time-
varying. In this paper, we fix the communication topology
as 1 < 2,2 «+» 3, which is a simple connected and undirected
graph. For DMPFC, the controller setting is as follows. For
all the robots, p; = 0.01. For Robot 1 and 3, o; = 1 and
B; = 0, while @ = 0 and 5, = 1 for Robot 2. In this setting,
Robot 1 and 3 only try to achieve the formation based on
the relative distance from Robot 2, and thus do not require
their absolute positions in the global frame. Moreover, Robot
2 tries to arrive at the desired position without considering
the desired formation. The setting is similar to the leader-
follower paradigm.

A. Simulation

The simulation experiment is conducted in PyBullet [24].
In this test, the initial value of the nominal phase of Robot 1
and 3 is 0.5, while that of Robot 2 is 0. The nominal stepping
frequency in the gait model for the three robots is the same
fo = 2.4. The initial positions are (0,0), (0,1.2), (—2,2)
for Robot 1, 2 and 3 respectively, and the desired positions
are (2,1.25), (0,1.25), (—2,1.25). The obstacle is placed at
(1.2,1.2).

The test scenarios are shown in Fig. 1. It can be observed
that Robot 2 has different leg states from Robot 1 and 3 at
the beginning: the left rear and right front legs of Robot 2 are
swinging while that of Robot 2 and 3 are on the ground. After
several seconds, their leg states become the same, meaning
that their gaits are synchronized. We can also observe that
the three robots arrive at their desired positions and form
a queue-like formation while avoiding collisions with the
obstacle.
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Fig. 5. Simulation Results. (a) The trajectory of the three robots in the
global frame. (b) The trajectory in the x-axis. (c) The trajectory in the y-
axis. (d) The phase trajectory.

(b)

Fig. 6.  Gait synchronization of two real robots. DMPFC is off in this
test. (a) Two robots have different initial phases at the beginning. (b) The
contact schedule of the two robots is synchronized after seconds. The red
dotted lines in (a) and (b) highlight one of the swing legs.

Fig. 5 shows the numerical results in detail. Robot 2
first bypasses the obstacle and then advances to the target
position. Robot 1 and 3 do not move onto the desired position
directly. Instead, they try to follow Robot 2 to achieve the
desired formation, which is caused by our DMPFC setting.
It can be also observed that the robots synchronize the gaits
after 10 seconds, which is consistent with Theorem 1.

B. Real Robot Tests

Each robot is equipped with an onboard computer with
Intel Core i7 2020 processor that runs Ubuntu Linux. Instead
of a simultaneous localization and mapping (SLAM) module,
we use a set of Ultra Wideband (UWB) sensors for self-
localization and obstacle-localization. The hardware of the
three robots is the same and can be visualized in Fig. 4.

First, two robots are used to validate that GSC can achieve
our significant objective, gait synchronization. The results are
shown in Fig. 6. This concludes that GSC can be applied to
real robots to synchronize the gaits. Next, we predefine three
different shapes for formation control and randomly initialize
the positions of the three robots to evaluate the overall control
framework. The experimental results are consistent with that
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Fig. 7. Experiments on real robots. Robot 1, 2, and 3 are circled in the green, pink, and blue colors, respectively. Four test scenarios are (a) Trot Abreast,
(b) Queue, (c) Triangle Formation, and (d) Triangle Formation with Obstacle Avoidance. The red circle highlights the obstacle in the environment. In all
the tests, the robots can achieve the predefined formation and meanwhile synchronize their gaits.

in the simulation as shown in Fig. 7. All the robots can arrive
at the desired position to achieve the predefined formation
and meanwhile synchronize their gaits. Moreover, each robot
can avoid collisions with the other robots or obstacles in the
environment. Please see our complementary video for the
details.

Although the setting of all the controllers is the same,
we find the control performance in the real robot tests
is worse than that in simulation. Note that in Fig. 6, the
phase of Robot 2 is consistent with that of Robot 1 within
1 second. However, we observe that the leg states of the
two robots become identical after more than 1 second.
The potential reason is that GSC is a synchronous control
strategy over communication network and the time delays
of wireless communication are not considered. Similarly, we
also observe that the formation performance of the robots is
worse than that in simulation. In addition to the time delays,
another potential reason is that the accuracy of UWB is
not satisfactory. Nevertheless, the experimental results show
that the proposed framework is able to achieve our control
objective on real robots reasonably well.

IV. CONCLUSION

This paper proposes a distributed control framework for
multiple quadruped robots towards coordinated formation
control and gait synchronization. We decompose the tasks
and design three sub-controllers, i.e., DMPFC, GSC and
MPLC, to achieve the overall objective. The experimental
results show that the quadruped robot swarm is able to

achieve the predefined formation, avoid the collisions and
meanwhile synchronize the gaits. We believe our work
extends the capability of quadruped robots towards more
advanced swarm intelligence.

One limitation of our method is that DMPFC only com-
putes the local optimum, which supposedly leads to inef-
ficient coordination, or even failure. In addition, the time-
delays are not considered in DMPFC or GSC. We leave
the investigation of these challenges for the future work.
Moreover, the lack of SLAM module limits the application of
our method. In the near future, we plan to utilize the mature
works from the SLAM community [51], [52] to navigate the
quadruped robot swarm in wild and clustered environments.
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