
  

 

Abstract— Accurate camera-to-lidar calibration is a 

requirement for sensor data fusion in many 3D perception tasks. 

In this paper, we present SceneCalib, a novel method for 

simultaneous self-calibration of extrinsic and intrinsic 

parameters in a system containing multiple cameras and a lidar 

sensor. Existing methods typically require specially designed 

calibration targets and human operators, or they only attempt 

to solve for a subset of calibration parameters. We resolve these 

issues with a fully automatic method that requires no explicit 

correspondences between camera images and lidar point clouds, 

allowing for robustness to many outdoor environments. 

Furthermore, the full system is jointly calibrated with explicit 

cross-camera constraints to ensure that camera-to-camera and 

camera-to-lidar extrinsic parameters are consistent. 

I. INTRODUCTION 

Autonomous vehicles typically incorporate several 
different sensor types for maximum coverage of their 
surroundings and robustness to different environmental 
conditions, as shown in Fig. 1. An array of cameras with 
various fields-of-view provides high resolution visual 
information, whereas lidar sensors provide direct 
measurements of depth at a sparser set of points around the 
vehicle. In order to provide a consistent description of the 
vehicle’s surroundings, all sensors must be accurately 
registered to the same coordinate system, and intrinsic 
sensor properties must be adequately captured. 

A common approach to solving this problem involves a 
static calibration process in which the vehicle is parked in a 
garage and views of a specially designed calibration target 
are captured [1], [2], [3], [4]. The target is designed with 
features that can be easily detected in each sensor, 
establishing correspondences used for calibration. Static 
calibration does not scale to a large fleet of vehicles due to 
the time and/or human effort involved. Periodic re-
calibration may also be required if the sensors shift slightly 
between drives. 

To address these issues, several approaches exist for 
performing calibration automatically using data collected 
from the environment that do not require specific targets or 
driving behavior. These methods typically require extracting 
specific types of features that can be reliably detected in 
both camera images and lidar point clouds to establish 
correspondence. Alternatively, they may involve 
maximizing correlation between signals in very different 
domains. Outdoor environments may have a significant 
amount of variation in terms of the landmarks available, so 
cross-sensor correspondence requirements can degrade the 
robustness of these approaches. Furthermore, many existing 

techniques only calibrate a single pair of sensors or assume 
camera intrinsic parameters are already known. 

Our method, termed SceneCalib, does not require finding 
cross-modal correspondences and can jointly calibrate all 
extrinsic parameters and camera intrinsic parameters in a 
multi-camera/single-lidar system. This is achieved by: 

 relying only on image correspondences without 
assuming a priori knowledge of which scene points 
they correspond to, 

 demonstrating a reliable method for finding cross-
camera image correspondences, and 

 minimizing a purely geometric loss function 
between image feature pairs that constrains 
structure estimates to surfaces derived from lidar 
point clouds. 

II. RELATED WORK 

Many approaches for performing targetless camera-to-
lidar calibration (e.g., without targets specifically placed in 
the environment) exist in the literature, and they can be 
broadly categorized into two groups. 

Correspondence-based methods seek to find calibration 
parameters that maximize alignment between features that 
have a detectable signal in both the camera images and the 
lidar point clouds. One common approach is to extract 
straight line or edge features from images and assume they 
must correspond to sharp discontinuities in the lidar depth. 
Levinson et al [5] and Kang et al [6] construct differentiable 
loss functions penalizing edge misalignment, and Cui et al  
[7] specifically explores line-based alignment for panoramic 
cameras. Ma et al [8] searches for lane edges and poles as a 
source of line features. Munoz-Banon et al [9] adds some 
preprocessing logic to extract object edges and associated 
direction vectors to create a signature that can be aligned 
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Figure 1.    A typical autonomous vehicle sensor configuration 
(NVIDIA’s Hyperion 8.1 platform). Camera FOVs are shown in gray, 

radar FOVs in green, and a front grille-mounted lidar in purple. 
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between domains. Yuan et al [10] introduces a method to 
mitigate the effects of occlusion and bloom when extracting 
edges in lidar point clouds. Planar surfaces can also be used 
for establishing correspondence; Tamas et al [11] constructs 
an algebraic error that penalizes non-overlap in the camera 
image projection and is able to determine intrinsic 
parameters if two non-coplanar pairs are found (which are 
assumed to be known a priori). 

Another correspondence-based method is direct 
comparison of photometric information from both sensors. 
Some lidar sensors collect intensity information along with 
depth, and changes in these values should be correlated to 
changes in pixel intensity across camera images. Pandey et 
al [12] presents a mutual information maximization method 
based on exactly this principle, and Taylor et al [13] adds 
lidar plane normals as another source of information. Shi et 
al [14] introduces an occlusion filtering method on top of the 
mutual information maximization approach. Other methods 
combine multiple types of correspondences to form a multi-
objective optimization problem [15], [16]. 

End-to-end learning-based methods for calibration exist 
as well. The networks in these approaches directly estimate 
the amount of miscalibration error given camera-to-lidar 
extrinsics. These can be considered correspondence-based 
methods since the network contains layers for explicitly 
extracting correspondences between the lidar data and 
camera data [17], [18]. 

Finally, some methods have been developed for 
extracting correspondences based on high-level object 
detection. Semantic segmentation of the scene in both the 
image domain and lidar domain is performed to find where 
specific object types appear, allowing correspondences to be 
established. Nagy et al [19], [20] and Yoon et al [21] extract 
objects from a structure-from-motion point cloud derived 
from only camera frames to align to the same objects 
extracted from the lidar point cloud. Liu et al [22] performs 
the alignment between the lidar object projections and the 
segmented camera image pixels. 

Because correspondence-based methods attempt to find 
features in two very different sensing modalities, it can be 
challenging to obtain accurate correspondences reliably, and 
it is a relatively strict requirement that a feature can be 
detected in both modalities. While straight line features may 
be prevalent in many environments, there is no guarantee 
that the same edges appear in both sensors. Objects in the 
lidar point cloud can look larger than they really are due to 

bloom, so the depth discontinuity will be offset from the 
edge in image space [10]; occlusion due to different sensor 
mounting positions also means the same features may not be 
visible in all sensors, and therefore occlusion handling is 
required. Photometric matching across sensor domains 
requires the presence of lidar intensity information that is not 
always available or accurate. Object-based correspondence 
is the most restrictive approach, requiring the use of pre-
trained detectors for known object classes in both images 
and point clouds, so objects that the detectors have not been 
trained upon cannot be used. 

To avoid correspondence detection altogether, some 
correspondence-free methods have been developed. One 
method of registration between the camera and lidar 
coordinate systems is to use an odometry trajectory derived 
independently from both sensors and determine coarse 
alignment by solving the hand-eye calibration problem. 
Typical structure-from-motion algorithms are used to solve 
for camera odometry (up to scale), and ICP is used to solve 
for lidar odometry. Taylor et al [23] uses per-sensor 
odometry as the primary constraint across each pair of 
sensors (allowing for camera-to-lidar and camera-to-camera 
constraints), but they combine this approach with 
photometric correspondence for finer alignment. Park et al 
[24] solves a bundle adjustment problem where the camera-
to-lidar pose offset is constrained by the odometry 
alignment. On the other hand, Hu et al [25] iteratively 
solves for camera-to-lidar alignment with a geometric error 
and camera-to-camera alignment with photometric error for 
a stereo pair. The geometric error comes from misalignment 
between the stereo camera point cloud and the lidar point 
cloud, and the two objectives are alternately and iteratively 
refined until convergence. 

While these methods avoid explicit cross-sensor 
correspondence, they do not allow all sensor measurements 
to be used simultaneously to constrain all calibration 
parameters. In addition, no existing methods solve for the 
extrinsic and intrinsic parameters for generic multi-camera 
configurations without requiring explicit camera-to-lidar 
feature correspondence. 

III. METHODS 

We propose a method, illustrated in Fig. 2, that relies 
only upon image feature correspondences between camera 
frames and the relatively weak assumption that image 
features are locally planar. We construct an optimization 
problem that minimizes a geometric loss function that 

 

Figure 2.    Overall flow of SceneCalib algorithm; (a) per-camera processing, (b) joint-camera processing. 
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encodes the notion that corresponding image features are 
views of the same point on a locally planar surface (surfel or 
mesh) reconstructed from lidar scans, essentially removing 
structure estimation from the optimization problem. 

A. Preliminaries 

We assume that the system consists of 𝑁 cameras with 
different intrinsic parameters and one lidar sensor. We 
require an invertible camera model for backprojection of 
image pixels as rays. 

Monocular structure-from-motion: A monocular SfM 
method, such as ORB-SLAM [26], is applied to images from 
each camera to extract feature tracks – lists of pixels across 
multiple frames that correspond to the same world point. We 
want to emphasize that monocular SfM is used for extracting 
high-quality 2D feature tracks only, and we do not use its 3D 
structure or motion results. 

Lidar mapping: Lidar scans provide a 3D point cloud, 
usually at a lower frame rate than cameras. At the lidar 
mapping step, we accumulate the lidar scans after ICP 
alignment (initialized by an IMU-based egomotion 
estimate). Moving objects are removed by checking for 
outliers when aligning scans. From the accumulated lidar 
scans, we build a ground surface mesh using Poisson 
Surface Reconstruction [27] and surfels [28] for structures 
above the ground. The ground mesh and structure surfels 
together provide the locally planar surface representation of 
the scene. 

B. Geometric Loss Function 

 We define a geometric loss function based on two-view 
feature matching and known structures in the lidar map (see 
Figure 3). Let 𝑢𝑖,𝑡1

be an pixel in the ith camera frame at 

timestamp 𝑡1, and let 𝑢𝑗,𝑡2
 be a pixel in the jth camera’s 

frame at timestamp 𝑡2. If 𝑢𝑖,𝑡1
 and 𝑢𝑗,𝑡2

 are different views of 

the same point in the scene, their backprojected image rays 
should intersect at that point on a locally planar surface. In 
the case where there is misalignment, the spread of ray-to-
plane intersection points quantifies the degree of 
misalignment. This metric can be expressed in image space 
to control for the effect of distance. 

 Let Π𝑖 represent the function that projects a camera-
centered 3D point to its image pixel for the ith camera; this is 

a function only of the camera’s intrinsic parameters. Let 𝑇𝑖
𝐿 ∈

𝑆𝐸(3) represent the pose that transforms the camera-centered 
coordinate system for the ith camera to the lidar-centered 
coordinate system 𝐿; similarly, let 𝑇𝐿

𝑊(𝑡) ∈ 𝑆𝐸(3) represent 
the pose that transforms 𝐿 at timestamp 𝑡  into the map 
coordinate system 𝑊. Finally, let the normal and position 
(𝑛𝑊 , 𝑝𝑊) parameterize a specific plane in the map coordinate 
system.  

The operation Γ transforms the image ray into map 

coordinates via  𝑇𝐿
𝑊(𝑡1)𝑇𝑖

𝐿 and finds the point of intersection 
𝑥𝑊 with the plane (𝑛𝑊 , 𝑝𝑊). Then: 

 𝑥𝑊 = Γ( Π𝑖
−1(𝑢𝑖,𝑡1

), 𝑇𝐿
𝑊(𝑡1)𝑇𝑖

𝐿 , 𝑛𝑊 , 𝑝𝑊) (1) 

 𝑒𝑖,𝑗,𝑡1,𝑡2
= ‖Π𝑗((𝑇𝐿

𝑊(𝑡2)𝑇𝑗
𝐿)−1𝑥𝑊) − 𝑢𝑗,𝑡2

‖
2

 (2) 

 𝑒 = ∑ 𝑒𝑖,𝑗,𝑡1,𝑡2𝑖,𝑗,𝑡1,𝑡2
 (3) 

The unknowns are the N camera-to-lidar poses and camera 

intrinsic parameters {(𝑇𝑖
𝐿 , Π𝑖)}𝑖=1

𝑁 . Note that 𝑇𝐿
𝑊(𝑡)  is known 

from the lidar trajectory obtained in the lidar mapping step. 

Since we assume that the association of the plane with the 
image ray is known a priori, the operation Γ is differentiable. 
This formulation allows refinement of the unknowns while 
constraining the structure points to the mesh surface, but 
without prescribing their 3D positions. It also makes no 
distinction between whether the pixel correspondences come 
from the same camera (e.g., 𝑖 = 𝑗) or not. 

C. Track-to-Map Association 

Since the plane normals for the features must be known in 
the loss function, they are derived from the planar surface 
element that the backprojected image rays intersect with. This 
process is performed using initial estimates of the camera-to-
lidar poses and camera intrinsics, so the accuracy of this 
association depends on how poor those initial estimates are. 
However, it also depends on how large the planar surface 
elements are. In a typical outdoor scene, there are features of 
many scales – the road surface, for example, may be a very 
coarse mesh, but foliage on trees can manifest as a collection 
of very small surfels with very different normal directions. To 
utilize the information present at multiple scales, we 
progressively build a set of tracks associated with large-to-
small feature scales while performing a coarse-to-fine 
refinement of the calibration parameters and intersection 
points. Specific details are given in Appendix A. 

D. Per-Camera Optimization 

We first implement a single-camera-to-lidar extrinsics 
optimization loop to improve upon the initial estimates, 
reject outlier tracks, and estimate feature point positions for 
use in cross-camera correspondence detection. At each 
iteration, track-to-map association is performed, low-score 
tracks are removed, and RANSAC is used to find an inlier 
set of tracks (using the per-track RMSE of (2)) and 
corresponding extrinsic parameters. Track-to-map 
association thresholds are made tighter, and the process is 
repeated, adding the new tracks to the inlier set until the 
extrinsic parameters have converged. 

 

Figure 3.    Geometric loss function minimized during automatic 
calibration. The 3D point xw is obtained by intersecting the back-

projected ray with locally planar surfaces in the lidar map. The loss 
characterizes the difference between the feature transferred from 

another frame and the independent observation of the feature in the 
current frame. 

7773



  

E. Cross-Camera Correspondences 

Cross-camera correspondences are obtained in two steps: 
cross-camera track association, and image space match 
refinement. The processing flow is illustrated in Fig. 4. The 
result is a list of pixel correspondences between pairs of 
camera images from different cameras that were derived 
independently from the initially estimated camera-to-lidar 
poses (due to the image-space alignment). Note that this 
cross-camera feature matching is done without requiring 
simultaneously overlapping views. 

Cross-camera track association: Via backprojection of 
feature tracks, the previous per-camera optimization step 

yields a set of 𝑀𝑖 feature points {𝑥𝑘
𝑊}𝑘=1

𝑀𝑖  in the map 

coordinate system for each of the 𝑖 = 1, … , 𝑁 cameras. A 
nearest-neighbor search (limited to a small radius) between 
the point clouds for camera pair (𝑖, 𝑗) allows us to find 
which pairs of feature tracks (one from the ith camera, and 
one from the jth camera) are likely to be views of the same 
feature point. 

Image space match refinement: Consider a single map 
point 𝑥𝑊 derived from the nearest-neighbor search. Let the 

pixel 𝑢𝑖,𝑡1
 be the projection of 𝑥𝑊 into the ith camera’s 

image at timestamp 𝑡1 (taken from the feature track for the 
ith camera). Following the assumption that map features are 
locally planar, we assume that a small neighborhood of 
pixels 𝑆𝑖,𝑡1

 centered upon 𝑢𝑖,𝑡1
(e.g., a 65x65 pixel patch) is 

an image of a plane. Then 

 𝐻𝑖,𝑗,𝑡1,𝑡2
= Π𝑗(𝑇𝐿

𝑊(𝑡2)𝑇𝑗
𝐿)−1𝑇𝐿

𝑊(𝑡1)𝑇𝑖
𝐿Π𝑖

−1 (4) 

defines a planar homography. The values for 𝑇𝑖
𝐿 , 𝑇𝑗

𝐿 , Π𝑖 , and 

Π𝑗 come from the individual single-camera-to-lidar 

optimization problems solved earlier, so this homography is 

not exact but can be used to correct most of the planar 

distortion. The last step is using simple cross-correlation 

between the image patches 𝐻𝑖,𝑗,𝑡1,𝑡2
(𝑆𝑖,𝑡1

) and 𝑆𝑗,𝑡2
to find a 

more precise pixel correspondence. In practice, this involves 

converting the patches to grayscale, equalizing their 

intensity histograms, and computing a subpixel-accurate 

alignment by finding the center of mass of the cross-

correlation values. 

F. Joint Optimization 

Using the single- and cross-camera correspondences, we 
can now minimize the geometric loss function given in 
equation (3) with constraints between all sensor pairs. Cross-
camera matches with wider cross-correlation peaks are 
removed, and RANSAC is used to determine which 
correspondences are inliers. Some cameras naturally will 
produce many more feature matches than others due to their 
placement and FOV, so the total sum of all residuals 
involving projection into a given camera is normalized to 1. 
Both camera-to-lidar extrinsic parameters and camera 
intrinsic parameters are optimized. Ceres Solver is used to 
implement the loss function and perform nonlinear least-
squares optimization [29]. 

IV. RESULTS 

We evaluate the performance of the algorithm using 
datasets recorded from vehicles with 12 cameras of varying 
fields of view (as shown in Fig. 1) and one 360-degree lidar 
placed on the roof of the vehicle. Camera intrinsic parameters 
are modeled using the f-theta model (see Appendix B). The 

eight non-fisheye cameras (30, 70, and 120 FOVs) record 
3848x2168 resolution images at 30 fps, and the four fisheye 

cameras (200 FOV) record 1280x720 resolution images at 30 
fps. Lidar spins are taken at 10 fps. Recordings are generally 
taken from daytime driving scenarios, and camera recordings 
are not synchronized with each other or with the lidar 
recordings. 

Note that we only use a fraction of each recording, 
employing an automatic selection algorithm that scans the 
egomotion trajectory, extracting around five 1-km segments 
with significant motion. This still results in anywhere from 200 
thousand to 2 million SfM features being used in the final joint 
optimization problem. 

Several examples qualitatively illustrating the lidar-to-
camera calibration accuracy achieved by SceneCalib are 
shown in Fig. 5. 

A. Miscalibration Analysis 

To quantify calibration quality, we develop a metric that is 
based off Levinson et al’s [4] miscalibration detection 
algorithm. For a pair of frames from the ith and jth cameras 
taken at similar timestamps, we project the lidar map on to 
both camera frames and compute the photometric error 
between projections of the same lidar point. Performing this 

process for many noisy values of 𝑇𝑗
𝐿−1

, we count the number 

of samples with lower photometric error than the calibrated 
pose. We define the ratio of samples with lower error, 

 

Figure 4.    Cross-camera correspondence detection. Feature tracks 
from two cameras are associated via the lidar map. One viewpoint is 
warped to the other using an approximate planar homography and a 

more precise subpixel match is found using cross-correlation. 
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averaged across many camera frame pairs, as the 
miscalibration rate. A perfectly calibrated, noise-free system 
should always have minimum photometric error when all 
deviations are zero, so this scenario is represented by a 
miscalibration rate of zero. 

Pose perturbations are performed separately for each axis; 
position component (x, y, z) perturbations are uniformly 
randomly sampled from [−2,2] cm, and rotation component 
(roll, pitch, yaw) perturbations are uniformly randomly 
sampled from [−0.2, 0.2]°. Because the deviations are applied 
in the camera-centered coordinate system, they are reported in 
right-down-forward (RDF) coordinates. 

B. Comparison to Static Calibration 

We can first compare the performance of SceneCalib to a 
static garage calibration process performed before a drive. The 
garage calibration consists of collecting views of a 
checkerboard target to solve for camera intrinsic parameters 
and camera-to-lidar extrinsic parameters [30]. The dataset 
used for comparison consists of 25 recordings from the same 
vehicle, ranging from 25 to 65 minutes in length and spanning 
a two-month period. For a fair comparison, SceneCalib is 
initialized using a result that is significantly offset from both 

the final result and the static calibration (e.g., by up to 0.5 in 
orientation and 5 cm in position). 

As shown in Fig. 6, our automatic calibration algorithm has 
a similar or better miscalibration rate for all degrees of 
freedom when compared to static calibration. Since certain 
camera subsystems are used for different autonomous driving 
tasks, we divide the error based on the FOVs of the camera 
pairs. Note that wider FOV and lower resolution cameras have 
lower overall miscalibration rates since the metric is a measure 
of sensitivity and depends on the size of the interval the 
perturbations are sampled from. 

C. Robustness Across Multiple Driving Scenarios 

Since static calibration is a time-consuming and manual 
process, it is hard to obtain a large dataset with a high level 
of scene diversity. Because of this, all 25 recordings in the 
previous section were taken from the same city. To 
determine whether our automatic calibration algorithm is 
robust across more diverse scenes, we compute 
miscalibration rates for only the automatic calibration results 
using a dataset of 55 recordings from several vehicles that 
are 30 to 70 minutes in length and span a 7-month period. 

 

 

 

Figure 5.    Lidar point cloud projections (in green) using SceneCalib 
results exhibit precise alignment with camera image features. Examples 

are shown for 70 (top) and 120 (middle) FOV cameras. After 
calibration, backprojected image rays converge to a point on a planar 

surface in the lidar map (bottom). 
 

 

 

Figure 6.    Comparison of miscalibration rates for static calibration 
and automatic calibration (SceneCalib) per axis, grouped by camera 

FOV. 
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These datasets were recorded in multiple cities from 
multiple countries during daytime hours. 

Miscalibration rates for the more diverse dataset are 
comparable or only slightly worse in all camera categories 
and axes when compared to the results from the less diverse 
dataset (see Table 1).  

D. Weather and Lighting Conditions 

While SceneCalib is robust to different scenes, some 
weather and lighting conditions are difficult to handle. In 
general, nighttime driving scenarios are unlikely to produce 
a good automatic calibration result due to the number of 
camera features produced by the SfM algorithm. While a 
daytime drive may produce hundreds of thousands of 
features, a nighttime drive may only produce hundreds or 
thousands. Other low-visibility conditions (such as heavy 
rain) are similarly difficult to deal with. Furthermore, 
recordings containing snow can be unsuitable for the lidar 
mapping step due to noisy lidar scans. 

We typically avoid directly calibrating such recordings. 
Instead, we use a result from a different recording from the 
same vehicle taken under more favorable conditions, using 
the assumption that the extrinsic and intrinsic parameters 
will not change significantly over short periods of time. 

TABLE I.  ROBUSTNESS OF SCENECALIB TO INCREASED SCENE 

DIVERSITY 

FOV Dataset 
Miscalibration Rate 

x y z roll pitch yaw 

30 Non-

diverse 

0.265 0.308 0.205 0.273 0.155 0.265 

Diverse 0.294 0.313 0.224 0.299 0.173 0.294 

70, 

120 

Non-

diverse 
0.210 0.227 0.174 0.185 0.150 0.173 

Diverse 0.219 0.224 0.186 0.195 0.179 0.186 

200 Non-

diverse 
0.045 0.070 0.066 0.119 0.183 0.126 

Diverse 0.079 0.117 0.095 0.144 0.182 0.148 

 

V. CONCLUSION 

We propose a fully automatic, targetless calibration 

algorithm for autonomous vehicles with multiple cameras of 

different characteristics and a lidar sensor. The algorithm can 

calibrate camera-to-lidar extrinsic parameters, camera 

intrinsic parameters, and explicitly constrains camera-to-

camera pose transformations while also constraining structure 

estimation with the high-quality 3D information provided by 

lidar. We have demonstrated that the algorithm is completely 

free of human intervention (and thus highly scalable), 

achieves calibration quality comparable to manual 

calibration, and is robust to various scenes. While low light 

and poor weather conditions are difficult to calibrate directly, 

a major area of future work will be to explore the feature 

detection module component. Significant improvements to 

the robustness of the algorithm could potentially be made by 

having the ability to extract more image features under such 

conditions. 

APPENDIX 

A. Track-to-Map Association Thresholds 

We construct two scores for the quality of the ray bundle 
association with a planar surface. Let 𝑖, 𝑗 index features in the 
same track (which has 𝑁 observations) and let 𝑥𝑖 and 𝑛𝑖 
represent the mesh intersection point and mesh intersection 
normal, respectively. 

 𝑠𝜃,𝑖 = ∑ exp (−
1

2
(

acos(𝑛𝑖∙𝑛𝑗)

𝜎𝜃
)

2

)𝑗≠𝑖  (5) 

 𝑠𝜃 =
1

𝑁−1
max

𝑖
𝑠𝜃,𝑖 (6) 

The first score, 𝑠𝜃 , is larger if the angle between the normal 
vectors of the intersected planes is small. 

 𝑖∗ = argmax
𝑖

𝑠𝜃,𝑖 (7) 

 𝑠𝑑 =
1

𝑁−1
∑ exp (−

1

2
(

𝑛𝑖∙(𝑥𝑖−𝑥𝑖∗)

𝜎𝑑
)

2

)𝑖≠𝑖∗  (8) 

The second, 𝑠𝑑, is larger if the distance between the 
intersection points on the plane is small. The parameters 𝜎𝜃 
and 𝜎𝑑 can be adjusted to allow for smaller or larger spreads 
in these statistics. 

B. F-theta Model 

We use a captured rays-based model [31] for the camera 
projection with a high-order polynomial function of the ray 
angle to capture distortion [32]. Given a point 𝑝 =
[𝑝𝑥 , 𝑝𝑦 , 𝑝𝑧] in the camera-centered world coordinate system, 

we compute the projected pixel 𝑢 via: 

 𝑝̂ = [𝑝𝑥 𝑝𝑧⁄ , 𝑝𝑦 𝑝𝑧⁄ ], 𝑟 = ‖𝑝̂‖, 𝜃 = tan−1 𝑟 (9) 
 𝑓(𝜃) = ∑ 𝑘𝑖𝜃

𝑖5
𝑖=1  (10) 

 𝑢 = Π(𝑝) = (𝑓(𝜃) 𝑟⁄ )𝑝̂ + 𝑢0 (11) 

The parameters are the polynomial coefficients 𝑘𝑖 and the 
optical center 𝑢0, and 𝜃 is the angle of the ray with the optical 
axis. 

Note that this model is not analytically invertible due to 
(10). Since we require an initial guess for the intrinsic 
parameters in our optimization scheme, we solve for an 

approximate inverse 𝑓−1(𝑥) ≈ ∑ 𝑚𝑖𝑥
𝑖5

𝑖=1 . Rather than 

optimizing {𝑘𝑖} and {𝑚𝑖}, we introduce a scale factor 𝑠𝑓: 

 𝑓(𝑠𝑓𝜃) = ∑ (𝑠𝑓
𝑖 𝑘𝑖)𝜃𝑖5

𝑖=1  (12) 

and leave the polynomial coefficients fixed from the initial 
guess. This factor can be applied analytically to the 
approximate inverse without introducing much additional 
error. In practice, the higher order coefficients tend to be 
several orders of magnitude smaller than the linear 
coefficient and contribute very little to the overall variation 
in the polynomial. Thus, in our formulation, intrinsic 
parameters are tuned by solving for 𝑠𝑓 and 𝑢0. 
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