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Exact Moment Propagation
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Abstract— This paper develops a new nonlinear filter, called
Moment-based Kalman Filter (MKF), using the exact moment
propagation method. Existing state estimation methods use
linearization techniques or sampling points to compute ap-
proximate values of moments. However, moment propagation of
probability distributions of random variables through nonlinear
process and measurement models play a key role in the develop-
ment of state estimation and directly affects their performance.
The proposed moment propagation procedure can compute
exact moments for non-Gaussian as well as non-independent
Gaussian random variables. Thus, MKF can propagate exact
moments of uncertain state variables up to any desired order.
MKEF is derivative-free and does not require tuning parameters.
Moreover, MKF has the same computation time complexity as
the extended or unscented Kalman filters, i.e., EKF and UKF.
The experimental evaluations show that MKF is the preferred
filter in comparison to EKF and UKF and outperforms both
filters in non-Gaussian noise regimes.

I. INTRODUCTION

The last few decades have witnessed a huge growth in
nonlinear state estimation methods due to the advances in
computer systems and sensors. This development enables us
to safely navigate a robot even in a dynamic and uncertain
environment, e.g., transporting a spaceship to a space station.
Despite these advancements, we still have much room to
improve state estimation methods, especially for nonlinear
systems. Difficulties in nonlinear state estimation mainly
arise from the complex probability distribution analysis.
Generally, it is challenging to propagate accurate moments
of uncertainties from a complex probability distribution,
such as mean and covariance. Therefore, many traditional
state estimation methods propagate approximated moments
of uncertain states to estimate target values from noisy sensor
inputs.

The majority of previous studies on state estimation are
based on Kalman Filter (KF) [1], [2]. It aims to extract
accurate information from noisy measurement data by mini-
mizing the covariance of uncertain states. This linear optimal
filter [3] can compute the exact mean and covariance of
uncertain states when the system is linear. Even though KF is
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computationally efficient, its application is largely restricted
because it can only handle a linear system. Therefore several
studies have been made to broaden the scope of its applica-
tion to enable nonlinear systems to use KF.

The Extended Kalman Filter (EKF) [4], [5] is one of
the most widely adopted nonlinear Kalman filters both in
academics and industry [6]-[9]. It usually uses first-order
Taylor expansion to linearize nonlinear systems around the
current estimated values, and moments of uncertainties are
propagated through this linearized system. Hence the propa-
gated moments of uncertain states have first-order accuracy,
and they can achieve second-order accuracy when using
the modified EKF [10]. Despite its wide applicability and
computational advantage, it has several drawbacks. First, it
often gets significant estimation errors when the system is
highly nonlinear due to its limited range of approximation.
In addition, EKF postulates that the system model has
Jacobians or Hessians, which makes it difficult to apply to
non-continuous systems.

Unscented Kalman Filter (UKF) has been developed [11]—
[13] to address these flaws of EKF. UKF uses a determined
number of sampling points (sigma points) to approximate the
probability distribution of uncertainty states and propagates
each point through the nonlinear system. Then it computes
approximated mean and covariance of transformed uncertain
states using transformed sigma points [14], [15]. Since UKF
can propagate moments of uncertain states up to third-
order of accuracy in the presence of Gaussian distribution,
it is also used in a wide range of applications [16]-[18].
Although UKF is theoretically better than EKF, it still has
some drawbacks. First, we have to tune several parameters to
optimize the performance of UKF. Second, since UKF only
uses a limited number of sampling points, its approximation
accuracy decreases when the distribution has a large variance.

Apart from nonlinear Kalman filters, Particle Filter
(PF) [19], [20] is a well-known Monte Carlo-based approach
for nonlinear state estimation [21], [22]. It approximates the
state distribution with randomly sampled points (particles)
and projects those particles into the nonlinear system func-
tion. Similar to UKF, PF also computes moments of un-
certain states with these particles. Although the accuracy of
approximated moments improves as the number of particles
increases [23], the computation time also increases. Thus it
hinders PF from being used in real-time applications in some
domains.

In this paper, we improve the nonlinear Kalman filter
by propagating exact moments of uncertain states. Un-
like conventional approaches, the proposed Moment-based
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Kalman Filter (MKF) does not use system approximation or
sampling methods for moment propagation. Instead, MKF
propagates exact moments of state distributions by extending
the recently proposed method [24]-[26], which computes
exact mixed-trigonometric-polynomial moments of uncertain
states up to any desired order. The extended method of
this paper can also compute exact mixed-trigonometric-
polynomial moments of non-independent Gaussian random
variables. MKF has several major advantages over traditional
state estimation methods. First, it uses exact moments of
uncertain states to compute the estimation values with the
same computational complexity as EKF and UKF. Moreover,
MKEF does not need to compute derivatives of the system,
and also it does not have any parameters, which makes
the proposed method a derivative-and-parameter-free filter.
These characteristics enable MKF to be used in a wide range
of applications.
The contributions of this paper are as follows.

1) Exact moment propagation procedure for estima-
tion: The exact moment propagation method of MKF
can compute exact mixed-trigonometric-polynomial
moments of non-Gaussian random variables. More-
over, the provided extended exact moment propaga-
tion method can compute exact mixed-trigonometric-
polynomial moments of Gaussian random variables
even if they are not independent.

2) A nonlinear derivative-and-parameter-free Kalman
filter with exact moment propagation: We incor-
porate the extended exact moment propagation into
the Kalman filter to introduce a nonlinear derivative-
and-parameter-free filter with the same calculation
complexity as EKF and UKF for general state space
problems.

3) Numerical experiments and simulations with real
robot data: Simulations with real robot data prove that
the proposed algorithm has equivalent or even better
performance than traditional approaches.

The remaining of this paper is organized as follows.
In Section II, we introduce the extended exact moment
propagation method. Section III delves into the proposed
Moment-based Kalman filter. Numerical experiments and
simulation results are presented in Section IV. Finally, Sec-
tion V presents the conclusion and ideas for future work.

II. EXTENDED EXACT MOMENT PROPAGATION

In this section, we give details about the extended exact
moment propagation method after briefly introducing the
original exact moment propagation method [24].

A. Exact Moment Propagation

The exact moment propagation method [24] leverages the
characteristic function [27] of a random variable to compute
the exact mixed-trigonometric-polynomial moments.

Lemma 1. [ [24, Lemma 4]] Let 6 be a random variqble
with characteristic function ®g(t), where ®(t) = E[e'?].
Given (ay, as,a3) € N3 where a = Zle oy, the following

mixed-trigonometric-polynomial moments of order o of the
Sorm E[6* cos®2(0) sin®?(0)] can be computed as:

E[0% cos™?(0) sin®?(6)] =

1 & (@) (@
jo1tagastas Z <k1> (k‘g) (1)

(k1,k2)=(0,0)

Dy (t)

do
-1 az—ka
(1) e

t=2(k1+k2)—az—as

A more comprehensive description of this methodology
and proof can be found in [24]. In the following, we will
extend Lemma 1 to compute the exact mixed-trigonometric-
polynomial moments of non-independent Gaussian random
variables. Let € R™ be an n-dimensional random vector,
and assume each element is independent. Given (o, ¢;, $;) €
N3, the following mixed-trigonometric-polynomial moment
can be computed as

n
E ] 5 cos () sin® (2;)| =

i=1
n
H E [z cos® (x;) sin® (z;)], 2)
i=1

where x; is i-th element in the random vector x. With
Lemma 1, we can compute exact values for (2). However, if
each element in x is not independent, we cannot separately
compute the nonlinear moments of x. Therefore, we need
to extend this method to enable exact moment propagation
even when random variables are not independent.

B. Variable Transformation

Before getting into the details about the extended ex-
act moment propagation method, we introduce the variable
transformation method for Gaussian random variables. Let
x € R™ be a n-dimensional non-independent Gaussian
random vector, where & ~ N (p,,X;). Since X, is a real
symmetric matrix, we can apply eigenvalue decomposition
with an orthogonal matrix 7" as

Tﬁler: A:diag()‘h)\%'”v)\n) (3)

where ); is i-th eigenvalue of the covariance matrix Y. Note
that an orthogonal matrix T satisfies 77 = T~!, TTT =T
and detT = 1 where I is an Identity matrix and 7" is the
transpose of the matrix 7'. Hence,

detY, = detT'AT = detA

4
S = (TAT ) =TA T @

The probability density function of Gaussian random variable
x can be described as:

1 1 Ty—1
Pa(T) \/mem( 5 (@ = He) Ty (T~ pa))

&)
Linearly transform original variable «, and define a new
variable as y = T~ 'a. Thus, we have p, (y) =: N (,, 3y),
where p, = TTu, and ¥, := A = diag(A1, A2, ..y Ap).
This indicates that y also follows a Gaussian distribution,
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but each variable in y is independent since X, is a diagonal
matrix, which suggests they are uncorrelated. Note that if
each element in a Gaussian random vector is uncorrelated,
they are also independent.

C. Extended Exact Moment Propagation

Generally, it is hard to compute the nonlinear mo-
ments of non-independent random variables that come
from arbitrary distributions. However, if we assume non-
independent random variables follow a Gaussian distribution,
we can compute exact mixed-trigonometric-polynomial mo-
ments by changing variables mentioned in Sec.II-B. Given
(i, ci,8;) € N3, mixed-trigonometric-polynomial moment
of a Gaussian random vector * € R" is

n
B[]0 cos® (i) sin® ()| . (6)
i=1
Even after applying the linear transformation, the trans-
formed moment is still mixed-trigonometric-polynomial.
Given (B, ki, Mi,i) € N3, we can compute exact value
for (6) with transformed variable y as:

E

n
H x;" cos® (x;) sin® (gcz)]

i=1

=Y E ] a"" cos'™ (5;) sin™ (g;)
k i=1 ™

n

= Z H E [gjf’” cos!®i (§;) sin™k (172)}

k oi=1
(@i = g1 (T3, T2sis -+, Ti)Yi)

where g5 (Th,i, T2, -, Tn,;) is a constant value and g; is
a scaled independent Gaussian random variable. Leverag-
ing Lemma 1, we can compute the exact value for each
ET@]? coslki (§;) sin™k i (g]l)}

Example 1. Let = = (J:,G)T be a 2-dimensional
non-independent  Gaussian random  variable vector,
where & ~ N (u,X). The following mixed-trigonometric-
polynomial moment can be computed by using the matrix

T and transformed independent Gaussian random variables

_ T Y1 A0 .
Y= (ylv y2) N s "\ o /\2 as:

E[z cosf] = // (x cos ) py(x,0)dxdd

= //(Tnyl + Ti2y2) cos (To1yr + Tazyo)

Py (Y1)py (y2)dy1dy2

T
= % {E[ly cosly]E[cos 2] — E[l; sinly]|E[sin l5]}
15,12
+ 12 (E[l, cosly]Elcos]y] — Elly sin LJEfsin ]}
T21T22

®)
where T;; is (i,j) element of matrix T, 1y ~
N(T21?17T221)\1) and ly ~ N(T22g2,T222>\2) are two inde-

pendent Gaussian random variables. With Lemma 1, we can
compute exact moment of E[z cos 0].

III. MOMENT-BASED KALMAN FILTER

The aim of this chapter is to improve the nonlinear Kalman
filter by taking advantage of the exact moment propagation
method discussed in Section II. Let ¢, € R™ and y; €
R™ be a state vector and a measurement vector at time
step k respectively. With external disturbance wj € R?
and measurement noise vy € R®, a nonlinear discrete-time
stochastic dynamics system can be modeled as:

i1 = f(Tr, Uk, W), Ypi1 = MTrr1,V%41). (9)

where uy is an input vector at time step k. In this paper,
we assume dynamic and measurement models are described
by mixed-trigonometric-polynomial functions. This is not a
conservative assumption because these elementary functions
can represent a wide range of robotic system models [26].
Note that external disturbance w; and measurement noise
vy, are independent of x; and y,,.

Our method has four main stages: initial state distribution
approximation, prediction, prior state distribution approxi-
mation, and update. Suppose we know the estimated mean
2, and covariance f)k of previously estimated state xg,
where xj follows arbitrary distribution, and each element
in xj is not necessarily independent, which means non-
diagonal elements in S, can have non-zero values. In the
initial state distribution approximation step, we approximate
the previously estimated state distribution to a Gaussian
distribution as:

T~ N (mk2k> . (10)
We use the mean and variance of the posterior distribution
as the mean and variance of the approximated Gaussian
distribution. In the prediction step, we predict the system
transition from time step k to time step k + 1 and compute
the predicted mean &7, and covariance Y| as:

:EZ-H =Elxi1] =E [f(:cZ””, Up, W)],
P 4D ~p T
Y =E [($k+1 - wk+1)(wk+1 - wk+1) ]
— T D sp T
=E [zer1mpp] — (2750) (#14)
-
=E [f(mzpp’ Uk, wk’).f(mzpp7uk7wk) ]
T
*E[f(wzppauk,wk)]E[f(wzppauk,wk)] .
1D
Even though this is a nonlinear transformation of the non-
independent Gaussian state x;"’, we can compute exact
values for both &), and X}, with the extended moment
propagation method as dynamics model f(x;"", uy, wy) are
only composed of mixed-trigonometric-polynomial functions
of «;*”, uy, and wy. Due to the nonlinear transformation
in the prediction step, x% 41 No longer follows Gaussian
distribution. In order to compute the exact moment of
uncertain states in the update step, we need to approximate
the predicted state distribution to a Gaussian distribution.
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Algorithm 1: Moment-Based Kalman Filter

input : Current estimated mean &j, _
Current estimated variance >y,
Measurement value 21

output: Next estimated mean ﬁ:ktl
Next estimated variance 1

1 @fPP, 8PP « Initial Approximation(&y, Xy) > (10)
P P s t(5OPP $app

2 mk+1,El€+1 < Predict(z, ", X.7F) A > (11)
%D0,a p,a : : . -0 a

3 @ +f P ,AZI,; +fp < Prior Approxuflanon(wkipl, Zk{f’l) > (12)

4 Rpy1, g1 Update(iif{’p, Eif{’p, Zp+1) > (13)-(14)

5 return :i!k+1, Zk+1

Similar to the initial state distribution approximation, the

approximated predicted state distribution mszp becomes:

D,app ~D P
Thi1 NN<mk+1’Ek+1)'

After the prior state distribution approximation, we can
compute the predicted measurement mean and covariance.

12)

Yp1 = E [h(wazfp; Uk+1)]
o . . T
ZZ-yH =K [(yk+1 - yk+1) (yk+1 - yk+1) }
T ST
=E [yk+1yk+1] “Yr+1Yr+1
=F [h(wszp, 'Uk+]_)h(lezﬁ11)p7 ka)T]
-
—E [a(@ 37 vpn) | B (@ vee)]
(13)
Similar to (11), we can compute exact values for both g, ;
and 7%, by taking advantage of the extended moment
propagation method as }""}” is Gaussian random variables
and h(z} ", vgy1) is a mixed-trigonometric-polynomial
function of x’** and vy, 1. Finally, we update the estimated

k+1
state mean and covariance with measurement values z 4 as:

iiil =E {(mZﬂp - iiffp) (yk+1 - 37k+1)T}

_ D,app D,app T ~D,app ~T
=E [mk—H h(xy 1", ve+1) ] ~Lri1 Yeh

X . -1
K1 =X, (E‘éil) (4
Zpp1 =&+ K1 (Zee1 — Una)

_ 3P Yy
k1 = 2k+1 - Kk+12k+1

Ki

where Kjy1 is Kalman Gain. Since h(x) 1" vii1)
is a mixed-trigonometric-polynomial function,
E [z 7P h(x] 7P v11)] is also a mixed-trigonometric-
polynomial moment of x}}* and v}, and thus we can
compute the exact value of 2?—1—1 The overall procedure is
summarized in Algorithm 1.

MKF has two major advantages over EKF and UKF
First, MKF does not require Jacobians for the calculation.
This is a great advantage over EKF because we can apply
MKEF for non-continuous systems. Next, MKF does not have
any tuning parameters; thus, it does not need to find the
optimal parameters to get the best performance. UKF, on the
contrary, has several parameters, and we need to tune these
parameters to improve performance. These two points make

the proposed filter a derivative-and-parameter-free filter. In

TABLE I: Comparision of nonlinear Kalman Filters.

EKF UKF MKF
Jacobian Required No No
Number of 0 several 0
parameters
Computational 3 3 3
complexity On?) o) On?)
Differentiable . mixed .
Model forms . any trigonometric
(Continuous) .
polynomial

addition to these two advantages, MKF has the same compu-
tation complexity as EKF and UKF for general state space
problems [13]. Since the most computationally heavy part
is Eigen decompositions which are required in computing
the exact moment of non-independent state variables in (11)-
(14), the overall computational complexity of MKF becomes
O(n?) where n is the dimension of the state vector . The
comparison of EKF, UKF, and MKEF is described in Table I.

IV. EXPERIMENTAL RESULTS

In this section, we evaluate the extended exact moment
propagation method and MKF through numerical experi-
ments and simulations with real robot data. In each experi-
ment, we compare the proposed method with other existing
methods to prove the effectiveness of the proposed approach.
All of the experiments are tested on a desktop computer with
Intel i7 4.2 GHz processors and 32 GB RAM, and test codes
are written in C++. Since formulating equations to compute
the high order of moments of uncertainty states is easily
subject to human errors, we use TreeRing to automatically
compute formulations of moment propagation equations [28]
[29]. Our software is available for download!.

A. Numerical experiments for extended exact moment prop-
agation

The objective of numerical experiments is to validate
the extended exact moment propagation (Extended EMP)
method. To achieve this goal, we compare the proposed
method with Linear transformation, Unscented Transform
(UT), and the original exact moment propagation method
(Original EMP). When using the original EMP, we compute
the moments of each random variable separately, as shown
in (2) and ignore the correlation between random variables
since it cannot handle non-independent random variables.
We verify true values by Monte Carlo simulation with 108
samples.

Table II shows the computation results of the mixed-
trigonometric-polynomial moments of independent non-
Gaussian distributions. When each element is only com-
posed of linear functions, e.g., E[zf], all methodologies
can compute exact moments. However, when the function
becomes highly nonlinear, Linear and UT cannot provide
exact values. Since both the original EMP and the proposed
method can compute moments of independent non-Gaussian
distributions, they get true values verified by Monte Carlo

Ihttps://github.com/purewater0901/MKF.git
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TABLE II: z ~ Exzponential(1.0), 0 ~ Uniform(—7%, )

3

Value

Methodology E[z0] | E[zcosf] | E[zcosOsinb)]
Linear -0.262 0.966 -0.25
uT -0.262 0.875 -0.178
Original EMP -0.262 0.870 -0.159
Extended EMP (Proposed) -0.262 0.870 -0.159
Monte Carlo (N = 10%) -0.262 0.870 -0.159

Sz 10.0 50 1.5
e () -+((9) (2 )

Methodology Value E[z0] | E[zcosf] | E[zcosfsinb)
Linear 10.47 5.000 0.433
UT 11.97 3.028 2.008
Original EMP 10.47 3.848 1.520
Extended EMP (Proposed) 11.97 2.848 1.256
Monte Carlo (N = 10%) 11.97 2.848 1.256

simulation. Table III presents several nonlinear moment
propagation results of a non-independent two-dimensional
Gaussian random variable. It indicates that as the function
becomes highly nonlinear or two random variables = and 6
have stronger correlations, Linear propagation and UT have
large errors. In addition, the original EMP also has large
deviations from true values obtained by Monte Carlo simu-
lation because it cannot compute exact mixed-trigonometric-
polynomial moments of non-independent Gaussian distribu-
tions. On the contrary, the proposed method obtains the true
values verified by Monte Carlo simulation in all cases, as
it can handle non-independent Gaussian distributions. Note
that UT can compute the exact values for E[zy] since it
can calculate the exact moment up to the third order of
nonlinearity. Furthermore, Table IV provides the results of
a three-dimensional Gaussian moment propagation. Similar
to the previous result, the proposed algorithm only gives the
same values as the one obtained by Monte Carlo simulation.
Overall the results prove that the proposed method can only
compute exact mixed-trigonometric-polynomial moments of
non-independent Gaussian random variables.

B. Simulation with real robot data

Next, we evaluate MKF with real robot data using UTIAS
Multi-Robot Cooperative Localization and Mapping Dataset
[30]. This dataset includes the ground truth 2D position z, ¥,
and yaw angle 6 of the robot, odometry data recording input
values to the robot, and noisy measurement data. The ground

@ 100\ (30 05 05
TABLEIV: [y | ~AN | [ 5.0 |, (05 20 03
0 z 05 03 &

Value

Methodology E[zysing] | E[z2y cos 6]
Linear 43.30 257.5
UT 39.94 157.3
Original EMP 37.01 220.1
Extended EMP (Proposed) 39.62 162.3
Monte Carlo (N = 10%) 39.62 162.3

truth robot state « = (x, y, §) data are gathered through their
10-camera Vicon motion capture system with accuracy on the
order of 0.001[m]. Odometry data contains forward velocity
command v and angular velocity command w at each time.
Since they use two-wheel differential drive robots to create
the dataset, the discrete dynamical model of the robot can
be described as:

x(k+1) =z + (v(k) + wy(k)) cos O(k)dt
y(k+1) =z + (v(k) + wy(k)) sinf(k)dt  (15)
Ok +1) =0(k) + (u(k) + wy(k))dt

where dt is the sampling time, and w, and w, are external
disturbances.

Measurement data in this dataset contain range r and
bearing angle ¢ to the landmarks. Bearing angle ¢ can be

defined as
(k) = arctan (yf — y(k)) —0(k)

2 — a(k) (10

where 2z and yj are 2D positions of the i-th landmark. In
this experiment, we assume measurement values of range 7
and bearing angle ¢ have multiplicative and additive noise,
respectively, e.g., 7 = r - v, and ¢ = ¢ + v,. In order
to work with mixed-trigonometric-polynomial measurement
functions, we define the measurement model as follows:

y1(k) =7 (k) cos (¢(k)),  ya(k) = 7(k)sin (¢(k))
By expanding the (17), the measurement functions become

y1(k) = r(k)vp(k) cos ((k) + vy (k)

a7

= hq(k)vr (k) cos (v, (k) — hy(k)v, (k) sin (vg (k) ,
y2(k) = r(k)v (k) sin (o(k )+%( )
= hy(k)vr (k) cos (vy(k)) + ha(k)vr (k) sin (vy(K))
(18)
where
ha(k) = (J:} — a:(k;)) cos (0(k)) + (ylZ — y(k‘)) sin (6(k
hy(k) = (y; —y(k)) ¢

))-
0s (0(k)) — (2} — x(k)) sin (9(1@2)1.
)

The initial uncertain state x(0) = (2(0),y(0),6(0)) is
sampled from the following Gaussian distribution

3.573 0.012 0.0 0.0
z(0)~N || -3333|,[ 00 0012 00
2.341 0.0 0.0 0.012

(20)
In this simulation, we set two environments where external
disturbance and measurement noise follow different distribu-
tions. In both environments, we compare MKF with EKF and
UKEF. Note that the parameters of UKF are determined from
[31] as they make UKF more stable.
1) Gaussian disturbance and noise: In this setting, we
assume that original data contain the following Gaussian
external disturbance and Gaussian measurement noise.

wo(k) ~ N(0.0,0.01), wy(k) ~N(0.0,1.0)

or(k) ~ N'(1.0,0.01),  v,(k) ~ N(0.0,0.0007). 1)
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TABLE V: Mean error of estimated values with Gaussian measurement
noise and non-Gaussian measurement noise

Gaussian Noise Non-Gaussian Noise
EKF UKF | MKF EKF | UKF | MKF

Position[m] 0.12 0.058 | 0.057 0.20 0.15 0.11
Yaw([rad] 0.060 | 0.037 | 0.037 0.12 0.11 0.08

2) Gaussian disturbance and Non-Gaussian noise: In this
setting, we assume measurement noise is generated from
non-Gaussian distributions. Since the original measurement
data already contains noise, we recalculate the measurement
values from the ground truth data. After that, we collapse the
true measurement values with the following non-Gaussian
noise.

wy (k) ~ N(0.0,0.01), wy,(k) ~N(0.0,1.0)
vy (k) ~ Exponential(1.0)
vy (k) ~ Uni form(—vy timit, Ve limit)

Both simulation results are presented in Table V and
Fig. 1. Note that in the non-Gaussian setting, we set the
limitation of measurement noise of bearing angle as v, jimit =
15- Table V shows the mean position and yaw errors over
the simulation time. Note that position error is measured
by Euclidean distance of the estimated point and ground
truth point, and yaw errors are measured by absolute error.
We can find from the results that MKF has the smallest
deviations from the ground truth values under the Gaussian
and non-Gaussian measurement values. For Gaussian condi-
tions, UKF also performs as well as MKF. This is because
UKF can compute moments accurately until the third order
of nonlinearity in the presence of Gaussian noise, allowing
UKF to give highly accurate estimations. However, when the
measurement noise follows non-Gaussian distributions, MKF
largely outperforms UKF. The large errors of estimation stem
from the characteristic of UKF that it can only guarantee
the second order of nonlinearity in the presence of non-
Gaussian noise. Hence, UKF has large approximation errors
when propagating moments through nonlinear measurement
equations. Since EKF has only first-order accuracy, it has the
largest deviations in these nonlinear Kalman filters. In addi-
tion, we increase the measurement noise of the bearing angle
Uy limit 10 see how each method’s position and yaw errors are
increasing in the non-Gaussian environment. Fig. 2 shows
that the position and yaw errors of UKF get much larger
as the measurement noise of the bearing angle increases. At
the same time, MKF does not have a significant increase
in position and yaw errors. This is because when the noise
variance becomes large, the Unscented Transformation gets
large approximation errors of the computed moments, and its
error easily diverges. MKF, on the other hand, can propagate
exact moments of uncertain states even when the noise has
a large variance thanks to the exact moment propagation
method; thus, it has robust results for any magnitude of the
variance.

(22)

V. CONCLUSION

In this paper, we proposed the extended exact moment-
based uncertainty propagation algorithm and Moment-based

(@) (b)

Fig. 1: Simulation results with Gaussian noise (a) and non-Gaussian noise
(b). Both pictures depict true trajectory and estimated trajectories by EKF,
UKF, and MKF.

07— MKF |
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— /
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(@ (b)

Fig. 2: Simulation results when increasing the measurement noise of the
bearing angle. (a) and (b) shows position and yaw errors, respectively.

Kalman filter. The proposed uncertainty propagation allows
us to compute exact mixed-trigonometric-polynomial mo-
ments of non-independent Gaussian random variables. Com-
bining the proposed extended moment propagation method
with the Kalman filter, MKF can propagate exact moments
of uncertain states without introducing parameters and cal-
culating derivatives of the system. Numerical experiments
and simulations with real robot data show that the proposed
approaches have the same or better results than compared
baselines with the same computation complexity order.

Although the MKF has successfully demonstrated its su-
perior performance to traditional nonlinear Kalman filters, it
only propagates first and second-order moments, which re-
duces higher-order moments after the nonlinear transforma-
tions. We should consider extending MKF to handle higher-
order moments in the future. Another attractive research
direction is an extension of the moment-based approach to
symmetry-preserving estimation and control methods [32]-
[39].
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