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Abstract—This paper presents two methods for the com-
putation of the null space velocity command in redundant
robots. Both these methods resort to the solution of a con-
strained optimization problem. The first one is a formalization
of the traditional Gradient Projection Method (GPM) which
guarantees the respect of the joint bounds and a gradual
activation/deactivation of the null space command. The second
one, called Null Space Basis Optimal Linear Combination
Method (NSBM), finds the optimal coefficients of a basis of
the null space of the Jacobian, ensuring in turn that the joint
bounds are respected and that the null space is activated and
deactivated gradually. The two methods are applied to the case
study of a welding application in which the null space command
must avoid the collision between the robot and an obstacle.
The comparison of the results of the case study shows that
NSBM performs better than GPM. The proposed algorithms
are also tested on a real robotic platform to demonstrate
that their computational time is compatible with the real-time
requirements of the robot.

I. INTRODUCTION

Nowadays, redundant robots are frequently employed in
the industrial field. In fact, these robots provide the possi-
bility to follow the end effector trajectory while at the same
time performing some additional task, such as obstacle, joint
limits or singularity avoidance, as the number of degrees of
freedom (i.e., dimension of the joints space) is larger than
the number of variables needed to define the end effector
task (i.e., dimension of the operational space). Moreover, the
increasing number of collaborative robotics applications is
making redundant robots even more important, because of
the shared working area between the robot and one or more
human operators, whose motions are unpredictable. In such
a context, a good online handling of redundancy is crucial
in order for the application to be safe and to avoid that the
end effector movement is unnecessarily slowed down.

The most common approach to solve the inverse kinematics
of a redundant robot is the Gradient Projection Method
(GPM), originally introduced by Liegeois [1]. GPM com-
putes the null space command as the product of the opposite
of the gradient of some cost function by a matrix which
projects it on the null space of the Jacobian, with the
projection matrix being such that the obtained null space
vector is the most similar to the opposite of the gradient.

Several cost functions are presented in the literature, for
example in [1] and [2] a function of the distance from
the central joint position is used for joint position limit
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avoidance; in [3], [4] and [5] obstacle avoidance is obtained
using different types of functions of the distance between the
robot and obstacles in the workspace; [6] and [7] propose to
use different types of measures of the manipulability in order
to ensure singularity avoidance.

Other methods ([8], [9]) recur to the solution of a quadratic
programming problem, enforcing constraints on joint limits
and on the distance from obstacles in the workspace; [10]
extends [8] to include several objectives with different levels
of priority. Workspace augmentation ([11]) uses a method for
kinematic inversion based on the transpose of the Jacobian
and extends it including constraints in the form of an error
which is made to converge to zero. Full Space Parametriza-
tion and Parametrization through Null Space ([12] and [13])
seek a linear combination of the elements of a basis of the
null space of the Jacobian to satisfy the constraints.

Also [14], [15] and [16] recur to the solution of an opti-
mization problem in which the decision variables are the
coefficients of the linear combination of the null space of
the Jacobian, but [14], when applied to obstacle avoidance,
finds the solution that is most similar to a desired “escape
velocity”, chosen without taking into account the joint limits,
while [15] and [16] aim at finding the time-optimal trajectory
respecting the joint limits.

While it would also be possible to approach redundancy
resolution using inverse dynamics, such as in [17], in this
paper only inverse kinematics is considered, with the as-
sumption that the resulting desired trajectory is fed to an
underlying torque controller which tracks that trajectory with
sufficient accuracy. This paper proposes a formulation of
GPM as a constrained optimization problem, which also
ensures a gradual activation/deactivation of the null space
command. Additionally, the Null Space Basis Optimal Linear
Combination Method (NSBM) is presented. This method is
also formalized as a constrained optimization problem, but
does not require the computation of the gradient of the cost
function and uses an approach which is similar to [14], [15]
and [16], but has a simpler and more general formulation
and can be applied for real-time computation. The proposed
methods are then applied to an obstacle avoidance case study
and their results are compared.

The article is organized as follows: Section II introduces
the formalization of GPM and NSBM as constrained opti-
mization problems; Section III describes the case study and
presents the results of GPM and NSBM in MATLAB; Sec-
tion IV describes how GPM and NSBM were implemented
on a real robotic system satisfying the real-time constraints;
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developments.

II. GPM AND NSBM AS CONSTRAINED OPTIMIZATION
PROBLEMS

A. Formalization of GPM with optimal gain selection

As already introduced, GPM solves the joint velocities
inverse kinematics problem of a redundant manipulator in
the following way

STt t <8w (Q)>T
Q—Jchk(IanJ) (D)
oq

where J € R™*" is the geometric Jacobian of the robot (m is
the dimension of the operational space and n is the dimension
of the joint space), I,, is the nxn identity matrix, Jt is
its Moore-Penrose pseudo-inverse (appropriately damped to
avoid numerical errors near singularities), v, € R™ is the
vector containing the desired translational and/or rotational
velocities of the end effector, w (q) is the function whose
gradient is projected onto the null space and k is a user-
defined positive gain. Since it is desired to formalize GPM
as an optimization problem, it is necessary to identify an
objective function that needs to be minimized and a set of
constraints.
As for the objective function, we consider that k& should
be chosen as large as possible in order to minimize w (q),
provided that the joint limits are respected, as stated in [18]'.
As a consequence, the objective function is as simple as —k,
with k as the decision variable.
As for the implementation of joint limits, we consider a
robotic system which imposes asymmetric position bounds
Qmaz/Amin and symmetric velocity, acceleration and jerk
bounds Qmaw/_(}mama &imaﬁl_('imaw and d'maz/_ d.,maw. It
has to be observed that it is not sufficient to impose that the
velocity command is such that the position, velocity, acceler-
ation and jerk bounds are not violated at the next iteration. In
fact, if one of the joints is very close to its maximum velocity,
depending on the acceleration at the previous iteration, it may
happen that imposing the acceleration value not to overcome
the velocity limit at the next iteration generates a jerk that
violates the jerk limit. So, in the proximity of the velocity
limit, the acceleration must be reduced gradually to take also
jerk bounds into account. An analogous consideration can
be made regarding the proximity of the position bounds, to
avoid violating the acceleration and jerk limits.
The case of the maximum acceleration limit is now treated.
Similarly to the approach presented in [20], we consider that
the joint acceleration limit must be such that, at any iteration,
it is possible to reduce the acceleration to O applying a
constant minimum jerk without exceeding the maximum
velocity.

'Choosing k as large as possible is always the choice guaranteeing the
maximum decrease of w, unless the configuration for which w is minimal
is near. In that case, the best option would be to choose k£ so that the
robot reaches the optimal configuration: if instead the maximum possible k
is chosen, the robot starts oscillating around the optimal configuration, as
observed in [19]. This case, however, will never happen in practice in the
proposed framework, because the null space will be deactivated when the
cost function exceeds a certain threshold.

At each iteration h and for each joint ¢ = 1,...,n the
velocity at the next iteration is approximated with backward
Euler method as

di.n+1 = Gi,n + Gih-1 T ()

where 7' is the sampling time. Based on these considerations,
and given the initial velocity ¢; o and acceleration ¢; o (Which
is assumed to be positive) of a sequence of iterations, it is
desired to find the value of acceleration §; ; such that the
maximum velocity value in the sequence iS @; mq. if the
acceleration decreases at a rate of —¢q’; .-

In this case, the values of acceleration and velocity at the
h-th iteration are

(ji.,h = (ji.,l - (h - 1) .q'i,maxT (3)
(h—1)h ..

2 q i,max

. . . 2
Gi.h = Gi,o + higi T — T°. 4
So the acceleration reaches zero (and the velocity reaches its
maximum value) at

Gi,1

T + 1. (5)

hmam = =
q i,mazx

As a result, the maximum allowable value for ¢;; is the
solution of the equation

Qi,hm“ = q'i,maw (6)

namely

T d'i,mazT*8Qi,0+8qi,max

4 .q“i7max

i, 1,max =~ 49§ maz E

)
Approximating the position at the next iteration with forward
Euler method it is possible to obtain maximum/minimum
velocity values in an analogous way to (7).
Ultimately, the velocity and acceleration limits to be used
for the computation of ¢+ can be cast as

. .. .. T
9i,mazsafe,h+1 = 1IN (%’,mawa max <07 —4i,max (

2
di,mawTQ - 8qi. + 8 qi,max — 9i,mar
,h:;; | ( ) @)

. . . . T
Qiminggse,h+1 = Max (_qi,ma:py min (07 Qi,max (

2
q.ﬂ%aa:,iT‘2 + 8qi,h+1 +8 (Q'L,mzn - qi,mar) (9)
4(]zmaaf

di,mazm_fg,thl = min (di,maxa max (01 —q i,max

q i,max

'q.i,masz - Sqi,h +38 ((ji,mam - q.i,mar) )
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Qi,minsafe,h—i-l = max (Qi,mamy min (Oa q i,mazx <2

_\/ '(j.m,a-’ﬂﬂ:TQ + 8(]74h+ 8 (Qi,maa: - (ji,mar) ) ) ) (11
q i,max

where ¢; yar and ;- are safety margins that take into
account the fact that the number of iterations to reach 0
velocity/acceleration as expressed in (6) may not be an
integer number and that some additional space is needed
to bring the acceleration from its initial value t0 —@; maq
without violating the jerk limit to enforce the position limit.
Additionally, in order to guarantee a gradual activa-
tion/deactivation of the null space, more limits are set on
the null space command

T
At = —k (I, — I1J) (a“ééq))

so that the minimum/maximum values of the null space
command are the minimum/maximum velocity when w (q)
is lower than a threshold wyy, 1 and then linearly decrease
until they become 0 when a second threshold w;p, 2 is crossed
(Wen,1 < Wep,2). Wen,1 s the value below which it is desired
to fully exploit the robot potential in terms of decrease of the
cost function; wyy, 2, instead, is tuned to avoid abruptly and
repeatedly switching between the activation and deactivation
of the null space. The limits are expressed in the form

—s(w

where s (w (q)) is a factor ranging from 0 to 1 defined as

12)

(q)) (.lmam S (.lnull S S (w (Q)) (.lmax (13)

1 if w(q) <wina

mugw () + g if win1 < w (q) < w2
0 if w(q) > w2

s(w(q)) =

(14)
where my;, = m and g = - tA—
Based on all the previous considerations, with qh+1 defined
as in (1) and approximating 41 and d,,; with backward
Euler method as in (2), the gain k of the null space command

is the solution of the following optimization problem

mkin —k (15a)
S.t. qminsafe,h—i-l S qh+1 S qmazsafe,h+1 (15b)
C.Iminwfe,h+1 S é.lh-l-l S d'rnawwfe,h-i-l (ISC)

= Aoz < Aps1 < Aonas (15d)

- Sqmax S qnull,thl S sqmaaz' (156)

B. Formalization of NSBM and comparison with GPM

As introduced in [16], a solution of the inverse kinematics
problem which is alternative to the one of (1) is

qg=J'v.+Ba (16)

where B € R™" is a matrix whose columns are the vectors
of a basis of the null space of J (r = n — m is the
dimension of the null space) and a € R" is a vector of
arbitrary coefficients, so that the null space command is a

linear combination of the vectors of the null space basis.
In this framework it is possible to define

Anew a7

= Qprevious + (JTVE + Ba) T

which is the joint configuration that will be obtained at the
next iteration for a certain choice of a. Remembering that
the optimization problem that is being solved is a local one,
namely it considers only a one-iteration horizon, it can be
concluded that the best possible null space command is the
one for which w (Qpeqw) is minimized.

We therefore define NSBM optimization problem with the
same constraints as in (15), with q;4, defined as in (16)
and the null space command used in (15¢e) defined as

C-lnull = Ba (18)
but substituting (15a) with
min -~ w (Qpew) - (19)
a

The reason why an alternative method to GPM is introduced
is that, as stated in [21], GPM constrains the null space

T
vector to have the same direction of (I, — J'J) (8%’7;“)) ,
namely GPM allows exploring only a one-dimensional
subspace of the null space of J, but the best possible
solution does not necessarily belong to this subspace. In

the vector — 8157@
q

fact, is along the direction of
maximum decrease of the cost function, but since this
vector has to be projected onto the null space of J and the

limits (15b)-(15e) have to be enforced, it is not guaranteed
T

that the direction — (In fJTJ) (&g—g’)) is the optimal

one. NSBM, instead, spans the entire solution space and

therefore intrinsically provides the locally optimal solution,

and in case GPM already provides the optimal solution,
the solution of NSBM is eventually the same as that of GPM.

III. SIMULATION RESULTS
A. Test description

To provide an intuitive interpretation of the improvement
of NSBM over GPM, some tests were performed with the
seven-degree-of-freedom Franka Emika Panda robot. The
manipulator is shown in Fig. 1, while joint position, velocity,
acceleration and jerk limits are shown in Table I. If the
velocity commands sent to the joints respect these limits, an
internal torque controller provided by the developers is able
to track accurately the desired trajectories. This is the reason
why inverse kinematics is used in this case study instead of
inverse dynamics.

The considered case study is a welding task, in which the
welding tip attached to the end effector must maintain its
position and orientation with respect to the surface, but can
rotate freely around its axis. At the same time a plane moves
in the direction of the robot and the null space command
must be such to avoid the collision, as is shown in Fig. 2.

In this case the movement of the plane is pre-defined, but in a
real-world scenario GPM and NSBM would be useful when
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TABLE I
JOINT BOUNDS: THE LIMITS ARE THOSE OF THE REAL ROBOT [22], WITH THE ONLY EXCEPTION OF THE MAXIMUM VELOCITY OF JOINT 2, WHICH IS
TAKEN AS 0.5 RAD/S INSTEAD OF 2.175 RAD/S TO EMPHASIZE THE DIFFERENCE BETWEEN THE TWO ALGORITHMS AND THE BETTER PERFORMANCE
OF NSBM WITH RESPECT TO GPM.

| | Joint 1 | Joint2 | Joint3 | Joint4 | Joint5 | Joint6 [ Joint7 | Unit |
Gmaz | 28973 | 1.7628 | 2.8973 | -0.0698 | 2.8973 | 3.7525 | 2.8973 | rad
Gmin | 28973 | -1.7628 | -2.8973 | -3.0718 | -2.8973 | -0.0175 | -2.8973 | rad
Gmaz | 2.175 05 2175 | 2.175 261 261 261 rad/s
Gmaz 15 75 10 12.5 15 20 20 rad/s?
Gmaw | 7500 3750 5000 6250 7500 | 10000 | 10000 | rad/s®

Fig. 1. Franka Emika Panda robot and its reference frames, defined
according to Craig’s convention [22] [23]. The original picture was modified
including a schematic representation of an end effector.

the trajectory of the obstacle is not known in advance but is
acquired by sensors (e.g. cameras) and as a consequence it
would be impossible to perform obstacle avoidance through
a priori path planning.

The function w(q) that is used in the GPM and NSBM
algorithms is chosen as the opposite of the distance between
the center of the fourth reference frame and the plane, which
is an approximation of the distance between the robot and
the plane?.

The dimension of the operational space is 5 instead of 6: the
velocity command is set as v, = 0 and does not include the
angular velocity component around ygg, while the Jacobian
does not include the row related to the rotation around ygg
as well. In this way the orientation around ygg is left free

2Considering only the center of the fourth reference frame is not a
good estimation of the distance between the robot and the plane in
general. However, in the considered case studies, the point of the robot
which is nearest to the plane is always close to the center of the fourth
reference frame, so this approximation is reasonable for the considered tests.
Additionally, the focus of the article is not on finding a cost function that
allows to obtain the best possible obstacle avoidance, but on the algorithms
to compute null space commands.

Fig. 2. Two frames from the welding application: the null space command
enables the tip of the welder to rotate about its axis, as shown in the right
frame

and can be modified by the null space command. In this
case, GPM and NSBM can provide different results. Instead,
if there were only one redundant degree of freedom, the
solution of NSBM would necessarily coincide with the one
of GPM, because the null space would be a one-dimensional
subspace?.

The initial joint angles are q;ni: = [0,-0.7854,0,2.3562, 0,
2.0071,0]T rad, while the plane is parallel to the yo-z plane,
is initially at zp = -0.5 m and moves at a constant velocity of
0.4 m/s along axis z until it reaches the position xy = -0.1
m. Finally, the thresholds wy, 1 and wyy, 2 for the activation
of the null space are set to 0.15 m and 0.25 m respectively.
The tests were performed in the MATLAB environment, and
the fmincon function was used to solve the optimization
problems, setting SQP as the solver algorithm.

B. Results of the case study

GPM and NSBM are applied to the described case study,
and their results are presented in the following.

3As a sidenote, it can be specified that this statement is always true

T
unless (6%72:1) belongs to the null space of (I, —J'J). In such a

case, any choice of k will always produce a null space command equal to
zero: there would exist null space directions that could lead to a decrease
of the value of the cost function, but these directions are not explored by
the GPM formulation. NSBM, instead, would be able to find the best null
space command even in this situation without any inconvenience. This case
is actually very rare, but it can be argued that in configurations which are
close to this condition the value of & should be very high, which may lead
to some numerical issues. This can therefore be considered as an additional
advantage of NSBM over GPM.
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Fig. 3. Position, velocity, acceleration and jerk plots using GPM.

Figs. 3 and 4 show the position, velocity, acceleration and
jerk plots using GPM and NSBM, while Fig. 5 shows the
distance between the center of the fourth frame and the
plane when using GPM and NSBM. It can be observed
that NSBM performs much better than GPM. In fact, the
projection of the gradient has a large component on the
second joint, but the speed limit of this joint is soon reached,
and therefore GPM performs rather poorly in this case, being
unable to increase the distance while the plane is moving
in the positive = direction. Actually, there exist null space
directions which could guarantee a better performance than
the projection of the gradient, but GPM is “unaware” of the
fact that the joint bounds may deteriorate the performances
along the gradient projection direction and cannot explore
those directions. NSBM, instead, exploits the knowledge of
the joint bounds to choose the direction of the null space
command, generating a motion of all other joints, which
allows not to saturate the velocity limit on joint 2 while
increasing successfully the distance between the center of
the fourth reference frame and the plane.
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Fig. 4. Position, velocity, acceleration and jerk plots using NSBM.
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Fig. 5. Comparison of the value of the distance using GPM and NSBM.

IV. REAL-TIME IMPLEMENTATION

To implement the outlined algorithms on the real robotic

system, the joint velocity interface, provided by the devel-
opers of Franka, was used. This interface allows the user to
provide the commanded velocities in the joint space through
a custom C++ controller library.
In addition, it is needed to meet the real-time constraints
of the robot, i.e., the sampling time is 1 ms, so, at each
iteration, all the computations needed to provide the joint
velocity command must be executed within this period. The
tests were performed on a PC with a 6-core Intel i7-5820K
CPU, running at 3.3 GHz.
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The GPM algorithm is intrinsically a linear optimization
problem, because both the function (15a) to be minimized
and the constraints (15b)-(15e) are linear in the decision
variable k. As a result, using the linear programming pack-
age of the ALGLIB library [24], the problem was solved
obtaining the same solutions as in MATLAB and meeting
the requirements.

As for the NSBM algorithm, the function (19) to be mini-
mized is non-linear in a. However, it can be observed that,
in the proximity of the origin of R?, which is the space
containing all the possible choices for a, the function can be
approximated with a linear function, namely a plane.

So (19) is substituted with its linear approximation

n 8w(0,0)a n 3w(0,0)a
8(11 ! 8a2

where a; and ay are the components of a and the distance
function was written only as a function of a because
Aprevious and v, are known and J and B of (17) are
functions of qprevious, SO all these quantities can be
considered as constants at each iteration.

Fig. 6 shows the behavior of the distance function and of its
linear approximation at time ¢ = 0.5 s. It can be observed
that for large values of a; and as the approximation
error is noticeable, but in the proximity of the origin the
planar approximation is very accurate. More specifically,
considering the whole time history of the case study,
the maximum percentage approximation error is 24.53%
considering values of a; and as ranging from -500 to
500, but decreases to 2.88 - 10~*% considering values
ranging from -5 to 5. So, since in the application under
consideration the values of the components of a stay in the
contour of the origin (their absolute values are always lower
than 5 for both components), the linear approximation can
safely be used. A further proof of the appropriateness of
the approximation is given by the percentage error on the
velocity command computed with the linearization with

w (a1,a2) = w (0,0) (20)

respect to its non-linearized version: this error takes a
maximum value of 7.05 - 1073%.

As a result, also NSBM was computed in real-time using
the ALGLIB linear optimization solver, thus meeting the
real-time requirements and reducing the computational cost.
It should also be mentioned that the calculation of a null
space basis of a matrix is computationally not problematic,
and can be performed by several linear algebra libraries
without raising real-time issues (in the tests reported here
the Armadillo library was used [25]).

The overall computation time was always lower than 0.5 ms
for both algorithms, therefore no errors due to the violation
of the 1 ms time constraint happened during the tests.

V. CONCLUSION

This paper presented a framework for the optimal gain
selection of GPM and, most importantly, the NSBM algo-
rithm for the computation of the null space command in
redundant robots, whose performance is always better or at
least equal with respect to the commonly used GPM, and
whose computational cost is not significantly higher than that
of GPM and is compatible with the real-time constraints of
most robots. Moreover, a case study was shown in which
NSBM is used to solve the inverse kinematics of the Franka
Emika Panda robot so as to perform obstacle avoidance in a
locally optimal way, without interfering with the end effector
task.

Existing techniques available in the literature which use a
linear combination of the elements of the null space basis
either require long computational times because they were
developed for a priori path planning ([15] and [16]) or are not
suitable for usage with a general form of the cost function
and require to choose a desired operational space “escape
velocity” for obstacle avoidance ([14]). Instead, NSBM uses
as objective function the value of a desired criterion at the
next iteration for a certain choice of the decision variables,
and can therefore easily be applied to any case, such as joint
limits or singularity avoidance.

Finally, unlike NSBM, the approaches that treat obstacle
avoidance using constraints ([8]-[13]), do not necessarily
provide the solution that causes the greatest possible decrease
of the cost function.

Future developments of this work will involve implement-
ing obstacle avoidance in a more complete and accurate
formulation, applying the NSBM approach to fulfill other
objectives, such as singularity avoidance, verifying that the
described linearization is accurate enough for any type of
movement and cost function and increasing the time horizon
of the solution by introducing an optimal control problem
instead of a local optimization problem.
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