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Abstract—1In this work, an Integral Reinforcement Learn-
ing (RL) framework is employed to provide provably safe,
convergent and almost globally optimal policies in a novel
Off-Policy Iterative method for simply-connected workspaces.
This restriction stems from the impossibility of strictly global
navigation in multiply connected manifolds, and is necessary for
formulating continuous solutions. The current method general-
izes and improves upon previous results, where parametrized
controllers hindered the method in scope and results. Through
enhancing the traditional reactive paradigm with RL, the
proposed scheme is demonstrated to outperform both previous
reactive methods as well as an RRT” method in path length, cost
function values and execution times, indicating almost global
optimality.

I. INTRODUCTION

The kinematic Motion Planning (MP) problem is a funda-
mental problem in Robotics, hence, a plethora of approaches
have risen over the years to address it. While it has been tra-
ditionally tackled through both Reactive Approaches (RAs)
and open-loop (OL) ones, Optimal Motion Planning (OMP)
has only been extensively treated through OL Sampling-
Based Methods (SBMs), with only crude approaches in the
reactive paradigm. Since RAs exhibit numerous advantages
(e.g. robustness, extensions to drift dyhamics, etc.) this work
aims at leveraging modern RL in order to enhance the
traditional, reactive approaches with optimality.

Particularly, we concentrate on simply-connected
workspaces, i.e., workspaces with no internal obstacles.
While this might appear as a limiting and unrealistic
specification, we posit that it is necessary for formulating
a mathematically complete approach; it is well known that
strictly global navigation is topologically impossible through
reactive fields in multiply connected manifolds [1]. This is
traditionally bypassed by neglecting one or more, zero or
one-dimensional subsets of the workspace [2]. While this
approach is sufficient for navigation, addressing optimality
in a formal manner necessitates for the aforementioned
topological and geometrical features to be addressed.
Therefore, this work is a first step at addressing simply-
connected workspaces, where no such considerations are
necessary to provide a formal solution to optimal reactive
MP.
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II. RELATED WORK

The MP problem has been tackled mainly through Dis-
crete/SBMs or RAs. SBMs include the A* method [3], Djik-
stra’s algorithm [4], Probabilistic Roadmaps (PRMs) [5] and
RRT/RRT™ [6], [7]. Notably, SBMs incorporate some form of
optimality, more commonly as path-length minimizers with
extensions to include more complicated cost formulations
and kino-dynamic constraints [8]-[10], while also providing
optimality guarantees (in the RRT* case, asymptotically).
Additionally, there have been some notable extensions of
SBMs through modern, learning-based approaches [11], [12].

On the other hand, RAs, focus on designing a contin-
uous function over a workspace, whose gradient provides
collision-free and convergent velocity fields. These include
Navigation Functions (NFs) [1], [2] and Artificial Harmonic
Potential Fields (AHPFs) [13]-[17]. However, there has
been limited work in the context of reactive optimality.
Some formal approaches include treating the minimum-time
problem [18], or stochastic approaches [19]. However, [18]
is limited to unbounded workspaces with circular obstacles,
as an approximation of the cost function is constructed based
on the obstacle shape, while in [19] the solution of a hard
Partial Differential Equation (PDE) is needed. Finally, some
less formal methods include tuning the parameters of relevant
NFs [20], [21].

More recently, learning methods have also been employed
for specific robotic platforms. A comprehensive review is
available in [22]. More importantly, in our previous works
[23]-[25], we have treated OMP via several approaches, in-
cluding through a disk transformation as well as parametrized
optimal controllers, which resulted in some promising re-
sults. However, the parametrized controllers and the con-
straints imposed for safety significantly limit the space of
possible policies, resulting in relatively poor performance
wrt path length. As it will become apparent in the sequel
this work proposes a parameter-free method, thus resulting
not only in nearly globally optimal cost function, but a
conversely nearly optimal path length.

III. PROBLEM FORMULATION

Consider a point robot!, operating within a two-
dimensional, simply connected, bounded workspace, denoted
by W C R?, with boundary W, along with a desired final

'A disk robot can also be considered by applying a workspace trans-
formation that inflates the workspace boundaries: OW! = T(OW) where
T(z) = z+Rn(z), R € R4 denoting the robot’s radius and n denoting the
inwards-pointing vector that is normal to the boundary at the point z € IW.
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position within the workspace denoted by p; € W. In this
work, we treat the single integrator dynamics:

p=u,p(0) =p, (D

where p(t) : Ry — W denotes the robot’s position, p € W
denotes the robot’s position at time ¢ = 0 and u(t) denotes
the input policy, i.e., the robot’s velocity.

The aim is to design a reactive velocity input’ u(p) :
W s R? that minimizes the following infinite-horizon cost
function (analogous to the traditional RL value function):

Va(p) = / T Qe (110)ipa) + Ru(m)dr, @

where p,, (t;p) : Ry — W denotes the trajectory that stems
from integrating (1) under the control input u, starting from
the initial position p(0) = p € W. Furthermore, we define
the state-related cost term () and the input-related cost
term R respectively:

Q (p:pa) = allp — pall”, (3a)
R (u) = Bul”, (3b)
where «, 3 are positive weighting constants and || - || denotes

the Euclidean norm. The metric (2) along with (3) form a
classical cost function from Optimal Regulation theory [26].
The term (3a) reflects the minimization of the settling time
of the system. The term (3b) penalizes the control input’s
Euclidean norm, which, when integrated, equals the energy
expenditure of System (1).

IV. METHODOLOGY
A. Reactive Motion Planning

Prior to treating optimality, the acquisition of an initial
reactive velocity field that stabilizes (1) safely, is necessary.
Herein, we employ the AHPF-based method developed in
[17], where harmonic panels are placed outside the boundary
OW of the workspace VW to acquire a provably safe and
convergent reactive velocity field®>. We direct the reader to
[17] for further details.

B. Preliminaries on Optimality

In order to provide a solution to the optimal Motion
Planning problem, we begin be defining a set of admissible
policies, which essentially describes safe and convergent
velocity vector fields.

Definition 1: (Admissible Policy) A policy u (p) : W —
A (W), where A (W) denotes the set of admissible policies,
is defined as admissible with respect to the cost function
(2) over the workspace W, if: 1) u is continuous on W,
2) u(py) = 0, 3) u(p) stabilizes (1) on W, 4) V, (p)
is finite Vp € W and 5) the resulting trajectories of (1)
under the control law uw = wu(p) are safe, i.e., for any

2To avoid any ambiguity, we note that a reactive field u(p) can be
expressed as a function of time, if it is evaluated along trajectories of System
(1), ie, u(t) 2 u(py (t;P)), therefore our definitions of time series vs
velocity fields are consistent throughout the manuscript.

3The method in [17] concerns unknown workspaces, however it can be
trivially extended to fully known workspaces.

p € (W —0W) it holds that P, (p) (OW = {0}, where
Pu(p) = Ute[0,+oo] pu (t:p)"
Therefore, we are only interested in admissible policies that
minimize (2). To extract the optimal policy, consider the
differential form of (2) [27]:

(VVi)'u = —allp — pal|” = Blull’, )

where henceforth, the use of the V symbol implies the
gradient wrt the position p € W of the robot. Eq. (4)
along with the terminal condition V,(pg) = 0 form a
Lyapunov-like PDE [27] which is employed to construct
the Hamiltonian

H (p,u; VV) = (VVU)T u+r(p,u), 5)

where r(p,u) = a|p — pal|* + B|lul|>. The optimal cost

function V* satisfies the Hamilton-Jacobi-Bellman equation:

min {H (p,u; VV*)} =0, 6

Jmin {H (pu VYY) ©)

In order to ensure that only admissible policies are consid-

ered in solving (6), we employ the well-studied Lyapunov-

Barrier function (LBF) theory and more specifically, Zeroing

Barrier Function (ZBF) theory [28]. In this case we define a
ZBF L(p) : W [0,1]

2
L(p) = 1‘6’{1’(‘(613)“))’ iwy<a g
1, d(p) > a

with a € R while the function d : W + R computes the
distance of the robot to the boundary:

a(p) = min {llp — 211} ®)

Intuitively, the ZBF L(p) is equal to 1 in the interior of
the workspace at a distance-to-the-boundary larger than, or
equal to a, while for points with a distance less than a, the
function varies smoothly (but not analytically) from 1 to 0.
System (1) is safe if the time derivative of the ZBF along a
trajectory obeys the following:

L+h(L)>0s (VL) u+h(L(p) >0, (9

where h(-) is a class K function [28]. Incorporating the above
condition, results in the following constrained optimization
problem:

min{H (p,u; VV*)} = 0,
stz C(p;u) 2 (VL) w+h(L(p)) > 0.

The above Hamiltonian is subsequently infused with the ZBF
condition (9) which through a Lagrange multiplier A € R
and the Karush—Kuhn-Tucker (KKT) stationary condition
becomes:

(10)

or (p, u)
ou

dC (p; u)

ou

- A

u*

vV + =0, (11

u*

4This definition ensures that under the control law u the robot does not
collide with the workspace boundary at any point along all trajectories (for
any initial position p).

5The use of the English letter a in (7) is not to be mistaken for the Greek
letter o in (3a).
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which yields the optimal constrained control as follows:

1
28
The Lagrange multiplier can be extracted by considering the
optimal condition (A*) C' (p;u*) = 0 (for A* # 0):

_ =2Bh(L(p)) + (VL)' (VV*)

w = (VV = \VL). (12)

A* (13)
2 b
VL]
Thus, the optimal Lagrange multiplier is:
v 0 if C*>0 "
= T *
(p) —Qﬁh(L(p‘)l)v-i-L(”VzL) VY oo 0 U

where C* = C (p; —1/28VV™).
C. Policy Iteration scheme

Evidently, extracting the optimal policy (12) and (5) re-
quires the solution of a hard, non-linear PDE. We circumvent
this limitation through an Off-Policy (OFFP), Policy Iteration
(PI) scheme, introduced in [29], [30] (where a successive
approximation framework for nonlinear optimal control is
presented for open subsets of R™). We extend this framework
for non-convex workspaces, in the context of OMP. Briefly,
this PI scheme begins with an initial, admissible policy
u® ¢ A (W) (see Def. 1). This policy admits by definition
a continuous cost function V(@ (p) : W + R,, which
can be employed to yield a sequence of admissible and
cost-improving policies, as discussed in [31]. To satisfy the
admissibility Def. 1, we propose the following PI scheme:

) 1 ) )
1) _ _ 1 () _ (@)
u % (vv A (p)VL) , (15)
where
NG { 0 if 0 >0 16)
V=9 228RLm)H(VLD)(YVD) o G
L if C) <0

where C() = C (p;fv;/;)) We prove that the above
sequence of policies are admissible and improving wrt (2),

in Section V.

D. Off-Policy Cost Function Approximation

It is evident that in the scheme of the preceding subsection,
the cost function for a given policy is necessary in (15), (16).
In OFFP schemes, the implemented policy and the evaluated
policy are different. Let v(t) : Ry ~ R? denote a nominal
input policy (the implemented policy), and u(t) : R, ~ R?
denote the evaluated policy. We begin by noting that the
reference input can be written as

o(t) = v(t) — u(t) +u(t) = u(t) + 4(t),

while the (unknown) cost function for the input u(t), V;
can be evaluated over trajectories of System (1) under the
control input v(¢) (notice the subscript v for the trajectory
Po (t;ﬁ))I Vu(t) =V (pv (taﬁ)) : R+ = R+~ Takjng the
time derivative of the above function yields:

a7

Vi = (VV) 0 = (VV) T (u(t) + 6(t)) Y

(18)
= —allp = pal® = Bllull® + (V)" 6(0).

Integrating both sides on some well-defined interval [t,t +
T], T € Ry yields:

Vi (po (8 +T5p)) = Vau (po (£:9)) =

t+T t+T
[ et [ (V)

t t (19)
which is essentially the OFFP formulation of IRL [32].
In order to implement the scheme of Subsection IV-C, a
sufficiently accurate approximation of the cost function is
necessary at each iteration, which is acquired through a linear
approximation structure (AS)°:

Vu=0¢"(p)w+e, (20)

where ¢T(p)w denotes the cost function approximation, €
denotes the approximation error, ¢ : W — R™ denotes
a function basis, and w € R” denotes the weights of the
AS. An exemplary choice for the basis functions is a set of
Gaussian Radial Basis Functions (RBFs) [33], motivated by
the local dependence of the related cost function. Thus, Eq.
(19) takes the linear (wrt the weights) form:

w' (¢ (po (t+T3p)) — ¢ (pu (£:D))] =

t+T t+T
[ e wdr et [ Vi@ =
t t
w' X (4T prusv) = Y (6T 5w v),
where

X(t;T;pyusv) = ¢ (po (t+T5D)) — ¢ (po (59)) —
t+T
V3¢ (po (T +T;p)) 6(r)dr (21a)

! t+T
Y (6T 5 s v) = — / r (po (7:7) u) dr. (21b)
t

This OFFP framework can be leveraged to acquire a com-
putationally efficient scheme for computing the cost func-
tion approximation. In the context of an On-Policy (ONP)
method, the trajectories under the policy u(” need to be
computed at each iteration, along with the respective cost,
resulting in a significant computational load. In our OFFP
framework, an implemented policy is chosen (e.g. the AHPF-
based initial policy ©(?)) and its respective trajectories (see
System (1)) are computed. Subsequently, the terms in (21)
can be computed relatively inexpensively. The first two terms
of the sum in (21a) are computed directly on points sampled
over the trajectories. However, it is evident that the integral
in (21a) as well as the RHS term of (21b) necessitate the
integration of a total of n 4+ 1 quantities, which should
be re-computed at each iteration, as both terms depend on
the evaluated policy u(¥(t) (see Eq. (17)). However, in
practice, both quantities can be approximated through well-
known numerical integration methods (e.g. the trapezoidal
approximation). The above process negates the need for the

SNote that this is indeed a “parameter-free” policy in the sense that the
form of the policy stems from a general function space (the space of cost
functions) which is merely approximated through an RBF network.
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Algorithm 1: OFFP-PI ALGORITHM

e Given a Workspace W

o Take J € N samples p; € OW,j € {1,---,J}

e Starting from an initial policy u(?) € A(W)

e Compute J trajectories p, o) (t;D;)

e Seti<«+ 0

while i == 0 or w® have not converged do
e Form the matrices A, B through (21), (23) over the
sampled, on-trajectory points, for the evaluated policy
u = u® and implemented policy v = u(®),
e Acquire the cost function approximation for V (*)
through the vector w® through solving (22),
e Acquire the next policy through (15) and (16),
where VV () =~ VT (p)w®,
i<+ i+1

end while

e The optimal policy is u* ~

u®

re-computation of the trajectories at each step, thus reducing
significantly the computational load of the proposed method.

To perform the cost function approximation, given a set of
J € N pre-computed trajectories (starting from the distinct
initial points p;, j € {1,---,J}), the latter are sampled over

intervals Ijg,7g+ll, ke{l,- K}, je{l,--,J}to
form the following linear system of equations:
T
(A ixn)) Wnx1) = Brixi) (22)
where
A= [X(T);Ty; pr;ws0), -+, X (The—y; Ties P w3 ),

X151 prsusv), -+, X (T3 Tis paiusv)]

B = [Y(T}; Ty pr; u;v), - -
Y(T{;T5 s prywsv), -

Y (Tie_y; Thes s usv),

_ T
Y (T# 5Ty usv)]
(23)

Upon solving (22), given a rich set of basis as well as
adequate samples over the workspace (to render the matrix A
pseudo-invertible), a sufficiently accurate approximation of
the cost function of an admissible policy u can be acquired.
The proposed method is finally summarized in Algorithm 1.

V. TECHNICAL RESULTS

In this section, we prove the asserted claims of ad-
missibility of the control input, as well as of the control
improvement, for the sequence of inputs (¥,

Lemma 1 (Control Admissibility): Consider System (1),
as well as an admissible policy u(®¥ € A (W) along with
its respective cost function V(*) (2). Then, the policy u(*t1)
(15) is admissible per Def. 1.

Proof: 1) We begin by proving continuity. Since
u(? is admissible, then VV(?) is continuous by definition.

Furthermore, consider the second term, namely
if C® >0

if CW <0 24

—28CWvVL
IvLy?

MmeL={

where C() = C (p;fv;/;)

prove continuity for C'¥) = (. However,
_28COVL iﬂL@»VL_+(VLPKVV@UVL
IvL|® IvL|® IvL)®

). Evidently, we only have to

_Qﬁ

(25)
The second term’s direction is continuous (co-linear with
VL), while its norm is equal to |[VV ®|| cos(0), where 6 =
£ (VL,VV(i)) is also continuous. The first term through
some work yields: 7(VLLP‘)2) VL = h(LL(;’;)) (dQ(ZZl a)° Vd(p),
which is evidently continuous for the given ch01ce of ZBF.

2) The requirement that u(?)(pg) = 0 is trivial as long as
d(pq) > a, which can be set as a design specification for
choosing a € Ry — {0}.

3) We prove that u(?) stabilizes System (1) through stan-
dard Lyapunov arguments. Consider the cost function V()
as a Lyapunov candidate. The standard prerequisites for
Lyapunov candidates are evidently satisfied (i.e. continuity,
single global minimum at pg, etc.). To prove stability, con-
sider its time derivative along the policy u(**+1):

= (vy(i))Tu(iH) (15),(16)

A @) T )
(4)
o (VL) vV,

%40,
) . (26)
—ZﬂVV 17+

Consider the second term /23 (VL)' VV® In case
C >0, then _the Lagrange multiplier is “deactivated”, i.e.,
AD =0, and V) = —%HVV(“HQ. In case C) < 0

(i) (16)

AD (v vy
: Toy@t @7
28R (L(p) (VL)' vV (VL) vv® 27)
IVL| VLI
However, since C) < 0, it follows directly that:

(VL)' vVv® > 28h (L(p)) > 0 owing to h(-) being a class
K function and L : W + [0,1]. This shows that the first
term in (27) is negative. Finally, note that the second term
in (27) with the first RHS term in (26) yield:
2
(VL)T vv® 1 (i) )2 1 ()2 ai a2
e — —=|VVY||* = == ||VV¥||*sin” (§),
S 3V = g5V Olsind )

which is negative, therefore evidently V) <« 0, peW-—
{pa} as a sum of negative terms in (26).

4) The final part of the proof, namely safety, directly
follows from considering the value of the velocity field
u("+1) at the boundary of the workspace. For any z € OW,
where h (L(d(2))) = 0:

; 1
CaRY) (2) = ——

25 (vv(i) MVL) (28)

VL
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Note that the above sum can be interpreted as subtracting
the outwards-pointing (unsafe) component of —VV () at the
boundary (if such an unsafe component exists, else the zero-
valued Lagrange multiplier nullifies the subtraction). This
evidently renders System (1) safe, as all trajectories point
inwards at the boundary. A minor detail rests on the existence
of an inwards component of —VV (). This indeed exists,
as through (4), it is evident that v and —VV® are co-
linear. Since u(?) is by definition safe, i.e., inwards-pointing,
it is easy to see that there exists indeed such a “feasible”
component for —VV (), This concludes the admissibility
proof. ]

Lemma 2 (Control Improvement): Given an admissible
policy u(9) € A(W), the policy u(+1) (15) applied to System
(D successively results in improvement of the cost function
Q), ie, V* < VD <y@ 4 e Ny, Proof: We
follow Lemma 1 in [34]. Evaluating two subsequent costs
over the trajectory p,i+1) (¢; ) yields:

ood(v<i+1>—v<">)T
anf,wnf:,/
(p) (P) ; o

w D dr,

(29)
Through evaluating (4) for V®) and V(+1 | Eq. (29) yields:
oo
VD (p) - vO(p) = - / Bdr,
0
where:
N\ T ) .
_ (vv(z)) (u(z) —u 3 (HU(ZH)H2 _

In order to conclude the proof, it sufﬁces to .show that B > 0.
Since from (15) VV®) = —284+1) 4 X(OV L, then:

<i+1>) _

B= )\(i) (VL)T (u(i) _ u(i+1)) _
B
26 [ ()" () ) = () — )]
B

Applying the mean value theorem, B’ can be shown to be
negative, thus it sufﬁces to prove that B > 0. However,
note that since A(® > 0

B” o (VL)" (”

(v Twv® h(L(p)) )
v VLt e VL

(i+1)) (15)

(V)" (u? + VO -

(VL)' u' + h(L(p)) > 0,

(30)
owing to u(*) being by definition admissible. To see this, note
that since from (15), ) = — 55 (VV =D — X071 (p)VL)

(forz>1):

(VL) u® + b (L(p)) = CUY + 22

IVL|?* > o,

where admissibility of u(*) implies C' (“1) > 0and \(-1 >
0. Therefore, B" > 0 which shows that V(i1 < V@, e
N, . Finally, for ¢+ = 1, since the initial policy is safe, it
renders YV forward invariant. This implies according to ZBF
theory (Proposition 3, in [28]) that the proposed function is
a ZBF for (1) under the policy u(?) and therefore C'(®) > 0.

Ju @)

To complete the proof, it can be shown through contradiction
that the above sequence is bounded below by V*. [ ]

VI. RESULTS

In this section we present synthetic simulations in order
to demonstrate the validity of the technical results, as well
as the efficacy of our method in providing almost globally
optimal policies. All simulations were carried out on a PC
running on Ubuntu, with an Intel-i7 processor and 50 Gb
RAM (although rarely more than 6 Gb were in use at once
during the implementation of the proposed method). Addi-
tionally, the parameters o = 1,3 = 1 along with h(z) £
are chosen. In Figs. 1, 2, 3 we demonstrate the efficacy of our
method in providing almost globally optimal trajectories in
simply-connected, but highly non-convex workspaces. This
is evident through the shape of the presented trajectories,
which exhibit almost minimum path length. Additionally, the
“almost global optimality” is demonstrated in the right-most
figure of Fig. 1, where the negated ratio of the two terms
in (5) is depicted. Evidently, this ratio is close to 1 almost
everywhere inside the workspace, demonstrating the close-
to-global optimality of the final policy.

In Table I, we present comparative results for the
workspace of Figs. 1 and 2 between the proposed method
and an RRT*, where 50 trials were carried out for statistical
significance. Path lengths and cost function (2) values for
representative trajectories are presented. In order to produce
the cost values for the RRT* method (as it only produces
min-length paths), we combine the latter with the closed-
form solution for the optimal on-trajectory velocity v* =
\//8|lp — pal|. This places our method at a disadvantage,
as the RRT*’s output of quasi-linear trajectories is optimized
separately and enhanced through the provably optimal norm,
while our method optimizes both path shape and velocity
norm concurrently. Nevertheless, our method outperforms
RRT* wrt both metrics, indicating the global optimality of
the method. Concerning the execution times, the average time
(for the 50 RRT™* trials in order to acquire the best results of
Table I) was 6 and 8.4mins/traj respectively, while the total
times for our method were 5 and 6mins respectively. Finally,
we present the cost values of a previous reactive method [23],
which is also outperformed by the herein proposed scheme.

VII. DISCUSSION-FUTURE WORK

The proposed method is demonstrated to provide a nearly
optimal reactive navigation policy, while exhibiting superior
computational behavior as well as cost values and path
lengths when compared to related methods. Future research
efforts will focus on extending the method in multiply
connected workspaces, treating non-linear and higher-order
systems, as well as addressing higher-dimensional systems.
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Fig. 1: The final Cost Function (left) along with the final normalized Vector Field and exemplary Trajectories (center), the goal position
is depicted with a red disk. The negated HIB LHS/Rus error is also depicted along with its corresponding Histogram.
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TABLE I: RRT* Method vs Proposed Method.

X [m]
Fig. 2: The final Cost Function (left) along with the final normalized Vector Field and exemplary Trajectories (right), the goal position is

Workspace Fig. 1
Length RRT* Cost RRT*

»(0) Length Ours Mean | Median | Min | Max Cost Ours | Cost [23] Mean | Median | Min Max
1.47,0.22]T 4.23 4.54 4.52 4.38 | 4.90 13.71 14.78 15.0 1496 | 1425 | 17.45
0.42,1.33]" 4.13 4.38 4.38 4.26 | 4.57 15.20 15.88 16.14 16.02 | 15.42 | 17.36
1.99,4.55]" 4.57 4.93 4.94 4.74 | 5.18 18.39 23.25 19.92 19.95 18.82 | 21.46
2.59,3.54]T 3.89 4.28 4.27 4.04 | 4.67 13.15 16.3 14.56 14.43 13.46 | 16.21
4.64, 3.75]" 347 3.77 3.75 3.62 | 391 10.39 11.28 11.38 11.27 10.85 | 12.28
4.42 2.97]" 1.48 1.57 1.57 1.54 | 1.64 2.34 2.36 241 2.40 234 | 2.60
3.28,0.53]T 1.16 1.25 1.24 1.21 | 1.32 1.46 1.47 1.52 1.51 1.46 1.69
[3.81,4.76" 3.50 3.73 3.72 3.62 | 4.05 11.95 12.87 12.7 12.67 12.14 | 14.46
[0.55, 3.69] 4.22 4.55 4.55 441 | 4.81 17.41 21.06 18.51 18.49 | 17.92 | 19.58

Workspace Fig. 2
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Fig. 3: The final Cost Function (left) along with the final normalized Vector Field and exemplary Trajectories (right), the goal position is

depicted with a red disk.
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