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Abstract— This paper investigates the stochastic moving
target encirclement problem in a realistic setting. In contrast
to typical assumptions in related works, the target in our
work is non-cooperative and capable of escaping the circle
containment by boosting its speed to maximum for a short
duration. In extreme conditions, where GPS signals are not
available, weight restrictions are present, and ground guidance
is absent, the agents can rely solely on their onboard single-
modality perception tools to measure the distances to the
target. The distance measurement allows for creating a position
estimator by providing a target position-dependent variable.
Furthermore, the construction of the unique distributed anti-
synchronization controller (DASC) can guarantee that the two
agents track and encircle the target swiftly. The convergence
of the estimator and controller is rigorously evaluated using
the Lyapunov technique. A real-world UAV-based experiment
is conducted to illustrate the performance of the proposed
methodology in addition to a simulated Matlab numerical
sample. Our video demonstration can be found in the URL
https://youtu.be/EDVLvP-bk8M.

I. INTRODUCTION

Target encirclement has a wide range of practical civil
and military applications, such as inspection [1]–[3], convoy
protection, target surveillance, and criminal entrapment [4]–
[8]. The tasking agents may have a beacon, ranging device or
prior knowledge of the target but can not control the behavior
of the target [9]–[13]. Generally, the target state estimators
need to be designed carefully so that the agent can make
use of the state and plan the path accordingly [14]–[16].
The state of the target can be estimated by various methods,
such as angle-based feedback, distance-based algorithms, or
even an indoor motion-tracking system [17]–[20]. Based on
a reasonable state estimator, the tasking agent can encircle
the target using various decision and control models.

In most encirclement works, many assumptions have to
be made on the non-cooperative target, such as stationary,
constant speed, and low speed [21]–[23]. Very few works
touch on stochastic motion types [8], [24]–[26]. In some
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real-world situations, the target may be able to shortly
boost the escaping capabilities to the maximum by using
equipment like nitrous oxide gas to accelerate the car’s
(target) speed to escape the police (agents) chase. In such
cases, the encirclement problem can often become a pursuit
and evade problem, and it is difficult for the agents to
continue encircling the target.

In this paper, the encirclement problem of non-cooperative
targets is investigated, which is shown in Fig. 1. Our
work is applicable to a large variety of mobile robotics
systems, such as fixed-wing aircraft, multi-rotor UAVs,
ground robotics systems, and unmanned surface vehicles.
Our solution can be integrated with any UWB or cameras
on normal mobile robotics platforms and can also work with
high-latency miniature-sized prototypes such as Tello drones.
We validated our results with MATLAB simulations and real-
world demonstrations with a swarm of Tello drones without
the need for any motion-capturing system or GPS.

The main contributions of this work are summarized as:
1) To the best of our knowledge, we are the first to

study the encirclement of dynamic stochastic moving
targets. These targets simulate the real-world combined
problem of encirclement, pursuit, and evasion by
assuming that the target can increase its speed to the
maximum in order to evade the encirclement.

2) The position of the non-cooperative target can be
approximately estimated by using only two distance
measurements made by the two agents using their own
sensors. No other real-time information about the target
is required.

3) Based on the principle of anti-synchronization (AS)
[27], [28], a new distributed anti-synchronization
controller (DASC) is designed so that the two agents
can quickly localize, track, and encircle the target
symmetrically.

II. PROBLEM FORMULATION

In this work, two agents and one non-cooperative target
are considered in a GPS-denied environment. In practical
application, it can be extended to multiple pairs of two
agents encircling one target. Without loss of generality, the
two agents are defined as Agent 1 and Agent 2. The two
agents are in the same global coordinate systems and can
communicate with each other directly. The stochasticity of
the target includes two meanings. The first refers to the
stochasticity of the target speed, that is, the target can move at
speed with a random upper speed bound. The second is that
the target can move at a high speed with stochastic moments.
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Fig. 1: Overall illustration of proposed work.

Furthermore, suppose that two agents can obtain their own
displacement and measure the distances from themselves to
the target through their own sensors.

Considering several common types of agents, the
approximated model can be obtained as following formulas.

xi(k + 1) =xi(k) +△x′i(k) cos(ϕi(k))
−△y′i(k) sin(ϕi(k)),

yi(k + 1) =yi(k) +△x′i(k) sin(ϕi(k))
+△y′i(k) cos(ϕi(k)),

(1)

where xi(k), yi(k) represent the positions of the agent
i, i ∈ Φ1 ≜ {1, 2} in the X , Y axes of the global coordinate
system at k time, respectively. ϕi(k) is the yaw of the agent
i. ∆x′i(k) and ∆y′i(k) are the change values of position in
the local coordinate system.

Based on the above model and the assumption that the
change values in the position and angle of the agents are
determined by external inputs, the dynamical model of two
agents can be defined as

xi(k + 1) = xi(k) + ui(k), (2)

where xi(k) = [xi(k), yi(k)]
T , and ui(k) =

[uix(k),uiy(k)]
T are the position and the controlled

input of the agent, respectively.
Consider that the non-cooperative target generally moves

at a low speed, and high-speed displacements will occur
at some random moments. Regardless of the motion angle
of the target, the dynamic of the non-cooperative target is
described as

s(k + 1) = s(k) + h(k),

h(k) = ν(k) +

∞∑
m=1

{θ(k)}δ(k − km),
(3)

where s(k) = [sx(k), sy(k)] is the state of target at the time
instant k. The term h(k) is the unknown displacement of
target, in which ν(k) < ν̄ indicates the low speed part and∑∞

m=1{θ(k)}δ(k − km),m ∈ Z+ represents the stochastic
high-speed displacement. δ(k−km) is a stochastic impulsive

function, in which δ(k − km) = 1 for k = km, and δ(k −
km) = 0 for k ̸= km. The initial impulsive k1 = 0. The
interval between two continuous impulses km and km−1 is
defined as ℓm, and ℓm > ℓ. θ(k) < θ̄ is an unknown random
variable, and can take on very large values so as to break
through the encirclement of the agents. In this work, we
assume that the maximal inputs of the agents are greater
than θ̄.

Then, a problem with non-cooperative target encirclement
is stated as follows:

Problem 1: In this work, the target is non-cooperative,
completely unknown, and at stochastic speed, that is, its
speed, direction of movement, and location are not directly
known to the agent and has the capability to boost its speed
to the maximum to evade encirclement. Therefore, the two
agents can achieve the following goals only through the
distance information acquired by their own onboard sensors.

1) The two agents can obtain the approximate position of
the target by designing an estimator.

2) The two agents can persistently and symmetrically
navigate around a circle centered on the target by the
designed controller.

III. ESTIMATOR AND CONTROLLER DESIGN

Denote the self-displacement ψi(k) of the agent, the
distance dis(k) from the i-th agent to the target as{

ψi(k) = xi(k + 1)− xi(k),

dis(k) = ∥xi(k)− s(k)∥, i ∈ Φ1.
(4)

In order to estimate the state of the target, the following
variable that is related to the position of the target can be
obtained by calculating the formula d21s(k)− d22s(k),

ϖ(k) =pT
12(k)s(k)

=− 1

2
(d21s(k)− d22s(k)− xT

1 (k)x1(k)

+ xT
2 (k)x2(k)),

(5)

where p12(k) = x1(k)−x2(k) is the relative position from
Agent 1 to Agent 2.
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A. Estimator design
Based on the variable ϖ(k), the dynamic of the target

position estimator (TPE) can be designed as

ŝ(k + 1) = ŝ(k) +K(k + 1)(ϖ(k + 1)− pT
12(k + 1)ŝ(k)),

(6)

where ŝ(k) is the estimated state of target position at instant
k. K(k+1) is the estimator gain and can be further described
as follows by the least squares fit,

K(k) =
η(k − 1)p12(k)

γ1γ2 + pT
12(k)η(k)p12(k)

, (7)

where the covariance matrix η(k) ∈ Rn×n (η(k) = ηT (k) >
0) is defined as

η−1(k) =γ1η
−1(k − 1) +

1

γ2
p12(k)p

T
12(k), (8)

γ1 ∈ [0, 1] is an exponential forgetting factor and γ2 ∈ [0, 1]
is a new information utilization factor.

The formulation ∥ζ(r, k)∥ = r can be obtained. Since
p12(k + 1) = p12(k) + u1(k) − u2(k), we have ∥u1(k) −
u2(k)∥ ≤ µ̄ with µ̄ = |α|(d12(0)+ 2r) for 0 < |1+α| < 1.

The estimation error is defined as ê(k). Then, according to
the above estimator (6), the dynamic of ê(k) can be further
obtained as

ê(k + 1) =

{
A(k)(ê(k) + ν(k)), k ̸= km,

A(k)(ê(k) + ν(k) + θ(k)), k = km,
(9)

where A(k) = I −K(k + 1)pT
12(k + 1).

B. Controller design
Based on the TPE designed above, the DASC can be

designed as {
u1(k) =α(p̂1s(k) + ζ(r, k)),

u2(k) =α(p̂2s(k)− ζ(r, k)),
(10)

where α is controller gain that needs to be designed and
p̂is(k) = xi(k)− ŝ(k). ζ(r, k) ∈ Rn is the preset trajectory
that makes Agent 1 and Agent 2 circumnavigate around the
target, which satisfies ζ(r, k) = ζ(r, k + 2

ν ), r denotes the
minimum radius of the Agent 1 and Agent 2’s trajectories,
0 < ν < 1 denotes the frequency of circumnavigation.

Recalling model (1), we can have
△x′i(k) =− uix sin(ϕi(k)) + uiy cos(ϕi(k)),

△y′i(k) =uix cos(ϕi(k)) + uiy sin(ϕi(k)),

ϕi(k) =arc tan 2{ŝy(k)− yi(k), ŝx(k)− xi(k)},
(11)

where arc tan 2{x, y} calculates a unique arc tangent value
from two variables x and y.

Based on the models (2), (3) and the DASC (10), the AS
error is defined as es(k) = x1(k) − s(k) + x2(k) − s(k).
Furthermore, the dynamic of es(k) can be deduced as

es(k + 1) =


(1 + α)es(k) + 2αê(k)− 2ν(k),

k ̸= km,

(1 + α)es(k) + 2αê(k)− 2(ν(k)

+ θ(k)), k = km.

(12)

C. Convergence analysis

At first, some lemmas and definitions are given which are
useful for analyzing error convergence.

Definition 1: Agent 1 and Agent 2 can achieve target
centered AS if the following conditions hold,

lim
k→∞

{p1s(k) + p2s(k)} = 0, (13)

where pis(k) = xi(k)− s(k), i ∈ Φ1.
Lemma 1: [29] The sequence {p12(k)}, k ∈ [M,M +

N − 1],∀M ∈ Z is persistently exciting for ∥u1(k) −
u2(k)∥ ≤ µ, that is, 0 < ϑ̂In ≤

∑M+N−1
k=M p12(k)p

T
12(k) ≤

ϑ̌In <∞, then the following condition holds,{
η−1(k) ≥ b̂, ∀k ≥ N − 1,

η−1(k) ≤ b̌, ∀k ∈ Z,
(14)

where

b̂ =
N(1− 1

γ1
)

γ2(1− 1
γN
1
)
ϑ̂In,

b̌ =
1− γ1
1− γN1

N−1∑
k=1

η−1(k) +
N

(1− γN1 )γ2
ϑ̌In,

and N is the motion period that occurs when the two tasking
agents are moving around the target. In is the n-dimensional
identity matrix.

Theorem 1: Under Lemma 1, the estimator (6) can
approximately estimate the target position if the following
condition holds by selecting appropriate factor γ1,

0 < 2γ1 ≤ 2

3
. (15)

Proof: The following LF (Lyapunov function) can be
chosen as

V1(k) = êT (k)η−1(k)ê(k). (16)

According to the matrix inversion lemma, A(k) = γ1η(k+
1)η−1(k). Furthermore, based on the estimator error ê(k+1)
in (9) and the Cauchy-Schwarz inequality, the difference of
the LF can be deducted as

△V1(k) ≤



2γ1ê
T (k)η−1(k)êT (k) + 2γ1ν

T (k)η−1(k)

× ν(k)− êT (k)η−1(k)ê(k), k ̸= km,

3γ1ê
T (k)η−1(k)êT (k) + 3γ1ν

T (k)η−1(k)

× ν(k) + 3γ1θ
T (k)η−1(k)θ(k)

− êT (k)η−1(k)ê(k), k = km.
(17)

Considering Lemma 1, when k ̸= km, we have

V1(k + 1) ≤2γ1V1(k) + ϱ1, (18)

where ϱ1 = 2γ1ν̄
2b̌.

Next, when k = km, we have

V1(k + 1) ≤3γ1V1(k) + ϱ2, (19)

where ϱ2 = 3γ1(ν̄
2 + θ̄2)b̌.
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Then, when k = km + a, a ∈ {0, 1, . . . , ℓ − 1}, we can
obtain that

V1(k + 1) ≤(2γ1)
(m−1)(ℓ−1)+a(3γ1)

mV1(0) + ϱ, (20)

which implies

||ê(k + 1)||2 ≤ (2γ1)
(m−1)(ℓ−1)+a(3γ1)

m||b̌||
||b̂||

× ||ê(0)||2 + ϱ

||b̂||
,

(21)

where ϱ

||b̂||
is the error bound. The larger the value of ℓ, the

smaller the bound ϱ.
Furthermore, considering the condition (15), ||ê0(k +

1)||2 ≤ ϱ

||b̂||
for k → ∞, which indicates that the target

position can be estimated approximately.
Theorem 2: Under the TPE and the DASC, Agent 1 and

Agent 2 can achieve symmetrically AS centered at the target
when the controller gain α satisfies the following condition,

0 < 3(1 + α)2 ≤ 3

4
. (22)

Proof: As to certificate the convergence of the AS error,
the LF can be selected as

V2(k) = eTs (k + 1)es(k + 1). (23)

Next, based on the quality (12) and the condition
λ{pij(k)pTij(k)} ≤ ν, the difference of the LF can be
deduced as

∆V2(k) ≤


(3(1 + α)2 − 1)eTs (k)es(k) + 12α2êT (k)ê(k)

+ 12νT (k)ν(k), k ̸= km,

(4(1 + α)2 − 1)eTs (k)es(k) + 16α2êT (k)ê(k)

+ 16νT (k)ν(k) + 16θ(k)T θ(k), k = km.
(24)

Recalling the conclusions mentioned in Theorem 1,
ê(k) → 0 for k → ∞. Then, when m→ ∞, we have

V2(k + 1) ≤

{
3(1 + α)2V2(k) + σ1, k ̸= km,

4(1 + α)2V2(k) + σ2, k = km,
(25)

where σ1 = 12ν̄2 and σ2 = 16(ν̄2 + θ̄2).
Furthermore, when k = km+a, a ∈ {0, 1, . . . , ℓ−1}, we

have

V2(k + 1) ≤(3(1 + α)2)(m−1)(ℓ−1)+a(4(1 + α)2)mV2(0)

+ σ,
(26)

where σ is the error boundary.
Considering the condition (22), the following result is

established,

lim
k→∞

||es(k + 1)||2 ≤ σ, (27)

which implies that Agent 1 and Agent 2 can circumnavigate
all targets while maintaining AS within the error boundary
σ.
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Fig. 2: The trajectories of the target estimation error and the AS
error.

Fig. 3: The trajectories of the two agents and the target for k=1:300.

IV. SIMULATIONS AND EXPERIMENTS

Numerical simulation: To further prove that the designed
estimator and DAS controller can ensure that Agent 1 and
Agent 2 can symmetrically encircle a non-cooperative target
that has the ability to break through the encirclement circle,
a simulation example is presented.

Suppose that the displacement mode of the target is

h(k) =

[
0.02 cos(0.01k)
0.02 sin(0.01k)

]
+

∞∑
m=1

{[
1.5rand(1)
1.5rand(1)

]}
δ(k − km),

where the function rand(1) is used to generate a random
number evenly distributed between (0, 1). This random
number is meant to simulate the short-term high-speed burst
capability of the target to escape the encirclement. The
minimum impulsive interval ℓ is set as 20.

Based on Theorem 1 and Theorem 2, the exponential
forgetting factor γ1 is given as 0.3, the new information
utilization factor γ2 as 0.9, the controller gains α as −0.85.

Furthermore, the upper and lower speed of the two agents
can not exceed −0.5 and 0.5, respectively. In this simulation,
consider that all agents can convert their position in the
local coordinate system to the global coordinate system. All
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Fig. 4: The overall experiment setup.

initial positions of the two agents and the target in the global
coordinate system are given as

x1(0) = [0, 1.2]T , x2(0) = [0, 2.4]T ,

s(0) = ŝ(0) = [0, 0]T ,

and the preset trajectory as

ζ(k) = [2sin(
kπ

24
), 2cos(

kπ

24
)]T .

Under the action of the target position estimator and the
DAS controller, the simulation results can be obtained in
Fig. 2 - Fig. 3. From Fig. 2, it is easy to see that the target
estimation error and the AS error have suddenly increased
when the target escapes, and then overall the errors have
converged to a very small value, i.e, ∥ê(k)∥ ≤ 0.12 and
∥es(k)∥ ≤ 0.38. Fig. 3 has shown the real-time positions
and the moving trajectories of all agents and target at the
instants k = 30, 75, 185, 300. When the target escapes from
the circle of two agents, the two agents can quickly locate
the target and form a circle around it again. In addition, the
two agents can maintain AS to achieve sensor coverage of
the target.

Real-world UAV-based experiment: In the real-world
UAV-based experiment, we assume the target is actively
broadcasting its image feed so that the relative distance
between agents and the target can be approximated. In order
to fly multiple drones at a reasonable cost, commercial off-
the-shelf (COTS) low-cost Tello drones are used to represent
both the target and the following agents (UAV0 is the target,
UAV1 and UAV2 are the two agents). The Tello drone
was chosen because it is crash-resistant, has an open API
for streaming camera feeds, and can be controlled in real-
time. Because it is an 80-gram drone, no COTS distance
measurement device such as an RGBD camera, Zigbee, or
UWB can be directly installed. In addition to the take-
off weight limit, an additional port forwarding mechanism
is required because all of the drones feed to the same IP
and ports, resulting in conflicts. Extra Raspberry PI 4s are
deployed to receive the IP at the fixed IP/port and relay the
data to another floating IP/port to deconflict the IP.

The CCMSLAM [30] is used to find the relative pose
relationship between each ORBSLAM [31] output point
cloud in order to obtain range information by using 3D space
expanded model (1). Tello altitude measurement is used to
adjust the point cloud scale. An overall global point cloud
map can be created by minimizing the reprojection error of
ORBSLAM sub-maps from each drone. The relative position
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Fig. 5: The trajectories of all UAVs in the different time periods
when UAV0 (target) is given motion rule.
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Fig. 6: The AS error trajectories when UAV0 (target) is given
motion rule.

between the individual submap starting point and current
pose is known because each drone is running independent
scale-aware ORBSLAM. As a result, the distance between
each drone can be calculated. After obtaining the relative
distances, the system performs the procedure described in
the section to form the closed-loop control. The overall
experiment setup can be seen in Fig. 4.

The target was controlled using two different methods to
simulate escape: by manually controlling and by providing
the same motion rules as the numerical simulation example.
Part of the experiment results are shown in Fig. 5 - Fig.
8, in which ∗ and ◦ denote the positions of all UAVs
at the beginning and end of the time period, respectively.
It is apparent that, while TPE and DASC are active,
UAV1 and UAV2 can find, follow, and capture UAV0
relatively easily. The experiment’s specifics are available
online https://youtu.be/JXu1gib99yQ.

V. CONCLUSIONS

This study looked into the encirclement of non-cooperative
targets by two agents. First, an approximation of the target
position has been achieved to ensure that both agents can
track the target. Second, a controller algorithm has been
created, which includes the algorithms for the two agents to
surround and obstruct the target. Through careful analysis,
Theorems 1 and 2 have shown that the proposed estimator
and controller converge. The efficiency of the controller has
been demonstrated by a numerical simulation and a real-
world UAV-based experiment, which shows that the two
agents can symmetrically encircle the target. In addition, a
more realistic stochastic moving model of the target, e.g, the
Brownian motion, and the collision avoidance of the agent
can be further researched.
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Fig. 7: The trajectories of all UAVs in the different time periods
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Fig. 8: The AS error trajectories when UAV0 (target) is under
manual control.
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