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Abstract—To fully explore the potential of robots for dex-
terous manipulation, this paper presents a whole dynamic
grasping process to achieve fluent grasping of a target object
by the robot end-effector. The process starts from the phase
of approaching the object over the phases of colliding with
the object and letting it roll about the colliding point to the
final phase of catching it by the palm or grasping it by
the fingers of the end-effector. We derive a unified model
for this hybrid dynamic manipulation process embodied as
approaching-colliding-rolling-catching/grasping from the spa-
tial vector based articulated body dynamics. Then, the whole
process is formulated as a free-terminal constrained multi-phase
optimal control problem (OCP). We extend the traditional
differential dynamic programming (DDP) to solving this free-
terminal OCP, where the backward pass of DDP involves
constrained quadratic programming (QP) problems and we
solve them by the primal-dual Augmented Lagrangian (PDAL)
method. Simulations and real experiments are conducted to
show the effectiveness of the proposed method for robotic
dynamic grasping.

I. INTRODUCTION

Dynamic manipulation is a quite challenging form of robot
manipulation, which can thoroughly demonstrate the body
dexterity of robots, the robustness of control algorithms, and
the ultimate capability of robots [1], [2], [3]. The effective
usage of friction, centrifugal force or inertial force is of
great importance for successful dynamic manipulation [4],
[5], [6]. Conventional manipulation research refers to a single
manipulation primitive, such as grasping, putting, sliding,
throwing, catching, casting, and pushing [7], [8], [9]. Indeed,
a single manipulation primitive can achieve some common
tasks, such as object handling, object transportation, pick-
and-place, etc. However, combining multiple manipulation
primitives can be a better way to tackle certain complex
tasks, e.g., door opening, throw-catch, push-grasp [10], [11].

This article mainly studies about how to enable robots to
dynamically catch objects on the table without finger closure,
which cannot be accomplished by traditional static or quasi-
static manipulation [12], [13]. We consider the dynamic
manipulation process consisting of four phases:

a) Approaching: the robot is guided to the target object
and be ready to grasp;

b) Colliding: it allows the object to obtain a reasonable
initial velocity;
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¢) Rolling: the object is adjusted to an appropriate grasping
position and attitude for the robot palm.

d) Catching or Grasping: the object is halted in the robot
palm or transferred to the desired position.

The first three phases are common, while the last one
uses different actions and defines the so-called strategy I
(catching) or II (grasping). Strategy I makes full use of
the robot palm, which means in this case it can complete
the dynamic grasping of objects without any finger closure.
Strategy II is generally used in situations like pouring water
or other subsequent dexterous manipulation after dynamic
grasping. These hybrid manipulations with fixed sequence
can be boiled down to the multi-phase optimal control
problem (OCP).

Furthermore, the contributions of this paper include:

e Two hybrid dynamic manipulation strategies are pro-

posed to achieve efficient dynamic grasping;

o The unified modeling achieved by articulated body

algorithm (ABA) is utilized to build the hybrid system;

o The free-terminal constrained differential dynamic pro-

gramming (FT-CDDP) is expanded to generate dynamic
feasible trajectory to achieve the task.

This paper is organized as follows: Section II reviews
works on dynamic manipulation and hybrid system. The
hybrid dynamic manipulation and manipulation primitives
are presented in Section III, Section IV respectively. DDP
based multi-phase optimization is shown in the Section V.
The simulations and experiments for the task are shown in
the Section VI. Section VII concludes the paper.

II. RELATED WORK
A. Dynamic Manipulation

The key factor in researching the dynamic manipulation is
the dynamic characteristic of objects. For dynamic prehensile
manipulation, [14] and [15] designed an object-level grasp
controller considering the dynamic effects of fast motion. A
dynamic system approach for softly catching a flying object
with arm-hand collaborative control was proposed in [16].
Besides, typical dynamic nonprehensile manipulation family
including throwing, catching, batting, sliding, rolling and so
on [17], [1]. Some nonprehensile experimental studies fo-
cused on special types of robots, such as: butterfly robot [18],
plannar robot [10], mobile robot [19], manipulator [15].

B. Optimal Control for Hybrid System

The study of hybrid dynamic systems exists in many
research fields, namely locomotion, manipulation, and so
on [20], [21]. The hybrid system modeling and optimization
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Fig. 1: Hybrid manipulation strategy. p1, p2, p3, p4 denote the phases of approaching, colliding, rolling, catching(strategy I)/grasping(strategy II) respectively.

is made for quadrupted bounding gait by whole-body mo-
tion planning [22]. The quasi-static plannar hybrid pushing
and pivoting manipulation with frictional contact switches
is studied in [23]. The piecewise-smooth hybrid dynamic
system optimization with unknown sequence and timing for
quadcopter perching is also studied in [22]. [10] studied
the planning and control for nonprehensile picking and
throwing of a block. To some extent, the solution of the
hybrid system eventually resorts to the optimal control
algorithm, such as direct and indirect method, shooting
and collocation method [24]. Owing to advantages of the
smaller dimension matrix calculation of subproblems and
fast convergence characteristics, the differential dynamic
programming [25], [26], [27], [28] based algorithms have
become prevailing. The constrained nonlinear programming
in the DDP based algorithms can be dealt with penalty,
sequential quadratic programming(SQP), interior points, or
augmented lagrangian(AL) [29], [30]. Other properties, like
multi-shooting [31], free-terminal [32], and parallel calcula-
tion [33] have also been investigated successively.

All the studies reviewed above proved the fact that the
optimal control theory is sufficient enough to solve the
hybrid system problem in dynamic manipulation. However,
the object grasping without slowing down robot has not
been studied yet, which can be implemented by the hybrid
manipulation strategy, with the modelling and optimization
of the hybrid system. Besides, DDP based method combined
with multi-constraint, free-terminal, and multi-phase has not
been comprehensively studied, let alone applied to such
complex and highly dynamic tasks.

III. HYBRID MANIPULATION STRATEGY
A. Hybrid Manipulation Strategies for Dynamic Grasping

We conclude hybrid dynamic manipulation (shown in
Fig.1) as approaching-colliding-rolling-catching(strategy I)
and approaching-colliding-rolling-grasping(strategy II). Un-
der both strategies, the object can be grasped successfully.
Strategy I belongs to nonprehensile hybrid manipulation
purely. The robot equipped with a palm shaped end-effector
needs to quickly catch the object. So the dynamic catching
of objects is achieved by the palm edge and surface, which
greatly expands the robot dexterous manipulation ability.
Strategy II belongs to nonprehensile & prehensile hybrid
manipulation. When the object is upside down on the palm,
such as pouring water, it is necessary to close the fingers
to enable the object to move arbitrarily with the robot. So

hybrid manipulation is no longer limited to nonprehensile
primitives. Blending nonprehensile primitives with prehen-
sile primitives can fully utilize the advantages of both.

B. Two-Body Hybrid System

The two-body system developed from articulated body
algorithm(ABA) [34] is described in Fig.2(a). The pose
of hybrid system is defined as x,., = [z, z,],x, =
rL Qf ]z, = [r5 QF ], where z,,x, € R®,,, €
R'2. Furthermore, we denote & = [&,, &) and u = [f, f,]
the general state and input of the hybrid system [35]. And
the vector shaped like 'z’ means that '¢’ is a spatial vector.
The time frames of N phases are t,,, = | O %Vs]], the
subscript m =’ 0’ or 'f’ denote the start or terminal time.

So the unified state equation can be derived as

xn+1:f(wnaun,At)7 n:O71a2a"'7N_1
hn(mnaun) S 07 n:07172a"' 7N (1)
gn(mnvun)zoa n:0,1,2,~~,N

where N =Z£V:51 NI N s the discretized value of i—th
phase. &,,11 = f(@n, un, At) is the discrete form of state
space equation, and At is the time step. h,,(x,,, u,) denotes
the inequality constraint, namely friction cone constraint at
the sticking contact points. The motion trajectory ¢, (t) of
hybrid system can be described by

C.(t)=[¢L @) Ch )T e RIS
¢E@) =L e #L@)" e R )

K K K

¢(t) = (0L (1) Wl () &L (1) € R

K K

where superscript P and 2 denote position and attitude
component. « is the points B,., C,., B,, or C, shown in
Fig.2. g,,(x,,u,) denotes the equality linkage constraint,
consisting of motion linkage condition and force linkage
condition. The motion linkage condition is the relationship
between (- and (o , while the force linkage condition is
the relationship between fr and fo.

More details of the two-body hybrid system can be found
in Appendix.

IV. MANIPULATION PRIMITIVES
A. Colliding Manipulation

The colliding configuration is illustrated in Fig.2(b). Since
it is implemented by the controlled manipulator, the mass of
robot m,. and the inertia of robot o, are assumed as co. So
the velocity of robot ¢, will not mutate in a very short time.
We denote p the real exchanged momentum considering the
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Fig. 2: Hybrid system. B is the centroid of body j, and j = r or o denotes robot palm or object. I A

(c) Rolling model. (d) Nonprehensile catching.

is the spatial inertia of articulated robot-object

(simplified as articulated body A). m;, o; are the mass and inertia of body j. I j € RS and f j € RS are the spatial inertia and the spatial force vector
of body j, respectively. r B; is the position vector of point Bj. 3 is joint axis. In the Fig.2(b), (c), (d), C; and C, ;, i = 1,2, 3,4 are possible contact

point pairs. P; is the equivalent contact point mounted by the virtual joint, and it is also the action point of f j+ To is vector from B, to FPo. f c,i € R3
are the contact force acted at point C, ;. {w} is inertial frame. {b} is body frame.

energy loss, as the general collision consists of compression
phase and restitution phase [36], [37], [38] . The changes of
contact velocity v = 7*p, — 7 p, can be defined as

Av=Arp — Arp. =W (me,0,)p=Wp 3)

where W is referred to as the inverse inertia matrix [39]. So
we have the object velocity at the post-colliding stage

oF =0, + Ad, =0, + Mp 4)

where M=[1/m,;r, X /o, is the dynamic parameter
related matrix. The superscript '+’ and '—’ denote the post-
colliding and pre-colliding, respectively. We denote @, max
as the maximum acceleration of the robot, then &, — #, =
Gy max0t. If f)j < D, , this two bodies will be keep sticking.
If 5, < © < ", the robot needs to accelerate to keep
sticking . If ¥ > ", this two bodies will be separated.
The choice of collision point can be roughly divided into
A,, B,, C,. The palm edge collides with the point C, so that
the object can be separated from the table in time, reducing
the uncertainty of friction. The proper impact point selection

makes dynamic grasping task more deterministic.

B. Rolling Manipulation

The rolling configuration is illustrated in Fig.2(c). N,
denotes the number of contact points. In the rolling manip-
ulation, N, = 2, C, = C,1UC, 9. This 2-point contact
cannot fully constrain the object, allowing the object to
rotate. So we can describe the equality constraints of motion
linage and force linage condition as:

C.,- i Co i -
¢ =RyCH =¢b  =RyChi=1 N, (5

(E— 10", — f,+ 1.0 5 15, =0 (6

where R B; ** is the transformation matrix from ¢ gj to ¢ gj e

j =7 or o. And E is the identity matrix. In general, this
equation can be formulated as the equality constraint of
g(x, u). Furthermore, for the manipulated object, the body
wrench w € RS, net force vector fo € R® and the contact
force fo € RM<*3 have the following relationship:

w=Tf,=G.fe, j=1,-,N, (7)

where T is the spatial transformation matrix. G is the grasp
transformation matrix. Besides, the sticking-rolling can be
guaranteed by the friction cone constraint h(x, u) as follows

N fc.,<b (8)

where N; = — [pin; — 04, im0, jim; — ti, pimit;, my,
fnl] N, € R3x%6, w; is the Coulomb friction coefficient.
b! = [0, 0,0,0, —féi, —fgii]. n; is unit normal vector, and
0;,t; € R3 are two orthonormal tangent vectors described
with respect to the object frame. féji, fg , are the nonnega-
tive lower and upper bounds on the normal contact force, re-
spectively. The dynamic underactuated rolling manipulation
is under unilateral constraints, which will make the energy
of the object keep increasing. So the boundary conditions of
the object need to meet this requirement.

C. Nonprehensile Catching or Prehensile Grasping

The constraints in this phase are almost the same as
the previous rolling manipulation, except for the number of
contact points N, = 4, C,, = C.1 U Cy 2 U C,. 3 U C, 4. This
4-point surface contact fully constrains the object, allowing
the object to rest on the palm. So the nonprehensile catching
and prehensile grasping share the same equality constraint
g(x, u) of motion linage and force linage. However, the main
differences between these two strategies are the friction-
constrained or friction-free.

Prehensile Grasping: The grasping of objects requires the
robot fingers to close and form an envelope relationship with
the palm. After the fingers are closed, the two bodies have the
same linear velocity and angular velocity, where the velocity
of the object needs to be eliminated. After that, the object is
transferred to a specific position and attitude.
Nonprehensile Catching: The catching configuration is il-
lustrated in Fig.2(d). Different from the prehensile manipula-
tion, the non-prehensile manipulation requires the utilization
of dynamic balance during the movement of the object
transportation, so that the object is in a sticking contact on
the palm [15], [6]. The contact force between the palm and
the object must always be within the friction cone [40], and
the inequality constraints h(z,w) should be considered.
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V. DDP BASED MULTI-PHASE OPTIMAL CONTROL

With unified modeling, the hybrid dynamic system is
described by the following formula

L N TR U il L8] 4l
minJ = Y% 00T @] il + 1 @ )
s.b: wgll = f(ng]vug])a ur[ﬁm < ul < 'Ufgga;v

oafl ull) ~ 0

hm( []7 P
W s free, el <l <4l i=12... N.

_ , )
where J is the total cost function. tk} = ¢l - tg] is the
terminal time of i-th phase ty = [tm t[N ]} And
1 = z1"Qz + ul" Ru)l, z%ﬁ) _ 3l 'Q,z

are the traig:ctory cost and termmal cost respectively. And
gl = 2l — 2! denotes state errors, (¢l is the
desired value. Q, R and Q) are the weight matrices. uy, is
derived backward sequentially in DDP based methods. As the
multi-constraints are solved by the primal-dual Augmented
Lagrangian (PDAL) approach [29], [30], [41], [42], [43], we

can rewrite the Bellman recursion equation as

‘7(1:“) = min Q(wn’un;)\E7)\I)

Un AE,AT

~

U@, Uy A, M) + V(Tng1)) (10)

= min

U AE,AT
where n = 1,2,...,N. Ag and \; are the Lagrangian
multipliers. V' (zx,,) and Q(x,,, u,,) denote value function and
action-state value function. The subscripts £ and I denote
the equality and inequality part respectively. Q and V are
the modified value. What’s more, we denote I, (Ag) and
Ip, (A1) as the trajectory cost related with constraints. So,
@y, Un, Ag, A1) Will be shown as

= ln+,LLElgn()\E)/2+,ullhn(/\1)/2 (11

o~

(mnyuvu)\E»)\I)

, 2
g./np+ N = e (12)

;12
Iy, (\8) = |9 /12 + AEH +|

o = [t 30+

n/ unr + >‘l )\l H
(13)
where pg, pr are the positive scalar. Ay and A; denote the
Lagrange multipliers. The superscript ’ denotes the updated
value. [.]+ denotes the positive orthogonal projection oper-
ators. [.]4 denotes the active set inequality constraints. The
optimal descent direction for ) can be obtained with

Su Qu + Quzoz
K _ z zx 14
oA [+ fodz+ pp(N —A) o
[0v]a [h+ hgdx 4+ pur(A — A)]a
and

Quu  Qu I [h1]a

Qou  Qua I [hT]4
K = z o, z 15
fo fo -peE 0 "

[hala [hala 0 —wE

where £, ¢ are the Hessian matrix of { with respective to o
and (. &, is the Jacobian matrix of  with respective to o. K
is the KKT matrix. Then the optimal incremental value, du,
dx, 6\, ou can be accessed. And the second order Taylor
expansion is utilized to estimate the value function [32].

Voox + Vot +

AYA/(mN,tN) = %593T‘71m6a3

1 = JRNPPN 1. n
+§5mTVM5t + iétTVméw + 5(StTVtt(St (16)
The terminal optimal time §¢3
order optimality condition
oty = V!

tntN

can be derived by the first-

(V;fN + ‘ZNIN &EN)

DDP based optimal framework consists of two main
parts: forward and backward passes. The backward pass is
formulated as an constrained QP issue solved by PDAL
method. The modified constrained DDP is shown in the
following Algorithm 1.

a7

Algorithm 1 Free Terminal CDDP

Given

Lo, Lg, Lp41 = f(wnvun)» g(iL'n,’U«n), h(wvuun)
Initialization

U={up,u1, - ,un_1}, X ={zo, 21, - ,xn}

n,, = 0, // iterations counter
while (|.J,, — J,_1] > €) do__
VIN& Vfl?NxN ) ‘/tN ) ‘/tNINa ‘/;ﬁNtN
for k=N —11to0do
Calculation of Jacobian and Hessian matrix
Then the optimal incremental value, du, dx, O\, O
end for
for n=0to N —1do
u', =u, + du,

LTn+1 = f(wny u/n)
end for
0ty « FEq.17

ty = min(max(ty + 5, tmin), tmaz)

N' =N +6tn/At

JeJ, XX, U«Um,<n,+1, N« N
end while=0

where € is the given small number. The superscript * denote
the updated value. X is the state sequence. U is the control
input sequence.

VI. SIMULATIONS AND EXPERIMENTS

The simulations are performed by co-simulation in
Recurdyn and Matlab. The experiments are relied on
dual URI16e robots. All the results are also shown in the
accompanying video. The simulations and experiments are
conducted in the plane gravitational field. Now, we define
Ty = [mr Yr 'VT]’ U, = [fmr fyr T’)’r]’ Lo = [l'o Yo ’Yo]’ Lro =
[, x,], and u, = [fsz, fy, Ty,]. Since the object z,,y, in
this task is either fixed or constrained by motion linage, only
the simplified general coordinate Z = [z, ¥ Y Vo] € R* is
listed for simplicity as below.
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(a) Low velocity by strategy I. (b) High velocity by strategy I.

o

(d) High velocity by strategy II.

LR

(c) Low velocity by strategy II.

Fig. 3: Four simulation cases. The blue and yellow rectangle represent the object and the robotic palm or hand, respectively.

TABLE I: Desired boundary conditions at different stages in different tasks.

Simulation I(low) Simulation I(high) Simulation II(low)

Simulation II(high) Experiment T Experiment IT

-y

E{V] [-0.1,0, —0.15, 1.57] [-0.1,0, —0.15, 1.57] [-0.1,0,0.785, 1.57] [-0.1,0,0.87,1.57] [-0.1,0, —0.35, 1.57] [-0.1,0,1.13,1.57]
E{\QI] [ [ [ [ .o .
Efg] [¢,0,0.7,0.7] [¢,0,—0.17, —0.17] [¢,¢,1.05,1.05] [¢,¢,0.28,0.28] [¢,0, —0.35, —0.35] [¢,¢,0.7,0.7]
Efs,] [¢,¢,0,0] [0, ¢,0,0] [¢,0,1.57,1.57] [¢,0,1.57,1.57] [¢,¢,0,0] [¢,0,1.57,1.57]
i{\l,] [~0.5,0,0,0] [~1,0,0,0] [~0.5,0,0,0] [~1,0,0,0] [~0.6,0,0,0] [~0.8,0,0,0]
iff,] [~0.5,0,0, —3] [~1,0,0, 5] [-0.5,0,0, —3] [—1,0,0, —5] [—0.6,0,0, —3.6] [—0.8,0,0, —4.8]
i{f’,] [-0.8,0.1, —5.5, —5.5] [~1.4,0.4, -8, —8] [-0.8, —0.05, —5, —5]  [—1.4,0.2, -7, —7]  [—0.8,0.22, =5.6, —=5.6]  [—1.3,0.2, —6.8, —6.8]
wh [0,0,0,0] [0,0,0,0] [0.0,0,0] [0,0,0,0] [0.0,0,0] [0.0,0,0]
e denotes no change from the previous stage. ¢ denotes no constraint, that is free terminal
3 = o =
— r o EET . —%
N 2177177 g
, im
=
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Fig. 4: The simulation results of strategy L.

In the four simulations(shown in Fig.3), the weight of
cuboid is 0.3kg and the size of the cuboid is 12c¢m x 2.5cm X
5cm. The real friction coefficient between the palm and
cuboid is 0.55. In simulation, case a and b correspond to
the object with low and high collision velocity, respectively.
Curves for desired pose and energy are shown as Fig.4 and
Fig.5, respectively. Due to the short time cost during collision
(denoted as (t?] —t?]) — 0), the pose of the object does not
change, but the object acquires an instantaneous velocity.

A. Simulations of Strategy I at Different Speeds

The robot end-effector uses a flat plate, which means the
object is grasped dynamically with no finger closed. This sec-
tion presents the simulation results of dynamic nonprehensile
catching for both low-speed and high-speed collision cases
(differentiated by the contact velocity v). The corresponding
switching time vector is derived as ¢y = [0.2,0.2,0.32,0.6]s
and t; = [0.1,0.1,0.22,0.57]s respectively. Constraints in

01 02 03 04 05 05 0 01 02 03 04 05 05 07
Time(s) Time(s)

(a) Pose curves in case a. (b) Energy curve in case a.

2000

1800

mm)

1600

1400

N.

Kinetic Energy of Object(

04 05 ] 01

01

04 05

02 03
Time(s)

02 03
Time(s)

(c) Pose curves in case b. (d) Energy curve in case b.

Fig. 5: The simulation results of strategy II.

the rolling and catching phases ensure stable contact between
the palm and the object. According to the simulation results,
the objects can be successfully grasped under different col-
liding velocities.

B. Simulations of Strategy II at Different Speeds

Allegro Hand is used in this part to implement pre-
hensile and nonprehensile hybrid manipulation. This sec-
tion presents the simulation results of dynamic grasping
for both low-speed and high-speed collision cases. The
corresponding switching time vector is derived as t;
[0.2,0.2,0.33,0.55]s and t; = [0.08,0.08,0.16,0.39]s re-
spectively. According to simulation results, the objects can
be successfully grasped under different collision speeds, and
the entire robotic arm does not stop.

C. Robot Experiment of Strategy I

In this experiment, the grasped object is a cuboid. The
weight of cuboid is 0.3kg and the size of the cuboid is
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(e) Approaching phase in strategy II.  (f) Colliding phase in strategy II.

(h) Catching phase in strategy II.

(g) Rolling phase in strategy II.

Fig. 6: The experiment setup of strategy I (a-d) and strategy II (e-h) .

12cm x 2.5cm X Scm. The centroid of the objects is set at
their geometric center. The real friction coefficient between
the palm and cuboid is 0.55. The corresponding switching
time vector t; = [0.15,0.15,0.3,0.5]s. The robot end-
effector uses a flat plate, which does not decelerate when
grabbing the target object. By effectively mixing the three
non-prehensile dynamic manipulation primitives, objects are
finally dynamically grasped by the palm without finger
closure. The snapshots are shown as Fig.6. The success rate
of the experiment is 90% (9/10).

D. Robot Experiment of Strategy Il

The dual UR16es and Allegro Hands are used in this part
to implement prehensile and nonprehensile hybrid manipu-
lation for dynamic grasping of large shaker and bottle. The
weight of these two bodies are 0.5kg and 0.3kg respectively.
The real friction coefficient between the Allegro Hand and
these two bodies are 0.45 and 0.5. The centroid of the
objects is assumed almost at their geometric center. The robot
trajectory can be calculated, and corresponding switching
time vector t; = [0.2,0.2,0.35,0.52]s. The object can be
grasped by the fingers, and then tasks such as pouring water
can be realized. The snapshots are shown as Fig.6. The
success rate of the experiment is 100% (10/10).

VII. CONCLUSIONS

The dynamic hybrid manipulation strategy with colliding-
rolling-catching and colliding-rolling-grasping for grasping
the target object during the rapid movement of a robot is
firstly proposed in this article. The hybrid manipulation is
regarded as robot-object hybrid system which is unifiedly
modelled as the spatial vector based articulated body dynam-
ics. So the diverse states of hybrid system can be described
by the motion linage and force linage. Besides, the modified
free-terminal CDDP method is utilized to solve this fixed se-
quence multi-phase optimal control issue for hybrid dynamic
manipulation. The simulation and experiment results show
that the model, strategy and algorithm proposed in this paper
can effectively achieve the dynamic grasping of objects.

APPENDIX

Assuming two bodies (shown in Fig.2(a)) are in contact,
the spatial vector based dynamics can be derived as

- ~A = £

fr=Ta,+p"=Ta +p +1, (18)
fo=1To8,+p, (19)
a, = a, + Aéa (20)

where a; € RS, ﬁj € RS be the acceleration and the bias
force of body j. p* € RO is the bias force of articulated
body A. Aa is the relative acceleration.

According to the contact and motion state of the two-body

system, it can be divided into the following three cases:
Case I: body r and body o are separated. I A I, p =p,.
f,, and fo are independent of each other, and fo =0.
Case II: body r and body o are contact coupling,
and with relative motion. fA = IAA(IAr,ﬁT,é,IAO,ﬁO),
ﬁA=ﬁA(fr,ﬁr,§,fo,ﬁo). fr and fo are dependent, and fo
is the coupling force vector. a, and a, are also dependent.
Aa # 0.
Case III: body r and body o are contact coupling, and
with no relative motion(sticking contact). The kinematics and
dynamics of the two bodies in this case are the same as the
case II, except that Ag = 0.

Assuming &, = [Gyr, o), T = [Tro, Trols w = [f,, fo]
we can get the unified differential equation

t=F(x,u)=Ax+ Bu+C (21

where A, B, C are the system matrix. A = [0, E;0,0],
B=10,0:1"7",0:0,1,"]. C = [0: 1" 'pN 1, p,).
In this paper, the approaching phase belongs to Case I.
Case II is adapted to rolling manipulation. And the Case
III can be applied to prehensile grasping or nonprehenisle

catching. Compared with ordinary 3D vectors, 6D vectors
based hybrid system model is more concise.
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