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Abstract— Acoustic perception in underwater environments
is challenging due to the low frequency of the acquisition system
and multiple and huge sources of noise. Therefore, point clouds
built by profiling sonars mounted on Autonomous Underwater
Vehicles (AUV) are sparse and noisy. To solve the mapping
task, AUVs need a registration algorithm to prevent maps from
inconsistencies. Many scan matching algorithms are available,
however, a few of them are specialized in acoustic data. In
this paper, a probabilistic scan matching methodology based
on Gaussian Mixtures Models (GMM) is presented and, for
the first time, the Bayesian-GMM algorithm is applied in this
context to model acoustic data. The scan matching problem
is properly formulated using Lie groups to define pose. In
addition, this methodology can return an uncertainty measure
for the matching result, which is fundamental in Pose SLAM
applications. This tool is implemented in a public C++ library!
that can process in real-time 2D and 3D scans acquired by a
profiling sonar. Theoretical justification and results with real
data are provided to benchmark our method against the state-
of-the-art Normal Distributions Transforms (NDT) technique.

I. INTRODUCTION

Water attenuation of electromagnetic waves makes the un-
derwater environment a very challenging domain where the
most common sensors in robotics - such as optical cameras
and LIDARs - get their capabilities hugely reduced. Thus,
underwater perception typically relies on acoustic devices,
sensors based on mechanical waves that are slower and nois-
ier than its electromagnetic counterpart. When mapping us-
ing acoustic range sensors mounted on an Autonomous Un-
derwater Vehicles (AUV), registration algorithms are needed
to establish the displacement between two overlapping scans,
as it is exemplified in Fig. 1. A registration algorithm not
only lets achieve consistent maps, but also improves AUV
dead reckoning navigation. In this paper a scan matching
methodology specially suited for noisy and sparse point
clouds, the key features of acoustic data, is presented. This
methodology uses Gaussian Mixtures Models (GMM) to
model sensor noise and the structure of the perceived scene,
building a probabilistic model of the robot surroundings. To
fit a GMM, the Bayesian-GMM algorithm [1] is applied to
the registration problem for the first time. This algorithm
learns the optimal number of GMM components needed to
model a point cloud without any previous assumption on
the model structure. Moreover, to solve the registration, an
optimization problem properly defined on Lie groups [2]
is solved and an uncertainty measure for each particular
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(a) Unmatched scans. (b) Matched scans.

(c) Sparus II AUV [3].

(d) Profiling Sonar [4].

Fig. 1: Scan matching example with corner scans (a) (b).
Reference scan in blue and matched scan in red. Ellipsoids
plot GMM form and dots, point cloud form. Acoustic scans
gathered by a profiling sonar (d) mounted on an AUV (c).

result is provided based on the scans structure. This last
feature is not common in many scan matching algorithms.
The methodology is implemented in a public C++ library,
called GMM Registration!, that can register both 2D and
3D scans. The effectiveness of our proposal is shown on real
data gathered with our AUVs (Fig. Ic). The contributions
of this paper are: (i) the application of the Bayesian-GMM
algorithm (Section III-A); (ii) the problem formulation using
Lie groups (Section III-B); (iii) an uncertainty measure for
each registration (Section III-C); (iv) a public implementation
of the proposed methodology (Section IV); and (v) tests on
real data to benchmark our method against the state-of-the
art probabilistic techniques (Section V).

II. STATE OF THE ART

Two broad categories of rigid registration algorithms are
available. On the one hand, point-to-point techniques are
based on a least squares formulation that establishes point
correspondences and applies the Expectation-Maximization
(EM) algorithm [5] to solve the registration. Iterative Closest
Point (ICP) [6] is the most popular point-to-point algorithm,
for which a closed form solution for the M-step is available.
On the other hand, probabilistic techniques use GMMs to
reach a continuous representation of a point cloud that
models the shape of the scanned surface affected by sensor
noise. This probabilistic representation avoids to establish
hard correspondences on data to solve the registration. This
way an EM procedure is not need and the problem can

! The library repository can be found in
https://bitbucket.org/gmmregistration/gmm _registration. be solved in a single step. However, due to the analytical
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complexity that implies the use of GMMSs, no closed form
solution for the registration is available and the problem must
be solved by optimization on the Lie group defining pose [2].

The most popular probabilistic methodology is the Normal
Distributions Transforms (NDT) for which two different al-
gorithms have been proposed: [7] and [8]. This methodology
makes use of a Cartesian grid to fit a GMM into a point
cloud. Recent papers make use of the K-means algorithm [9]
or the EM algorithm for the Gaussian [10], to fit a GMM to
the point cloud, and to solve the registration applying similar
policies to those used by NDT methodologies. Nevertheless,
to the best of the authors knowledge, the Bayesian-GMM
algorithm [1] has never been applied to model a scan and
solve the registration problem. This algorithm, without im-
posing any previous assumption on the shape or the number
of model components, allows learning the optimal number of
components K needed to model a point cloud depending on
its intrinsic structure. Therefore, it can be used as an adaptive
tool for different types of scenes.

III. METHODOLOGY

The scan matching methodology is divided in three blocks.
Firstly, the Front-End provides different algorithms to fit a
GMM into a point cloud. Secondly, the Method defines two
different policies that allows to formulate the registration
problem as an optimization problem. Finally, several gradient
based solvers specialized for pose optimization are provided.

A. GMM Front-End
A GMM is a linear superposition of Gaussians in the form

K K

p(x|®@) =Y meV (x|t Z) Ym=1, (1)
where model parameters ® = (7, L, X ) are respectively the
weight, mean and covariance of each Gaussian distribution
k. In this section, GMM Front-Ends are presented in order
of increasing complexity.

1) NDT Front-End : NDT [7] projects the point cloud
into a Cartesian grid. For each cell with a minimum number
of points, a component is set using the Maximum Likelihood
(ML) estimator for the Gaussian

Ny Ny

N me gy L D= Yol —mal
where N is the number of points x; falling in cell £ and
N is the total amount of points falling in active cells. In
the definition of the NDT algorithm [7], multiple shifted
grids are weighted to ensure model continuity. However,
in the presented approach this trick is not needed as all
correspondences are considered during the registration.

2) K-means Front-End: K-means [11] uses a fixed num-
ber of components K in which the point cloud must be
classified. To do so, an iterative procedure based on the
EM algorithm [5] is used. In the E-step, each data point
is assigned to the closest component in terms of the eu-
clidean distance. In the M-step, the Gaussian parameters are
estimated following the assignations done in the E-step and
applying equation 2. The EM algorithm iterates until the
inertia of the solution stops improving.

with

T, =

3) EM Front-End: This Front-End applies the EM algo-
rithm for GMMs (see Chapter 9 from [12]). In contrast to
K-means, this algorithm does not do hard assignments of
points to components, assuming the graphical model of Fig.
2a where latent variables z are modeled as a multinomial
distribution. In the E-step a responsibility ¥ for each data
point to each cluster is computed

TN (x| i, i)
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In the M-step Gaussian components are estimated following
the computed responsibilities

Ni 1 ¥ g ol N T T
T = N’ My = Nkz,%kxz, k= NkZ%kxzxi M
“)
N
where N, = Z%k. The EM algorithm iterates until the
likelihood of the solution stops improving.

(b)
Fig. 2: Graphical models: (a) GMM and (b) Bayesian-GMM.

4) Bayesian-GMM Front-End: Bayesian-GMM [1] sets
conjugate priors to model parameters (see Fig. 2b) and
solves the Maximum a Posteriori (MAP) estimator of the M-
step by means of Variational Inference (VI). Therefore, the
new model parameters are ®* = (o4, B, i, W, Vi) which

correspond to priors on the original GMM parameters ®.
Pik
K

Zpij
J

In the E-step responsibilities are computed as Y =

where
~ 1.~ D
pik = exp (lnnk+ ElnAk_ B %(Xi—mk)TWk(xi_mk)> )
Iz = o) -w(X*ae),
D .
~ 1—
Ay = Y w(E ) pin2 i w,
7 2

1
y(x) ~Inx— — is the digamma function and D is the points

dimension. In the M-step model parameters ®* are estimated
following the computed responsibilities

o = OCO-FN](,
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where Ny, [, and X; are given by equation 4 and «°, 8°,
m®, WO and v° are preset parameters. The EM algorithm
iterates until the likelihood of the solution stops improving.
Finally, the expectation for the GMM parameters P is

E[m] = Elw] =me, E[Z]= VW)l  (6)

A final remark is that K-means and EM algorithms suffer
convergence problems when only one point is assigned to
a component. However, for the Bayesian-GMM algorithm
the convergence is guaranteed as unnecessary components
are automatically discarded imposing E[m] ~ 0 without
generating any singularity to the algorithm.

B. Registration Method

GMM provide a continuous representation that lets solve
the registration problem by optimization. The optimization
variable Q is the displacement between two overlapping
scans defined by a rotation matrix R and a translation vector
t. The problem restrictions are keeping  in the Lie group
defining pose [2]. Two optimization policies are possible:

1) Point to Distribution (P2D): Given a fixed scan repre-
sented by a GMM p(x|®” ) and a moving scan given in point
cloud form 2% = {q1,-..,q,} whose relative displacement
is defined by Q; the P2D method [7] finds the ML solution
of 2 transformed by Q into the GMM

77 K

Q* = argmaxp(2¥|®7 Q) = argmax H Zn:ke/ﬂ/(x = Rqq + 1|, Z)-
Q Q

In order to solve the ML problem applying gradient-based

methods the log-likelihood is minimized and, in order to

favour the analytic treatment of derivatives, the logarithm

of the Gaussian Mixtures is approximated by another GMM
27 K

-Y Z fix where

i=1 k=

[13]. Therefore, the cost function is F =

fix = )

o m <—1x~TZ_1x- )
eoEIE N T
with xj = (e —Rg; —t, t € R" and R € SO(n). The rotation
matrix R is parameterized using exponential coordinates 6 €
R” through the exponential map R = exp(60) of the SO(n)
group [14]. Taking the derivatives of the cost function in the
composite manifold (R”,SO(n)) [2], instead of in the SE(n)
group, translation is considered independent from rotation
and consequently the jacobian vector is

oF K at
o, Zf,kx,kz o=
‘ i ®)
oF A K aR
355 - = Z Jikx; kzk ! 35 4i
aea i=1 k=1 86
t
for a=1,...,D where > corresponds to the a-th vector
a
OR
of the standard basis in R” and for the 2D case — =

20

—sin(0) —cos(0) JR

cos(8)  —sin(6) and for the 3D case 96,
Result 2 from [15]. The hessian matrix is symmetric and is
computed as

is given in

Py |9t o 0 o’ o
ooty Fie| X5Z¢ ot ik dt, oty Zk%
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T A R T SN et el S T B
%gix Ty | OR Tyl oR
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2R
for b=1,...,D where for the 2D case S0z = —R and for
2
the 3D case =———— is given in Appendix A from [10].

In the NDT eﬁgorbithm [7] only correspondences with the
closest component to each point are established. However,
in the proposed algorithm, in order to favour continuity, all
possible correspondences are considered, only filtered by a
Chi squared test with a 95% of confidence.

2) Distribution to Distribution (D2D): Given two GMM,
one modeling a fixed scan p(x|®”) and the other modelling
a moving scan p(x|®” Q) = p(x|x? ,Ru” +1t,RZ”R")
whose relative displacement is defined by a pose ; the
£? distance between both distributions is defined as .#2? =
Ik (p(x|<l>’gz) fp(x|CI>‘///,Q))2dx. Thus, the D2D method [16]
finds the displacement that maximizes the .#? distance
between both distributions. Developing the square product
of the .#? definition, only the product between distributions
varies through Q. Using the closed form of this term for the
Gaussian distribution given in [16], the cost function has the
following analytical form

K K
@ =argmax Y ¥ n7m” ¥ (0\u” — Rw;” —1,57 + RL7R").
Q i=1j=1

The normalization factor for this distribution depends on
the optimization variables €, as its covariance matrix is
dependent on the rotation matrix. This dependency increases
hugely the analytical complexity of the derivatives. In order
to reach simplicity, our results show that the approximation
of the normalization factor by a constant d; proposed in [8]

is enough to get good matching results when using acoustic
I <4

Z Z gix Where

i=1k=

data. Therefore, the cost function is G =

7 1
g =1 m” dexp <_2y?1;nikyik> (10)
with yi = 7 —Rw” —t, ng = (X7 +RERT)", t e R”
and R € SO(n). The rotation matrix R is parameterized using
exponential coordinates 6 € R". Taking the derivatives of the
cost function again in the (R",SO(n)), the jacobian vector is

K7 KM

5, — _Z Zglkylknlkat
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where M = RTRT.

In the NDT algorithm [8] only correspondences with the
closest component of .# to each component of .7 are set.
However, in our proposal, in order to favour continuity, all
possible correspondences are considered as acoustic data is
sparse and Front-Ends act as data compressors.

C. Solver

Gradient methods specialized for the (R",SO(n)) are
proposed to solve the optimization based on the iterative
procedure Q;,1 = Q; ¢ o;d; where o; € R is called step
size, d; € R" is called method direction and < is the
sum operator for the (R",SO(n)). Given a pose Q and a
perturbation 11 = (1);,Mg) expressed in the tangent space of
(R",SO(n)), the ¢ operator is defined as

_ | t+n
Q&n= [REXP(%)}

where Exp(ng) is the exp map of the SO(n) group [2].

Two gradient methods are implemented. Steep Descent
method (Algorithm 11.6 from [17]) sets d; = —J; and
Newton Method (Algorithm 10.1 from [17]) applies d; =
—H; L j» where J; and H; are respectively the first and
second derivative of the pohcy evaluated at Q;. Two tools
are provided to ensure convergence. A line search algorithm
based on the Wolfe conditions (Algorithm 11.5 form [17])
can be used to set an optimal «; at each iteration. The
Gill, Murray and Wright modified Cholesky factorization
algorithm (Algorithm MC form [18]) can be applied to
invert the hessian matrix H;. If H; is an indefinite matrix,
this algorithm perturbs it to get a positive definite matrix
to guarantee a minimization direction and ensure that the
resulting matrix is reasonably well conditioned.

13)

Finally, as it is suggested in [19], H; gives information
about the curvature of the policy at Q;. This means that
computing H; at the optimum, it is a measure of the
uncertainty of the registration result. In [20] it is suggested
that the uncertainty of a match is also related to the noise of
the sensor used to build the scan. Nevertheless, in [8] it is
empirically proved that both approaches for the NDT-D2D
method give the same uncertainty shape, only with different
size. Therefore, we conclude that the covariance matrix of a
match is proportional to H;l computed at the optimum. This
constitutes an automatic tool to recover the uncertainty for
each particular match according to the optimization process,
automatically classifying good matches from those that are
not so good and, also, detecting in which direction of €2; the
solution is better in comparison to the others. This result is
not common in many scan matching techniques, as solvers
are only based on first derivatives and H; evaluations are
not available. A final remark is that this uncertainty is given
in the (R",SO(n)), not in the SE(n) group, as derivatives
are computed in the composite manifold. However, tools are
provided to map them from one space to the other.

IV. SOFTWARE ARCHITECTURE

All the proposed algorithms have been implemented as
a C++ library called GMM Registration!. The main class
of this library is GaussianMixturesModel which stores
and plots a GMM. The GMM Font-End is implemented
as a library of functions. All registration methods and
solvers are implemented as inheritances of two interfaces:
ScanMatchingMethods and Solver. This way, the library
can grow modularly adding new methods or solvers as
needed. Finally, all classes and functions are templarized to
process 2D and 3D point clouds. In the library repository, the
documentation and several examples for its use are provided.

V. RESULTS

The proposed techniques have been tested using real data
from sea experiments. 2D and 3D tests have been performed.

1) 2D tests: 2D data was gathered using the Sparus II
AUV [3] (Fig. 1c) equipped with a Mechanical Scanning Pro-
filing Sonar [4] (Fig. 1d) that builds the scan in combination
with the inertial navigator while the AUV is in motion. For
the 2D tests, two small data sets were used. In the first one,
formed by 8 scans, the AUV followed a trajectory through
corridors in Sant Feliu de Guixols harbour (Girona). In the
second one, formed by 11 scans, the AUV circumnavigated
a natural rocky island called La Galera located at the Cap de
Creus Natural Park (Girona). All these scans are formed by
an average of 78 points, from 49 to 105 points. In order to
reach a similar performance between the four Front-Ends:
NDT was tuned with a cell size of 3m and a minimum
of 3 points to set a component; K-means and EM used
4 components; and EM was initialized with the K-means
algorithm to favour convergence. Finally, Bayesian-GMM
used an upper bound of 10 components. In order to favour
uniformity, all algorithms applied a covariance correction of
0.1, meaning that for each covariance matrix its minimum
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Fig. 3: Components plots from GMMs obtained by proposed Front-Ends applied on 2D individual scans (black dots). Water
is represented by light blue dots and {R} represents the robot frame. Blue: NDT with 3m cell size and 3 points threshold.
Red: EM with 4 components. Green: Bayesian-GMM with an upper bound of 10 components. Real scans acquired in: (a)
harbour corner, (b) harbour corridor and (c,d,e) rocky island wall.

TABLE I: Two-dimensional registration comparison on acoustic data.

Method Translation Rotation Convergence Time mean | Time std | Mean K [u] K std [u]
RMSE [m] RMSE [rad] rate [%] [ms] [ms]

NDT+P2D 0.989 0.145 98 0.46 2.33 4.0 1.0
K-means+P2D 1.130 0.198 96 0.57 2.60 4 -
EM+P2D 1.117 0.221 96 2.07 5.62 4 -
Bayes-GMM+P2D 0.388 0.079 99 0.78 3.06 2.7 0.7
NDT+D2D 0.821 0.117 100 0.53 2.48 39 1.0
K-means+D2D 0.838 0.129 100 0.68 3.24 4 -
EM+D2D 0.641 0.118 100 2.10 6.34 4 -
Bayes-GMM+D2D 0.440 0.084 100 1.08 3.61 2.7 0.6

(@ (b)

(d) ©

Fig. 4: Components plots from GMMs obtained by proposed Front-Ends applied on a scan perceiving the base of a harbour
dock corner. (a) point cloud, (b) NDT with 8m cell size, (c) K-means with 10 components, (d) EM with 10 components
and (e) Bayesian-GMM with a upper bound of 30 components.

TABLE II: Three-dimensional registration comparison on acoustic data.

Method Translation Rotation Convergence Time mean | Time std | Mean K [u] K std [u]
RMSE [m] RMSE [rad] rate [%] [ms] [ms]

NDT+P2D 1.094 0.329 99 152.06 49.29 17.5 2.6
K-means+P2D 1.323 0.479 97 127.76 82.70 10 -
EM+P2D 1.128 0.255 99 581.50 94.50 10 -
Bayes-GMM-+P2D 0.852 0.276 99 292.63 97.79 11.3 1.6
NDT+D2D 1.696 0.390 100 57.71 27.83 19.0 1.9
K-means+D2D 1.729 0.405 100 39.71 41.72 10 -
EM+D2D 1.575 0.298 100 506.39 82.69 10 -
Bayes-GMM+D2D 1.533 0.282 100 161.42 62.47 114 1.4
Generalized ICP [21] 5.819 0.895 74 185.37 88.95 - -

eigenvalue is forced to be at least 10% of its maximum
eigenvalue. Fig. 3 shows the results of the four Front-Ends
over some representative scans where K-means is not shown
for clarity, as its results are close to the EM. As it can be seen,
Bayesian-GMM is the most flexible algorithm, perceiving
the scan morphology and fitting a model with the optimal
number of components. Moreover, in Fig. 3d it is shown

how this algorithm can reject outliers, setting a low weighted
component to a single point to isolate it from the rest of the
scan avoiding its involvement to the match.

Using these scans, a comparison between the available
scan matching algorithms was performed. As in sea ap-
plications ground truth measures are normally not possi-
ble, the comparison was performed using the same scan
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Fig. 5: Bayesian-GMM+P2D match of 2D scans. Blue:
reference scan in GMM form. Red: matching scan in point
cloud form. Green ellipsoid: translation covariance.

applying a random displacement to the entire point cloud,
moving it as a whole to generate two misaligned scans.
This way, the ground truth was known. Then, the scan
matching problem was initialized with zero displacement
and the result was compared to the ground truth, com-
puting the Root Mean Squared Error (RMSE) for the
translation and the rotation. Every scan of the data set
was matched 100 times and all optimizations were solved
using the CholeskyLineSearchNewtonMethod solver, as
it is the most versatile available. Random translations in
range of [—1.0,1.0}m and random rotations in range of
[—0.25,0.25]rad were applied, which cover a range wider
than the standard drift that an underwater dead reckoning
system can accumulate between two successive scans. Tests
were solved in a computer equipped with an Intel 17-9700
CPU with 8 cores running at 3GHz. The scan matching
results are given in Table I where it is seen that P2D outper-
forms D2D method. This is expected as in the P2D only one
scan is compressed in a GMM and more data is available to
improve accuracy. Looking at the results, the Bayesian-GMM
Front-End provides the best performance, reaching the best
results for both methods. As it was appointed, in contrast
to the other Front-Ends, Bayesian-GMM does not need any
previous assumption on the structure of the model, reaching
an adaptive GMM that favours scan matching. Different scan
morphologies are considered verifying that using a unique K
does not allow matching optimally different kind of scenes.

Finally, Fig. 5 shows the uncertainty measure of the regis-
ter provided by the algorithm on two Bayesian-GMM+P2D
matches. The covariance of the registered translation is
plotted as a green ellipsoid, showing as expected that the
most certain direction of the match is normal to the most
informative direction of the point cloud. This is exemplified
in the corridor of Fig. 5a where the algorithm returns a match
uncertain in the longitudinal direction as there is not any
information of the corridor in that direction.

2) 3D tests: 3D data was gathered using the Girona 500
AUV [22] equipped with a Multibeam Profiling Sonar [23]
mounted on a Pan & Tilt platform rotating around the robot
y direction while keeping the AUV static to avoid distortion.
For the 3D tests 5 scans were used, perceiving different views
on the basis of the harbour docks. These scans are formed
by an average of 5211 points, from 4893 to 5437 points.
To reach similar performance between the four Front-Ends:
NDT was tuned with a cell size of 8n and a minimum

of 6 points to set a component; K-means and EM used
10 components; and EM applied the K-means initialization.
Bayesian-GMM used an upper bound of 30 components. All
algorithms applied a covariance correction of 10%. In Fig. 4
the results of the Front-Ends over a particular scan are shown.
Again, Bayesian-GMM fits the most compressed model with
6 components. EM fits a model with a similar structure
to the Bayesian-GMM, K-means uniformly distributes all
components through the point cloud and NDT returns a
GMM of 14 components.

Using this data, a comparison between the available
scan matching algorithms was performed following the
same scheme used on the 2D comparison but cutting the
reference and moving scans in different directions to re-
duce the scans overlap up to 72%. Random translations
in range of [—2.0,2.0Jm and random rotations in range of
[-0.25,0.25]rad were applied. In Table II the scan matching
results are given. Again P2D outperform D2D method and
the Bayesian-GMM Front-End provides the best performance
due to its adaptability capability to different scan morpholo-
gies. Moreover, we extended the comparison to the General-
ized ICP (GICP) algorithm [21] implemented in [24] as it is
a popular probabilistic registration method, a complementary
algorithm to the NDT taken as reference in this paper. Results
show how our proposal clearly outperforms GICP.

3) Final remarks: P2D method feed with Bayesian-GMM
Front-End provides the best accuracy, although, D2D pro-
vides the lowest execution time in 3D point clouds, when
the matching time is comparable with the fitting time. These
results show the effectiveness of the Bayesian-GMM to adapt
to different scan morphologies found during AUV operation
in real environments. Time measures show that the provided
implementation is fast enough to process acoustic data online
with the sonar as the AUV spent an average of 7,30s and
12.84s to build respectively the 2D and 3D scans.

VI. CONCLUSIONS

In this paper, a rigid registration methodology specially
suited for sonar data has been presented. This methodology
provides an uncertainty measure for the match, which is
fundamental in Pose SLAM applications, and the Bayesian-
GMM is first introduced to automatically learn the optimal
GMM structure needed to model a noisy scan. Using this
algorithm, scan matching can adapt to different types of
noisy scenes. All GMM methodologies have been imple-
mented in C++ and are available as the open source GMM
Registration library. Results using real data show clearly
the effectiveness of the proposal. This work constitutes a
more comprehensive contribution in underwater scan match-
ing and provides a tool suitable for a Pose SLAM application
for AUV navigation, for instance, in combination with the
well known GTSAM library [25].
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