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Abstract—In medical robotics and image-guided surgery
(IGS), registration is needed in order to align together the
coordinate frames of robots, medical imaging modalities, sur-
gical tools, and patients. Existing registration algorithms often
assume one point set to be a noise-free model while the other
to contain noise and outliers. However, in real scenarios, noise
and outliers can exist in both point sets to be registered. To
eliminate the above-mentioned challenge, in this paper, we
formally formulate the Bi-directional Generalised Rigid Point
Set Registration (Bi-GRPSR) problem where normal vectors
are adopted, bi-directional probability density function (PDFs)
and Hybrid Mixture Models (HMMs) are constructed to derive
the objective function. Bi-GRPSR considering anisotropic po-
sitional noise is thus cast as a maximum likelihood estimation
(MLE) problem, which is solved by the proposed Bi-directional
Generalised Anisotropic Coherent Point Drift (Bi-AGCPD)
where spatially nearby points are considered to move coherently
and iterative expectation maximization (EM) steps are involved.
Experimental results on two human bone point sets, under
different settings of noise, outliers, and overlapping ratios,
validate the effectiveness and improvements of Bi-AGCPD over
existing probabilistic and learning-based methods.

I. INTRODUCTION

Registration is one key problem that affects the overall
interventional accuracy for a medical robotic system and
image-guided surgery (IGS) [1], [2]. As one typical ap-
plication of registration in IGS, it brings together the pre-
operative space where the surgical plan is tailored to the
intra-operative space where the actual surgical operation
is done. Registration aims to estimate the transformation
parameters (e.g., rigid, affine, or non-rigid) that best align
two spatial spaces, by optimizing certain similarity measures
(e.g., intensity difference, cross correlation, Euclidean or
Mahalanobis distance) over images or features (e.g., points,
lines, planes, etc.) [3]-[7]. Registration algorithms are sus-
ceptible to noise and outliers, which makes it challenging to
have a perfect solution for real-world applications [8]-[11].

Most of existing registration methods assume one point
set to be noise-free while the other to contain noise/outliers
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Fig. 1. Ilustration of the Bidirectional Generalised Rigid Point Set
Registration (BGRPSR) to estimate the rotation R and the translation
t. In the forward HMM, each generalised point T(d%,) = [Rym +
t; Rym] is utilised to compose one component @, of the forward Hybrid
Mixture Models (HMMs), from which dZ = [xy;Xp] is generated and
forward posteriors P mn are computed for n = 1,.., N. In contrast, each
T-1(d%) = [RTx, — RTt; R"X,,] composes one component ®’, of
backward HMMs, from which d¥, is randomly generated and backward
posteriors ?mn are computed for m = 1, ...M. The posterior P,y is the
weighted value of the ?mn and ?mn. In the middle, we only show the
process of generating weighted posterior from 7, (i € {1,..., M}) and
?m]’ (j € {1, ..., N}) for specific n and m, which will indeed be repeated
foralln € {1,...,N} and m € {1,..., M}.

[4], [12]-[15]. In IGS, however, both point sets extracted
from the pre-operative volumetric medical images and intra-
operative surgical tools respectively could be contaminated
by noise/outliers [16]-[18]. For example, the pre-operative
CT image usually has a spatial resolution of around ~
0.5 mm in the x-y plane and 0.5 — 0.625 mm in the z
axis [19][20]. Intra-operatively, the magnitude of marker
localisation error is ~ 0.25mm in a typical NDI optical
tracking system [19][20].

Motivations As we have introduced, in real-world applica-
tions, both points could contain noise/outliers. To ease this
issue, the idea is to first consider point sets X and Y to be
model and data point sets respectively, and then reversely
consider point sets X and Y to be data and model point
sets respectively. Computing the posterior probabilities in a
bidirectional way has great potential to reduce the confidence
bias towards one specific point set. At the same time, the
additional features (e.g., normal vectors) extracted from
the raw point set have great potential of not only helping
distinguish outliers from inliers and thus enhancing the
registration robustness, but also providing more information
and improving accuracy. In addition, the positional noise is
assumed to be anisotropic, e.g., the standard deviation of
marker localisation error in the viewing direction is 3-5 times
of those in the other two directions [19], [20].
Contributions In this paper, we formally define the Bidirec-
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tional Generalised Rigid Point Set Registration (BGRPSR)
problem and its iterative expectation maximisation solution
Bi-directional Generalised Anisotropic Coherent Point Drift
(Bi-AGCPD), under both isotropic and anisotropic positional
uncertainties. Our contributions can be summarised as fol-
lows. First, the probability density function (PDF) of the
‘data’ points is constructed in a bidirectional way, with
Gaussian and Fisher distributions being used for modeling
localisation uncertainties with positional and normal vectors
respectively. The hybrid mixture models (HMMs) are then
formulated accordingly, with which the objective function
of the maximum likelihood estimation (MLE) problem is
derived. Second, expectation maximisation (EM) technique is
utilised to solve the above MLE problem under both isotropic
and anisotropic uncertainties. Third, Bi-AGCPD is validated
against both conventional and deep-learning-based methods
on various human bone models under different settings of
noise, outliers, and overlapping ratios.

Organisations This paper is organised as follows. Section. II
introduces the related point set registration methods. Section.
III introduces the forward/backward PDFs and HMMs. Sec-
tion. IV formally defines the BGRPSR problem and presents
the iterative Bi-AGCPD algorithm. Section. V presents the
experiments and results. Section. VI concludes the paper.

II. RELATED WORK

There are a large amount of point set registration methods
in the literature [3][4][21]. Here, we review the most related
rigid registration approaches in three categories: ICP-based
methods, probabilistic methods, deep-learning-based, and
feature-based registration methods.

ICP-based Methods The correspondences between
points in two point sets to be registered are usually not
known. The classical Iterative Closest Point (ICP) method
tackles the registration as follows: the closest point in one
point set is found for each point in the other point set based
on the Euclidean distance; the rotation and translation are
estimated with the point correspondences and singular value
decomposition (SVD) technique [22]. The assumptions
in the ICP include: a) one point set is considered as the
noise-free model; b) the positional noise is assumed to be
isotropic (i.e., the same in the three directions); c) the noise
vectors are also assumed to be independent and identically
distributed (i.i.d.) [22]. Go-ICP intends to guarantee a global
registration solution with the Branch-and-Bound technique
[23]. There also exist other ICP-based methods [24], [25]

Probabilistic Methods To enhance the registration
algorithm’s robustness to noise/outliers, various noise
models have been used to formulate the point set
registration problem [26]. Gaussian Mixture Model
(GMM)-based registration method assumes one point set
to be GMMs’ centers and the other to be the data point
set, points in which are generated randomly from the
transformed model point set [12], [13], [27], [28]. In the
Coherent Point Drift (CPD) method, the alignment of two
point sets is cast as a probability density estimation problem
and the negative log-likelihood function is minimised to

estimate the transformation parameters [12]. GMMReg
regards both point sets as the centroids of two respective
GMMs, the L2 distance of which is minimised to register
the two point sets [27]. Very recently, BCPD reformulates
both the rigid and non-rigid registration problems into the
Bayesian framework, where the algorithms’ theoretical
convergence is guaranteed [13].

Deep-learning-based Methods The learning-based
methods either first learn robust features with deep neural
networks to estimate correct correspondence and then
transformation is estimated using one-step optimisation
(SVD or RANSAC) [29], [30], or estimate the transformation
with an end-to-end neural network [31]-[36]. Among others,
DeepGMR is the learning-based registration that explicitly
leverages the probabilistic paradigm, where point-to-GMMs
correspondences are learnt through a neural network
and transformation/GMMs parameters are estimated by a
forward step [34].

Feature-based Registration Methods The additional
features (e.g., tangent or normal vectors) extracted from
raw point sets (e.g., curves, surfaces) can facilitate and
enhance the registration process [37]-[41]. In IGBCPD,
the normal-assisted generalised rigid point set registration
is reformulated into the BCPD framework to certify the
theoretical convergence [14]. AGBCPD further generalises
the positional error distributions in IGBCPD from isotropic
to anisotropic [15].

III. BIDIRECTIONAL PROBABILITY DENSITY FUNCTION
(PDF) AND HYBRID MIXTURE MODELS (HMMS)

In Generalised Rigid Point Set Registration (GRPSR), the
rigid transformation including rotation R € SO(3) and
translation t € R? between two spaces is estimated given
% € B, (ol = 1) € B and yu € B2, §on(lyml| =
1) € R? (positional and unit normal vectors). The idea
is to consider the point set registration in a bidirectional
manner, i.e., forward and backward ways. In the forward
way, d% = [x,;X,,] are considered as generalised data points
sampled from Hybrid Mixture Models (HMMs) composed of
Gaussian Mixture Model (GMM) and Fisher Mixture Model
(FMM) centering at transformed generalised model points
[Rym + t;RYy,,] with additional noise. In the backward
way, d¥, = [ym;¥m] are considered as data points sampled
from HMM s centering at transformed model points [R"x,, —
RTt;RTx,]. The proposed bi-directional mechanism is il-
lustrated in Fig. 1.

Forward PDF In the case of anisotropic positional uncer-
tainty, the forward probability density function (PDF) of the
n-th point d? in X is defined as

p(di | ?n:m;@) =
o HRIm) TR L

3T E 2
2 (6"'i — 6_’7‘) (271’)3 ‘2‘

mn

()]

Xn~F(RYm,K)
xn~N(Rym+t,%)

— _ K eﬁ(Rym)Tﬁn - %7-{””271777171,
(@m)3 3] (ex — e %) ’
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where ¢, € {1,2,3,..., M} is the forward latent vari-
able that indicates the point correspondences for n &
{1,2,3,...,N},® = {R,t,5,X}, X € S? is the anisotropic
positional covariance, |X| is the determinant of X, xk €
R is the concentration parameter with the normal vector,
Z m = X — (Rym + t) is the distance vector between the
point x,, and rigidly transformed point (Ry,, + t), we can
see from the above the forward PDF is the product of the
Fisher distribution whose centroid is Ry, and multi-variate
Gaussian distribution whose center is Ry,,, + t.

Backward PDF Similarly, the backward PDF of the m-th
point d¥, in Y is defined as

p(dﬁL | %m:n;Q) =
K en(RT?cn)T§m _ 1

S
2 (6N — 6_K“) (271')3 ‘2|

Fm~F (RT%p k) @
Ym~N(RTx, —RTt,3)

K SRR F -3, 2 T
:
2m)3 |2 - (ex — e ")

where ¢, € {1,2,3,..., N} is the backward latent vari-
able that indicates the point correspondences for m &
{1,2,3,... M}, T = ym — (RTx, — RTt) is the dis-
tance vector between the point y,, and the rigidly trans-
formed point (R"x, — RTt) , the backward PDF is the
product of the Fisher distribution whose centroid is R'x,,
and the multi-variate Gaussian distribution whose center is
(RTxn —RTt). It is noted that the inherent meanings of
¢, =mand ¢,, = n are the same, which both implicitly
means that d¥ corresponds with d¥,.

Forward HMMs The forward hybrid mixture models
(HMMs) are respectively as follows

M
SRS S L@@, = m:
p(dy) = w + (1 W;;MM%Nn—W@)B)

where w € R is the weight with the outlier distribution
p(d%| @, = M +1), and the inlier distribution p(d®|¢, =
m; ©) is defined in (1). The inherent meaning is that the
point di can either be generated from the transformed
generalised points d¥, with R and t or as an outlier.
Backward HMMs Correspondingly, the backward HMMs
is defined as
y 1 = 1 y |5 -@) 4
p(dy,) —wMﬂL(l—w);Np(dml Cm=n;0) (4)
where the outlier distribution is defined as p(d¥,|¢,, = N+
1) = 7. and the inlier distribution p(dY|C,n = n;©) is
defined in (2). The inherent meaning of the formula is that
the point d¥, can either be generated from the transformed

m
points d5. or is considered as an outlier.

IV. BIDIRECTIONAL GENERALISED RIGID POINT SET
REGISTRATION (BGRPSR)

Objective Function Given the  bi-directional

HMMs defined in (3) and (4), the negative log-

likelihood function to be minimised over © is

E©) = — (S0, logn(ds) + S0, logn(dy,)), where
we have utilised the i.i.d. assumption following CPD [12].
The rigid point set registration is formulated as a maximum
likelihood estimation (MLE) problem, whose objective
function is the expectation of the complete negative
log-likelihood function E(®) as follows,

1
L(©) = *ENP log |3| — Nplog (" — e~ ") 4+ Nplog k

N M 1
_ Z Z Prn (27;n217mn —K ((R?m)T §n>>

n=1m=1
®)

where p,,, is the bi-directional posterior probability that
considers both the forward and backward HMMs, Np =
Zf:[:l Z%Zl Pmn is the sum of bi-directional posteriors. We
will show how the bi-directional posteriors are computed. It
is noteworthy that the derivation of £(®) in (5) is attributed
to the fact that Z] S~17Z ., is equal to Z 7 2% ..,
which is the Mahalanobis distance between the two points.
The expectation maximisation (EM) steps are utilised to
solve the MLE problem.

Expectation Step In the expectation step, the probabilities
that one point in X corresponds to one point in Y are
computed. The forward posterior probability of d¥, corre-
sponding to df is

(1—w)Lrab

plen =ml|dy) = , (6
| ) T S, b g
and the backward posterior probability is defined as
1—w)+ab
plen = midty) = ——_ )N @

" w) T pab +wiy
where the full expressions of shorthand a and b are as follows
K

21)? 2] - (er — )

®)
o \T 1
b=~k (RTxn)Tym — 572—%2_17"1”
For simplicity, we utilise the following shorthands,
- T
©))

The utilised bi-directional posterior probability is the

weighted average of the forward and backward posteriors
as:

Pmn = a?mn + (1 - a)%mn

where a € R? (the default value is 0.5) is the weight with
the forward posterior probability.

Maximization Rigid Transformation Step Referring to
(5), the objective function that is related to the rotation matrix
and translation vector is simplified to

(10)

N,M 1
LR = 3 pon (5 (BT %) = 570 E 20
n,m=1

)
The Rodrigues’ rotation formula is utilised to represent R
with a vector @ € R3. Then we construct ¢ = [0;t] € R,
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TABLE I
ROTATION AND TRANSLATION ERRORS UNDER ISOTROPIC/ANISOTROPIC NOISE TOGETHER WITH DIFFERENT PERCENTAGES OF OUTLIERS IN Dy .

FULL-TO-FULL REGISTRATION OF HUMAN FEMUR BONE.

Error Type Outliers’ Percents 10% 30% 50% 70% 90% 10% 30% 50% 70% 90%
Noise type Isotropic Noise Anisotropic Noi
Methods P pic Noise
ICP [22] 2.6877 39594 4.8543 5.3575 52281 | 2.0556 3.1001 4.5424  4.6535 4.6680
CPD [12] 1.8358 2.6128 3.0104 4.4782 4.7743 | 04017 0.3893  0.3709 0.4337 0.4050
BCPD [13] 22952 2.5879 2.6730 3.1432  3.0453 | 1.8640 1.6205 2.8059  3.2267  3.5296
Rot (°) DeepGMR [34] 46.317 50399 40.267 41946  42.033 | 37.855 50.005 44908 43.889 37.498
IGBCPD [14] 0.9530 1.0353 1.1096 09228 1.1005 | 0.3624 0.3586 0.4056 0.3391  0.4437
AGBCPD [15] 0.9523 0.8310 1.0660 0.9795 0.9304 | 02759 0.3204 0.3670 0.3093  0.2792
Bi-IGCPD 0.4551 0.5047 05486 0.5444 0.5256 | 0.1396 0.1300 0.1510 0.1429  0.1785
Bi-AGCPD 0.4456 0.4743 0.4976 0.5148 0.4999 | 0.1184 0.1240 0.1273  0.1150  0.1410
ICP [22] 1.0479  1.6958 1.8395 2.1533 2.0304 | 09169 14334 1.8280 1.9296 1.7418
CPD [12] 0.7763  1.0165 0.8221  1.8000 1.8764 | 0.2940 0.2792 0.2801  0.2907  0.2649
BCPD [13] 1.2921  1.5420 1.5816  1.7923  2.0431 | 0.6056 0.9009 0.9917 1.3338  1.3467
Trans (mm) DeepGMR [34] 16.295 15.161 157770 15490 14996 | 16.137 15.727 15239 15.073 15.419
IGBCPD [14] 0.4804 0.5228 0.5204 0.5633 0.4781 | 0.3008 0.2624 0.3060 0.2837  0.3241
AGBCPD [15] 0.4526  0.5171 05147 0.4974 0.4981 | 0.2521 0.2445 0.2021 02263 0.2119
Bi-IGCPD 0.2667  0.2487  0.2500 0.2703  0.2680 | 0.1308  0.1233  0.1421  0.1524  0.1652
Bi-AGCPD 0.2358  0.2232  0.2155 0.2681  0.2428 | 0.1010 0.1004 0.1012 0.0982 0.1001

and the above objective function L(R, t) is reformulated into
L(¢g), whose value is estimated by solving 8%—2:’) = 0. The
successive rotation/translation is computed by applying the
Rodrigues’ formula back. More details including formulas of
the explicit gradients can be found in our recent work[15].

Maximization Covariance Step The objective function
that is related to 3 is as follows,

1 N M lr i
‘C(E) = _§NP IOg |E| - Z Z pmni mnz mn

n=1m=1
(12)

9L(%) _ 0, we can get the updated covariance

ox

By solving
matrix as

N,M
= > punZmnZ pn/Np. (13)

n,m=1

Maximization Concentration Parameter Step The ob-
jective function that is related to x is as follows,

L(k) = —Nplog (" — e ") + Nplogk

N,M

’ ~ \Tao (14

+ > Pmnk ((Rym)Txn)
n,m=1
The derivative of £(x) with respect to &, i.e. azB:E:) is
M N
1 e"+e ™™ 1 i \To
1 L on (R ) . (15
e T g (R e 19

which is solved with the fixed-point iteration technique.
The above expectation and maximisation steps in (10),
(11), (13) and (15) will be conducted iteratively until con-
vergence. In Section III and Section IV, we present the prob-
abilistic models, objective function and procedures under an-
isotropic positional noise. In the case of isotropic positional
noise, the X is replaced with o2 in (1), (2), (8), (5) and the
algorithm is denoted as Bi-directional Generalised Isotropic

Coherent Point Drift (Bi-IGCPD). We omit the details which
the readers are referred to our recent work [14].

V. EXPERIMENTAL RESULTS

Experiments have been done on the human femur and
pelvis bone point sets, where the corresponding clinical
application is to align together two spaces of pre-operative
surgical plan D, = {d¥ },,=1,...m and intra-operative
intervention D, = {d%},=1 ... ~. The normal vectors were
estimated using PCA as in [15]. The proposed Bi-AGCPD
method is compared against several state-of-the-art registra-
tion methods, including ICP [22], CPD [12], BCPD [13],
DeepGMR [34], IGBCPD [14] and AGBCPD [15]. We
have also tried other learning-based methods, which however
don’t perform well (similar to DeepGMR [34]) in test cases
probably due to the lack of well-represented training sets.

In the first series of experiments where noise/outliers exist
in D, (either femur or pelvis) only, the covariance matrices
are Yo = Isxs and Xaniso = diag([%, ﬁ, 1%}) Different
percentages of outliers are generated by displacing each
point independently with a randomly generated vector whose
magnitude is in the range [20,30]mm. For one specific bone
model and noise type, five different percentages of outliers
are tested: 10%, 30%, 50%, 70% and 90%, e.g., there are
Noutiers = 100 x 10% = 10 outlier points in the case of
10% outliers. The evaluation metrics include the Rotational
error in degree and Translation error in millimeters, which

tr( Riru R )-1 o
are computed as Errorg, = arccos (‘wfv‘“) x 180

bl

Errortrans = ||tcal—tirue||2- The ground-truth rotational degree
and translation vector lie in [10,20]° and [10, 20jmm. In the
second series of experiments where noise/outliers exist in
two point sets to be registered (femur), 3 apiso is used and
we vary the outliers percentages in D, at 10%, 50%, and
90% where for each case we further vary the outliers in D,
at no outliers, 10%, and 30% outliers. In the third series of
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Iteration 5
Rot Error: 0.1333°
Trans Error: 1.2484mm

Before Registration
Rot Error: 10.0409°
Trans Error: 17.5640mm

Fig. 2.

Iteration 10
Rot Error: 0.0823°
Trans Error: 0.0356mm
(a) (b) ©)

Ground Truth

Iteration 100
Rot Error: 0.0819°

Trans Error: 0.0252mm

(d) (e)

Registration process using our Bi-AGCPD method with 50% outliers and anisotropic positional noise injected target point set. (a)~(d): the

registration result before registration, 5th, 10th and 100th iteration using the proposed method, respectively; (e): ground truth. Blue, green, and red dots

indicate the point sets Dy, D, and outliers in D respectively.

TABLE 11
ROTATION AND TRANSLATION ERRORS UNDER ISOTROPIC/ANISOTROPIC NOISE TOGETHER WITH DIFFERENT PERCENTAGES OF OUTLIERS IN D ..

FULL-TO-FULL REGISTRATION OF HUMAN PELVIS BONE.

Error Type Outliers’ Percents 10% 30% 50% 70% 90% 10% 30% 50% 70% 90%
M Noise type . . . . .
Methods Isotropic Noise Anisotropic Noise
ICP [22] 1.0916 14291 1.6023 1.6663 19720 | 0.6201 1.2770 1.4827 1.7745 1.7631
CPD [12] 2.6608 1.7717 2.6676  6.0397 4.3720 | 0.4557 0.2620 0.2698  0.2585  0.2557
Rot (°) BCPD [13] 1.1221 13074 1.3672 1.5017  1.4941 1.0146  1.1445 1.2737 1.6637  1.4385
IGBCPD [14] 0.5815 0.4925 0.4595 04275 0.5445 | 0.2413 04046 0.3631 0.2423  0.4428
AGBCPD [15] 0.5501 0.5268 0.4885 0.5288 0.5278 | 0.1965 0.1512 0.1828 0.1911  0.1579
Bi-IGCPD 0.2651 0.3060 0.3123 0.3185 0.3219 | 0.0826 0.0892 0.0888 0.0875 0.0911
Bi-AGCPD 0.2744  0.2815 03164 0.3361 0.3460 | 0.1107 0.0806 0.0670 0.0907 0.0753
ICP [22] 0.8204 1.1200 1.2586 1.3810  1.5555 | 0.4528 1.0660 1.0903  1.5267 1.4029
CPD [12] 14649 1.0716 12285 3.5516 2.2455 | 0.6004 0.2784 0.2633 0.3029 0.2771
Trans (mm) BCPD [13] 14606 1.2025 13263 14206 1.5672 | 09121 1.1135 1.2218 1.5032 1.5042
IGBCPD [14] 0.5935 0.5423 05248 0.5815 0.5266 | 0.2614 0.3774 0.3439  0.2739  0.4190
AGBCPD [15] 0.5745 0.5137 05116  0.5451 0.5645 | 0.2419 0.2591 0.2293  0.2090 0.2232
Bi-IGCPD 02212 0.2490 0.2411  0.2608 0.2615 | 0.1237 0.1294 0.1334 0.1250  0.1460
Bi-AGCPD 0.2122  0.2269 0.2260 0.2721  0.2575 | 0.1330 0.1096 0.1331  0.1053  0.0972

experiments, D, (femur, with noise and outliers) covers a
partial region of D,,.

A. Noise/Outliers Exists in One Point Set

Femur Bone Table I shows mean rotational and transla-
tional error values on the femur bone point set under different
percentages of outliers and two types of positional error.
As it is clearly shown in Table I, the proposed method
Bi-AGCPD achieves the lowest rotational and translational
error values at all percentages of outliers. It is also note-
worthy that the simplified variant Bi-IGCPD (isotropic posi-
tional noise) outperforms IGBCPD [14] and AGBCPD [15],
which demonstrates the significance of incorporating the bi-
directional mechanism. In addition, both registration error
values of Bi-IGCPD and Bi-AGCPD are quite stable with
increasing percentages of outliers which is partly attributed
to the utilisation of normal vectors. DeepGMR fails in all
cases with registration errors being > 30° and > 10mm.

Pelvis Bone Table II shows results on the pelvis point set.
As shown in Table II, the best performances are achieved
with either proposed Bi-IGCPD or Bi-AGCPD methods,
which validates the effectiveness of the bi-directional mech-
anism and additional normal vectors. DeepGMR [34] still
performs poorly like in Table I, thus we don’t add its results
in Table II. Fig. 2 shows the registration performance with the
iterations. As shown in Fig. 2, Bi-AGCPD converges quickly

almost after 10 EM iterations by noticing the small(even
negligible) difference between registration error values after
10 iterations (0.0823° and 0.0356mm) and 100 iterations
(0.0819° and 0.0252mm).

3 2

% [AGBCPD — [ AGBCPD
° [EEBIAGCPD E [EEBIAGCPD
g o8
s2 <]
5 ]
= 1
@ 8
: 2
g e
T c 05
s s
o =
0 0
10% 30% 50% 70% 90% 10% 30% 50% 70% 90%
(a) Isotropic Noise (b) Isotropic Noise
2
Te EIAGBCPD = [EmAGBCPD
14 EsiAGePD £ [EsiAGePD
2 =15
S s
54 a
& s
s 2
s s
52 205
2 g
& =

o
o

10% 30% 50% 70% 90% 10% 30% 50% 70% 90%
(c) Anisotropic Noise (d) Anisotropic Noise

Fig. 3. Mean and standard deviation of rotation and translation error using
AGBCPD [15] and Bi-AGCPD under different percentages of outliers. (a)
and (b): isotropic positional noise; (c) and (d): anisotropic positional noise.

B. Noise/Outliers Exists in Two Point Sets

Table IIT includes the mean rotational and translational
error values when noise and outliers exist in both D,
and D,. Similarly, DeepGMR exceeds 40° and 15 mm
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TABLE III
ROTATION AND TRANSLATION ERRORS UNDER ANISOTROPIC NOISE TOGETHER WITH DIFFERENT PERCENTAGES OF OUTLIERS IN D, AND Dy.

FULL-TO-FULL REGISTRATION OF HUMAN FEMUR BONE.

Error Type Outliers” Percents in X 10% 50% 90% 10% 50% 90% 10% 50% 90%
Methods no outliers in Y 10% outliers in Y 30% outliers in Y
ICP [22] 24140 4.8358 5.0818 | 3.5212 7.5922 7.8942 | 9.3679 9.3826  9.5348
CPD [12] 0.6172  0.7536  3.7813 | 0.6588 1.5288 0.9803 | 0.7791 0.9405 1.2408
Rot (°) BCPD [13] 1.2070 27412 5.6808 | 1.3257 2.2989 4.3093 | 1.3332 2.1632 4.1456
IGBCPD [14] 04669 04526 0.6836 | 0.5991 0.6273 0.6933 | 0.5898 0.5791  0.5903
AGBCPD [15] 0.4072 0.4368 0.5342 | 0.3928 0.4429 0.6094 | 0.4415 0.3854 0.5545
Bi-IGCPD 0.2183  0.2391 0.3019 | 0.2233 0.2283 0.2681 | 0.2235 0.2308 0.2301
Bi-AGCPD 0.1753  0.1758  0.2002 | 0.1771 0.1857 0.1959 | 0.1749 0.1884 0.1791
ICP [22] 1.0911 19122 2.0686 | 1.3120 2.7646 2.8250 | 54276 4.3519 4.0436
CPD [12] 04250 04544 1.2187 | 0.4375 0.7082 0.6431 | 0.4644 0.5332 0.8816
Trans (mm) BCPD [13] 0.4908 1.1508 2.2434 | 0.4895 0.9210 1.8709 | 0.5240 0.9638 1.6255
IGBCPD [14] 0.4066 04124 04746 | 04363 04162 04736 | 04112 04139 0.4390
AGBCPD [15] 04296 03730 0.5398 | 0.4317 04344 0.4249 | 0.3681 0.4397 0.4402
Bi-IGCPD 0.2313  0.2102 0.2978 | 0.2326 0.2338 0.2985 | 0.2216  0.2130  0.2409
Bi-AGCPD 0.1639 0.1549 0.1701 | 0.1725 0.1651 0.1754 | 0.1853 0.1748 0.1778

icp CPD BCPD
Rot Error: 29.06 Rot Error: 12.82° Rot Error: 25.54° Rot Error: 152.5°
.93mm  Trans Error: 10.55mm Trans Error: 3.21mm Trans Error: 10.86mm Trans Error: 14.89mm
(© (d) (©

DeepGMR

Trans Error: 1.14mm

IGBCPD
Rot Error: 0.68°

AGBCPD BilGCPD BiAGCPD
Rot Error: 0.48° Rot Error: 0.57° Rot Error: 0.06°
Trans Error: 0.22mm Trans Error: 0.23mm Trans Error: 0.10mm

(2 (h) (0] (0]

Ground Truth

Fig. 4. Subfigure (a) shows two point sets before registration where anisotropic noise and 50% outliers exist in D . Subfigures (b)~(i) show registration
results using ICP [22], CPD [12], BCPD [13], DeepGMR [34], IGBCPD [14], AGBCPD [15], our Bi-IGCPD and Bi-AGCPD respectively. Subfigure (j)
shows two point sets after registration with ground-truth transformation. Blue, green, and red dots are point sets D, D, and outliers in D respectively.

respectively in almost all cases of this experiments series,
thus its results are not reported. Both Bi-IGCPD and Bi-
AGCPD outperform the previous methods and their results
are not susceptible to increasing outliers. The bidirectional
mechanism improves the robustness and accuracy of the
registration.

C. Fartial-to-full Registration

Fig. 3 shows the rotational and translation error values
under noise and outliers, for aligning the intra-operative
partial femur points with the pre-operative full model. As
can be seen from Fig. 3, the bi-directional mechanism can
further enhance the registration performance by observing
the smaller error values compared to AGBCPD. Fig. 4 shows
the qualitative results of all compared methods, which shows
that the position-only-based registration methods (i.e., ICP,
CPD, BCPD) and DeepGMR (152.5° and 14.89mm) fail to
align the two point sets with > 12° and > 3mm. Bi-AGCPD
achieves lower rotational and translational error values than
all compared.

D. The Impact of Bidirectional Weight o

Fig. 5 shows the rotational and translational error values of
full-to-full registration for femur bone, with varying weight
« of forward posterior probability in four cases. As it can be
seen in Fig. 5, most registration error values are the largest
at « = 1, and are smaller at other values of «, which reflects
the significance of utilising the bi-directional mechanism. It

o

=e=Full, Iso ~e=Full, Iso

@ =—Full, Aniso EO'G ——Full, Aniso
o Partial, Iso £ Partial, Iso
2 =~ Partial, Aniso =05 = Partial, Aniso
N s
5 o 0.4
i So3
= =
S05 o
= 202
= s ¥‘
o« =041

0 0

0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
1-a 1-a

Fig. 5. Rotational (left) and translational (right) error values of BIAGCPD
on the femur with varying « for four cases: (1) full-to-full registration,
isotropic noise; (2) full-to-full registration, anisotropic noise; (3) partial-to-
full registration, isotropic noise; (4) partial-to-full with anisotropic noise.

is noted that AGBCPD can be as a special case of Bi-AGCPD
where o = 1. For different data types and noise types, the
optimal « is different. As can be seen from Fig. 5, even if
the weight of backward posterior (1-«) is small, it can still
bring a big improvement w.r.t. AGBCPD (a = 1).

VI. CONCLUSIONS

This paper proposes novel bidirectional generalised coher-
ent point drift methods to solve the generalised rigid point
set registration problem, under isotropic and anisotropic po-
sitional uncertainties. Experiments on different human bones
validate the improvements of the proposed method over
existing probabilistic and learning-based methods, which also
demonstrates great potential for image-guided surgery.
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