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Bidirectional Sampling-Based Motion Planning
Without Two-Point Boundary Value Solution

Sharan Nayak, Student Member, IEEE, and Michael W. Otte, Member, IEEE

Abstract—Bidirectional path and motion planning ap-
proaches decrease planning time, on average, compared to their
unidirectional counterparts. In single-query feasible motion
planning, using bidirectional search to find a continuous motion
plan requires an edge connection between the forward search
tree and the reverse search tree. Such a tree-tree connection
requires solving a two-point Boundary Value Problem (BVP).
However, obtaining a closed-form two-point BVP solution can
be difficult or impossible for many systems. While numerical
methods can provide a reasonable solution in many cases, they
are often computationally expensive, numerically unstable, or
sensitive (to an initial guess) for the purposes of single-query
sampling-based motion planning. To overcome this challenge,
we present a novel bidirectional search strategy that does not
require solving the two-point BVP. Instead of connecting the
forward and reverse trees directly, the reverse tree’s cost infor-
mation is used as a guiding heuristic for forward search. This
enables the forward search to quickly grow down the reverse
tree—converging to a fully feasible solution without a direct tree-
tree connection and without the solution to a two-point BVP.
We propose two algorithms that use this strategy for single-
query feasible motion planning for various dynamical systems,
performing experiments in both simulation and hardware test-
beds. We find that these algorithms perform better than or
comparable to existing state-of-the-art methods with respect to
quickly finding an initial feasible solution.

Index Terms—Motion and Path Planning, Autonomous agents
and Dynamics

I. INTRODUCTION

AMPLING based motion planning approaches have be-

come popular in robotics due to their simplicity and rapid
exploration of high-dimensional state spaces. They involve
randomly sampling collision-free feasible states of a robot in
the configuration space and moving between them in a way
that respects a robot’s kinematics and dynamics.

Feasible planning [1], [2] and any-time asymptotically
optimal (AO) motion planning [3], [4] are two problems in
single-query [5] motion planning that have garnered interest
in the motion planning community. Traditionally, feasible
planning is used to find solutions to difficult problems (e.g.
Piano mover’s problem [6], Alpha puzzle [7]) where finding
any solution is viewed as an achievement. For this reason,
feasible planning is concerned with finding any valid solu-
tion, and all solutions are considered equivalent—there is no
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Fig. 1: Comparison of unidirectional (left) and bidirectional (middle)
searches commonly used in single-query feasible planning, and our
bidirectional search approach (right) where the forward search uses
heuristic from reverse search to reach the goal. Our approach is
applicable when two-point BVP cannot be solved.
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Fig. 2: Comparison of instances where the two-point BVP can (left)
and cannot (right) be solved for connecting the forward and reverse
trees in a bidirectional search.

requirement of minimizing cost or maximizing reward. More
recently, feasible planning has also been used as the first step
in any-time AO motion planning, where it is preferable to
have both an actionable solution as soon as possible but then
also get better solutions (with respect to a metric) whenever
there is additional planning time to refine the solution toward
optimal. In this article, we focus on solving the feasible
motion planning problem as quickly as possible.

Most single-query sampling-based feasible motion plan-
ning algorithms use unidirectional or bidirectional search
(Fig. 1) for their planning. Unidirectional search has a single
search-tree built from the start state forwards to the goal state
or vice-versa, whereas bidirectional search has two search
trees: one expanding forward from the start or state and the
other expanding backward from the goal state. Typically, the
forward and reverse trees are connected if/when they grow
“close” to each other. However, as we shall describe shortly,
this is not the approach taken in our work.
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Bidirectional searches are popular due to their improved
speed [2] in finding an initial feasible solution in higher-
dimensional search spaces and spaces with narrow passages
[8]. Existing bidirectional search approaches [8]-[10] have
focused on solving the planning problem when a steering
function is available, i.e., when the two-point Boundary Value
Problem (BVP) [5], [11] is solvable (Fig. 2). However, it
is difficult to derive closed-form solutions for many kino-
dynamic robots, especially with non-holonomic constraints.
Practical solutions of two-point BVPs for many systems
do not exist in a closed form, and may require the use
of numerical methods like shooting approaches [12], which
are often computationally expensive for real-world planning
time constraints. On the other hand, existing bidirectional
approaches that do not require solving the two-point-BVP
[13] suffer from discontinuities when connecting the two
trees, while post-processing methods like curve-smoothing
[2] have been employed to remove the discontinuities, which
may not be trivial.

Maneuver/Trajectory libraries [14], [15] have been used
to speed up execution of motion planners. The speed-up is
achieved by storing the pre-computed trajectories in memory
rather than calculating them online during the generation
of a motion plan. However, while there are (typically) an
unaccountably infinite number of trajectories that a system
could potentially include in a maneuver library, only a finite
subset of such trajectories can be included in practice due
to memory constraints. Therefore, maneuver libraries do not
remove the requirement of solving a two-point-BVP when
linking two sampling-based motion planning trees rooted at
arbitrary start and goal coordinates'.

The main contribution of this article is a novel
bidirectional single-query feasible sampling-based mo-
tion planning algorithm called Generalized Bidirectional
Rapidly-exploring Random Tree (GBRRT) that does not
require solving the two-point BVP. The term ‘Generalized’
implies that this algorithm can be applied to many sys-
tems including systems that are: holonomic, non-holonomic,
and/or kinodynamic. Our method (Fig. 3) differs from the
bidirectional RRT-Connect [13] approach in that GBRRT
does not try to connect the two trees when they are close;
instead, it uses the heuristic information provided by the
reverse search tree to help the forward tree quickly grow
towards the goal configuration.

Another contribution of this article is an asymmetric vari-
ant of GBRRT called Generalized Asymmetric Bidirectional
Rapidly-exploring Random Tree (GABRRT) that uses a naive
reverse search with no dynamical trajectories in the reverse
tree (Fig. 4) to provide heuristic information to the forward
tree; GABRRT performs better than GBRRT in certain condi-
tions (Section V-C). We prove that GBRRT and GABRRT are

I'Special cases of symmetry can be used to create a lattice of trajectories
compatible with graph search algorithms, which can be used as an alternative
to sampling-based motion planning; however, such lattices present a different
set trade-offs: they are not probabilistically compete and do not scale to high
dimensional spaces.
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Fig. 3: Proposed Generalized Bidirectional RRT (GBRRT) algo-
rithm, employing the forward search tree to utilize a combination
of exploration and exploitation (heuristic provided by the reverse
search tree) search to quickly find a feasible path in a maze.

probabilistically complete [5]. We run multiple experiments
in simulation to evaluate the performance of GBRRT and
GABRRT versus seven other algorithms across six different
dynamical systems. We also run hardware experiments in a
quadrotor test-bed to evaluate GABRRT in a more realistic
physical setting.

The rest of the article is organized as follows. Section II
discusses related work. Section III contains the preliminaries,
including the definition of terms used throughout the arti-
cle. Section IV provides a formal definition of our work.
Section V discusses our proposed algorithms. Section VI
presents additional details related to the specific implementa-
tions used in our experiments. Section VII provides a proof
of probabilistic completeness. Section VIII describes the
setup used for running experiments. Section IX presents the
result of the experiments and limitations of our algorithms.
Section X concludes by summarizing the contributions and
main results. An appendix contains additional experiments
and runtime analysis.

II. RELATED WORK

In the following subsections, we discuss related work
on existing bidirectional sampling-based motion planning
algorithms, algorithms addressing the lack of two-point BVP,
and algorithms that use heuristics to improve convergence.

A. Bidirectional sampling-based algorithms

There have been a variety of bidirectional sampling-based
motion planning algorithms proposed in the literature. A
seminal work is bidirectional RRT-Connect [13] which grows



two trees toward each other by having each tree grow toward
the nearest vertex of the opposite tree.

Jordan et al. [8] develop a bidirectional variant of RRT* [3]
that provides asymptotic optimality utilizing various heuris-
tics and procedures to improve the convergence rate. Tahir
et al. [16] and Xinyu et al. [17] use artificial potential fields
[18] to generate intelligent samples using gradient descent
methods to improve speed of convergence of bidirectional
RRT*. Devaurs et al. [9] update the unidirectional Transition-
RRT (T-RRT) algorithm to create a bidirectional variant
that achieves fast convergence and better quality paths over
configuration spaces where cost functions are defined. Starek
et al. [10] propose a bidirectional approach to Fast Marching
Trees (FMT*), which they show has better convergence
rates to high-quality paths than many existing unidirectional
planners. Strub et al. [19] use an asymmetric bidirectional
search in Adaptively Informed Trees (AIT*) with the reverse
tree created using Lifelong Planning A* (LPA*). Although
the algorithms mentioned above provide fast convergence
rates, they cannot be used (in their current form) when the 2-
point BVP cannot be solved, or used in practice when doing
so is computationally expensive.

Bidirectional algorithms [2], [13] that do not require
solving 2-point BVP, instead require extra computation to
connect the discontinuity that exists between the two trees,
e.g., using methods like point perturbation [13] or Bézier
curves [2]. In contrast, our approach avoids the tree-tree
connection problem entirely by using the heuristic provided
by the reverse search tree to grow the forward tree towards
the goal.

B. Solving two-point BVP

Solving a 2-point BVP usually involves solving a differen-
tial equation constrained to the given start and end boundary
conditions. This is non-trivial for robots with complex dy-
namics. Hence, researchers have explored solving the motion
planning problem either by generating approximations to the
two-point BVP [20], using shooting approaches [12], or by
simplifying the dynamics by linearization [21] and then solv-
ing the resulting linear 2-point BVP. More recently, a number
of random forward-propagation-based algorithms have been
proposed that do not require solving the 2-point BVP. These
include the Stable Sparse-RRT (SST) [22], Informed SST
(iSST) [23], Dominance-Informed Region Trees (DIRT) [24],
Asymptotically Optimal- RRT (AO-RRT) [25] [4] and the
algorithm using bundles of edges (BOE) [26]. These are any-
time AO (near) algorithms that provide fast initial solutions
(specifically iSST, DIRT, BOE due to the use of heuristics)
and then continue to improve their solutions over time with
respect to a user-defined metric. A common theme in these
random-propagation-based algorithms is that they are uni-
directional. However, in expectation, bidirectional searches
provide improved efficiency and faster convergence rates [5],
[8] than unidirectional searches. Therefore, we present a new
type of bidirectional search that does not require solving 2-
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Fig. 4: Left: GBRRT (with dynamics in the reverse tree). Right:
GABRRT (with no dynamics in the reverse tree).

point BVP. Some of the comparison algorithms included in
our experiments (Section VIII) are AO algorithms; however,
we consider only their feasible planning phase of operation—
the discovery of the first feasible solution (the phase of
operation for which GBRRT could potentially be used as
a drop-in replacement).

C. Use of heuristics to improve solution convergence

A variety of heuristics have previously been used in the
context of sampling-based motion planning because a well-
chosen heuristic can often improve search efficiency. One
common approach is sampling the goal node with a certain
probability, also known as goal biasing [13]. Akgun et al.
[27] use sampling heuristics to sample more nodes near a
found path to increase the rate of finding a more optimal
one. Urmson et al. [28] propose the heuristically guided
RRT (hRRT) where a quality measure is used to balance
exploration vs. exploitation when selecting the next node
to expand, leading to lower-cost solutions. Anytime-RRT
[29] presents a general heuristic for rejecting samples in
the context of anytime planning whenever the heuristic cost
from the start to the new sample plus the heuristic cost
from the sample to the goal is greater than the length of the
best known path. C-FOREST [30] extends this idea to AO
sampling-based motion planning on both single-process and
multi-process implementations. In D-dimensional Euclidean
spaces (RP), the sample region from [29], [30] takes the
special form of a hyperellipse; Informed RRT* extends the
idea from [30] by showing how to generate new samples from
the hyperellipse embedded in R? directly (without using
rejection sampling).

DIRT [24] and iSST [23] use user-defined heuristics to
provide high rates of convergence towards optimal solution.
However, sometimes it is difficult to come up with a heuristic
that provides a benefit in a particular problem instance, even



though heuristic for the entire problem domain may be easy
to formulate [19]. To alleviate this issue, Strub et al. propose
a geometric planner [19] that uses the problem-specific cost-
to-go heuristic provided by the ever-improving reverse search
tree obtained from LPA* to converge towards the optimum.
Our methods use a similar approach to [19] in using the
reverse search tree to get the cost-to-goal heuristic but differ
in that our algorithms do not require solving the two-point
BVP. 2

A technical report describing our preliminary research on
bidirectional search without solving the two-point boundary
value problem was released in October 2020 [31].

III. PRELIMINARIES

Let X be a smooth n-dimensional (manifold) state-space
of a robot. The state-space may contain geometry states like
position and angles, and higher-order dynamical states such
as velocities, accelerations, etc. Let the obstacle space X5
be an open subset of X. X, is the set of all states where the
system is in collision with obstacles, e.g, in the workspace.
The free space Xy,¢. is defined as Xprce = Xops \ X. Xiree
is the closed subset of X and set of all states that are not
defined by obstacle collisions. Let the start state be denoted
by Tsiart, goal state x404; and the goal region be Xy,,; With
Tstart € Xfree, and Tgoal S Xgoal and Xgoal C Xfree- LetU
be the m-dimensional input control set. The system dynamics
satisfies the differential equation of the form:

z(t) = f(z(t),u(t)), z(t)e X, u(t)eU. (1)

System (1) is assumed to be Lipschitz continuous in both
state and input arguments if there exists K,, K, > 0 such
that for all x1, o € X, uq, us € U:

||f(x1au1) - f(anul)H < Kw||$l - .'172”,
1f (@1, u1) = flan,u2)ll < Kullur — uall,
where ||-|| is the Euclidean norm. This assumption is required

for proving the probabilistic completeness of our proposed
algorithms (Section VII).

2

Definition 1. A valid trajectory (also called edge) &
of duration tg is a continuous function that satisfies
€ :10,te] = Xfpee, where E is generated by forward inte-
grating system (1) using a control function Y : [0,tg] — U.

This definition is valid for trajectories generated during
forward search. We generate reverse tree trajectories by
performing backwards integration of system (1).

In the specific implementations used in our experiments,
te € [0,Tmax] where Tppq, is a user-defined maximum
propagation time. We randomly vary t¢ but apply a constant
control input for the entire duration of g as done in [22],
[32]. Although constant control is useful in practice due
to the discretization inherent in digital controllers [22], the

2We note that [13] and [28] use heuristics for feasible (initial solution)
planners. [19], [23], [24], [27], [29], and [30] use heuristics for AO (initial
and subsequent solutions) planners.

application of constant control is not a general requirement
of our proposed algorithms.

Definition 2. A distance metric dyy is a function that satisfies
dy 0 X x X — RT where x denotes the cartesian product
and RY is the set of non-negative real numbers. Assuming
T1,%2,x3 € X, dpy satisfies the following properties.

o Non-negativity: dps(z1,22) >0

o Identity of indiscernibles: dy;(x1,22) =0 <= x1 = 29

o Symmetry: dp(x1,22) = dp(x2,21)

o Triangle inequality: dy(x1,x2) + dar(v2,23) > dpr(wq, 73)

GBRRT and GABRRT only require a distance function that
satisfies the triangle inequality property, which we define
next.

Definition 3. A distance function dx is a function that sat-
isfies dx : X x X — R where R is the set of real numbers.

Unlike djps, dx must only satisfy the triangle inequality
property. Thus dx has less restrictive requirements than ds
and this makes dx more general than dj;.

We also define d%¥ as the distance function on a lower-
dimensional subspace of X where the higher-order dynamics
(velocity or accelerations) are not included. The superscript
ND refers to “No Dynamics”. GABRRT (Algorithm 17) uses
this distance function to generate the cost-to-go-heuristic
from a non-dynamical reverse tree (GBRRT, Algorithm 1,
does not).

Definition 4. The cost C of a trajectory is a function that
satisfies C : & — R where & is the space of all trajectories.

The cost can be defined as the distance traveled along
a trajectory or the energy or time required to exe-
cute the trajectory. In our experiments, we define C
as the distance along a shortest trajectory, C(£) =
limsup YN | dx (E(ti—1), E(t:)), where tg < t) <ty...<

N—00
tn. By construction, dx satisfies the triangle inequality, and

can thus be used to define the “distance” between two points
for the purposes of our algorithm. The trajectory cost has
previously been used in the context of AO planners, but in
our work, we use it to define the cost-from-start (Definition
6) and cost-to-goal (Definition 7) heuristics.

Definition 5. Let G = (V,E) be a graph data structure
embedded in X representing a motion search tree. Let V
and E represent the node set and edge set respectively. Let
x4 and xy, represent any two nodes € V. Then a feasible path
Ly between x, and xy, is defined as 'y 3 £18,8...En),,
where {€1,Es...En } is an ordered set of m valid trajectories
with & € E and &(0) = x4 and &, (te,) = xp and
Eite,) = Ei41(0).

Definition 6. Let Gror = (Vior,Efor) be a graph data
structure embedded in X representing a forward search
tree rooted at Tsiari- Vpor and By, represent the node
set and edge set respectively. Let Tgyqri,, be a feasible
path connecting Tsiare and o € V gor. The cost-from-start



heuristic g of the state x, is defined as g(x,) = > vy C (&),
where 51 S Fst(zrt,ar 51 (O) = Tstarts gm(tgm) = Ta» and m
is the number of edges connecting T sgqrt 10 Tq.

Definition 7. Let Grc, = (Vyew, Erey) be a graph data
structure embedded in X representing a reverse search tree
rooted at Tgoai. Vyey and By, represent the node set
and edge set respectively. Let Iy goa1 be a feasible path
connecting ¥ € V ey and Tgoq;. The cost-to-goal heuristic
h of a state xo € V¢, is defined as h(z,) =Y i, C (&),
where &; € 1_\a,goal, 80(0) = Taq, 6n(t£n) = Zgoal> and n is
the number of edges connecting x, 0 T goql.

Definition 8. The clearance of a trajectory & is the maximal
value & such that B (E(t)) C XfreeVt € [0,te], where BY*
is the m-dimensional hyper-ball of radius 0 centered along
a point in E(t).

Definition 8 is used in the proof of probabilistic complete-
ness (Section VII).

IV. PROBLEM DEFINITION

Let I's¢qrt,g be a feasible path connecting 2 ¢4+ and some
g € Xgoar- Note that x4 is different from xg44; (the starting
point for the reverse tree as defined in Definition 7). While
Tgoal 18 a valid candidate for x, (because Tgoa1 € Xgoai
by construction), the definition of x, is deliberately more
general. x, is allowed to be any valid end state in the
goal region X;,4;. Even though both x4, Zgoai € Xyoar, they
are usually not the same—especially in scenarios where we
cannot solve the two-point BVP.

The problem definition stated below is for the feasible
path planning problem, in general. It does not include a
specific & 404, because the problem can be solved with either
a unidirectional or bidirectional algorithm.

Problem: Single-query feasible motion planning.
Given (Tstart: Xfrees Xgoal), find a Usiary g if One exists.

V. ALGORITHM DESCRIPTION

The main idea behind our proposed algorithms is to use
heuristic information from the reverse search tree to guide
the forward search tree’s advancement towards the goal. The
search begins by using the forward and reverse search trees
to explore different parts of the search space starting from
both the start and goal states. Once the two trees encounter
each other, the forward tree combines ongoing exploration
with an exploitation strategy that leverages the cost-to-goal
values stored in the reverse tree to direct the search. This
causes the forward search tree to maneuver around obstacles
and grow towards the goal quickly.

A design choice is made in our algorithms to maintain a
feasible but not a (near-) optimal reverse tree, even though
refining the reverse tree toward optimality could arguably
provide a more focused guiding heuristic after the two trees
become intertwined. Instead, because our algorithms are
designed to solve the feasible motion planning problem,

Algorithm 1: GBRRT(Zstart; Zgoals Xgoals Us Trmaz Onr, P)
1 Gror < {Vior ¢ {Tstart}, Efor < {}}

2 Grev < {Virew < {Zgoat}, Brev < {}}

3Q«{}

4 for k < 1 t0 M., do

1
5 TR min(ﬂ/(%) s s Onr)

// Reverse Tree Expansion (lines 6-11)
6 Erev < RevSrchFastExplore(Grev, U, Tinax)

7 if not CollisionCheck(&,.,) then

8 Zrey ¢ Erey-initialNode()

9 E;ep < Erey U{&ren}

10 View ¢ Viey U{Zres}

1 updatePriorityQueue (Gsor, Q, Zrew, k)

// Forward Tree Expansion (lines 12-30)
12 q <« P(k)

13 Crand ~ U ([0,1])

14 if ¢rana < ¢ then

15 Efor = NULL
// Pop node from Q
16 Zpop < Pop (Q)
17 if 2,0, # NULL then
18 L Efor « ForSrchExploit (Grev, U, Timaxs Tpops T'k)
19 if &7, = NULL then
20 L Efor < ForSrchFastExplore (Gror, U, Thnaz)
21 if ¢rana > q or Efor = NULL then
// For Probabilistic completeness
2 Efor + ForSrchRandomExplore (Gor, U, Tinax)
23 if £for # NULL then
24 if not CollisionCheck(Ey,,) then
25 Zfor < Efor-finalNode()
26 Ejfor < Ejpor U{Efor}
27 Vior < Vior U{zsor}
28 if goalRegionReached(X o1, Tfor) then
29 L return Path(G or, Tstarts T for)
30 insertToPriorityQueue (Grev, Q, T for, k)

31 return NULL

computational effort is focused on expediting the trees’
mutual encounters by exploring the free space—so that the
guiding heuristic can be used as soon as possible.

In Section V-A, we present the proposed GBRRT algo-
rithm. In Section V-B, we provide the general outline for the
exploration and exploitation searches utilized in GBRRT. In
Section V-C, we give a high-level description of GABRRT
and then provide the algorithm details in Appendix D.

A. Proposed Generalized Bidirectional RRT (GBRRT)

Inputs: The inputs to the GBRRT (Algorithm 1) include
the scenario specific start node Zsqr¢, goal node x,44;, and
goal region X,,4; the system specific control input set U
as well as a max propagation time 75,4, (maximum duration
of a trajectory); and two user defined parameters &, and
‘P. The parameter dp, defines the maximum distance within
which nodes from the reverse tree have a focusing effect
on the growth of the forward tree, where 0 < dp, < oo
(hr stands for heuristic radius). The parameter P defines
the algorithm’s balance between performing exploration and
exploitation during forward search, where 0 < P < 1 and,
with a slight abuse of notation, O and 1 refer to the zero and
one function, respectively. dp, and P are discussed more in
Section VI-B.

Initialization: The forward search tree Gy, is initialized
(line 1) using the node set Vy,, (initialized t0 Z4qr+) and
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edge set E¢,.. The reverse tree G, is initialized (line 2)
using the node set V., (initialized to 404;) and edge set
E, ., (line 2). We use a priority queue Q to maintain a list
of potential forward tree nodes for quick expansion (line 3).

Shrinking neighborhood radius rj: Shrinking the ra-
dius 7 of the neighborhood in which the two trees in-
fluence each other is necessary to balance the compet-
ing desires for a quick expected per-iteration runtime (re-
quiring smaller 7;) with almost sure (A.S.) asymptotic
graph connectivity between Zs¢qr¢ and x4 € Xgoqr (requiring
larger i) [3], [33]. Functions for r; that have previously
appeared in the sampling based motion planning litera-

1/d
ture include r;, = min(v(w) / , Opr) from [3] and

[Vrievl
1/(d+1
T, = min(v(%) / ), Opyr) from [33], where d is

the dimension of the system and ~ is a scenario specific
percolation-theoretic parameter’. In Appendix E, we analyze
the expected per-iteration runtime that results from using
either function as well from using a constant r.

In our experiments, we calculate 7, using the expression
from [33], we discuss why this rate was chosen in Ap-

3Regarding ~, if ry, is defined as in [3], then A.S. graph connectivity

1/d
. Xfree .
requires v > (2((1 + é)l/d)%) , where |Xf'rec| is the volume
of free space and (; is the volume of the unit d-ball [3]. A new proof in
* 1
[33] uses v > (2 + 9)(%%’;5')m, where € € (0,1) and
0 € (0,1/4), and > 0, and c* is the A.S. convergent length of the
path as n — oo. Both bounds on « are of a theoretical interest rather
than prescriptive because we typically do not know |X free‘ or c*, though
we may have bounds on them. Practical selection of v requires making an
educated guess and refining if necessary. Anecdotally, we observe that the
range of -« producing decent results is large in practice.

pendix E. 7y is used in the insert and update Q operations
(line 11 and line 30) and exploitation search (line 18).

Reverse tree expansion: We expand the reverse search tree
in lines 6-11. The reverse tree uses a pure exploration strategy
for expansion using RevSrchFastExplore (line 6). Its pur-
pose is to explore the state space as fast as possible and get
close to and provide a focusing heuristic to the forward tree.
The edge &, returned by RevSrchFastExplore (line 6)
is checked for collision using CollisionCheck (line 24).
If no collision exists, then &£, and its corresponding final
node x,., are added to E,., (line 9) and V,., (line 10)
respectively. .., is utilized to perform a heuristic update
in Q using updatePriorityQueue function (line 11). We
describe updatePriorityQueue (Algorithm 3) as well as
insertToPriorityQueue (Algorithm 2) later in this sec-
tion.

Forward tree expansion: We expand the forward search
tree in lines 12-30. The forward search uses a combination
of exploitation (line 18) and exploration (line 20, line 22)
strategies to expand the tree. The exploitation strategy uses
the reverse tree’s cost information for focused expansion,
while the exploration strategy uses both random exploration
(for probabilistic completeness) and fast exploration (Fig. 6).
These strategies are discussed in detail in Section V-B.

The choice of whether exploitation is performed in the
current iteration is determined by P which outputs the
probability ¢ based on £’s value (line 12). ¢ is compared to a
value ¢pqnq generated uniformly at random on [1, 0] (line 13).
If crand < q, the edge is generated by an exploitation process
by popping the forward tree node z,,, from Q (line 16) and
then using ForSrchExploit (line 18). This routine chooses
the ‘best’ reverse tree node and generates a trajectory towards
Zpop to make focused progress towards the goal.

The condition of x,,, = NULL implies Q is empty.
This may happen, e.g.,, near the beginning of the search
when the forward tree has not yet encountered the reverse
tree. If xp,,, = NULL, the algorithm defaults to perform-
ing fast exploration using ForSrchFastExplore (line 20).
This function is designed to quickly explore the state
space (see Fig. 6). If c,qnd > ¢ or Efor = NULL (where
Efor = NULL implies both exploitation and fast exploration
were unsuccessful), the algorithm performs a random ex-
ploration using ForSrchRandomExplore (line 22). The use
of ForSrchRandomExplore provides probabilistic complete-
ness. Using only the exploitation and fast exploration may
produce an algorithm that is not probabilistically complete.
Probabilistic completeness is further discussed in Section VII.

The edge &, is checked for collision (line 24) and if no
collision exists, £y, and its corresponding final node x o,
are added to E,, (line 26) and V ¢, (line 27) respectively. If
T for € Xgoal, checked using goalRegionReached (line 28),
then the output path is returned using Path (line 29).

Priority queue Q insert: GBRRT (Algorithm 1, line 30)
adds the new forward tree node z,. to Q (Fig. 5) using
insertPriorityQueue (Algorithm 2). This algorithm first
determines the closest node Zcjosest € Grev 10 Tfor Within



Search types used in forward expansion of GBRRT
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Fig. 6: Left: In exploitation search a forward tree node =pop
is popped from Q and extension is biased in the direction
of xpest, the best reverse tree node according to a user-
defined cost function. The relative bias over the new endpoint’s
location is depicted as a tear shape oriented in the direction of
Tpest. Center: In fast exploration search a random node x,qnd
is sampled from the entire state-space and extension is biased
in the direction of Z,qnq from T,eqr, the nearest neighbor of
Zrand 10 the forward search tree. The relative bias over the
new endpoint’s location is depicted as a tear shape oriented in
the direction of x,qnq. Right: In random exploration search
a random node Z,qnq is sampled from the entire state-space
and extension from Zpeqr uses constant random control. The
probability density of endpoint location is depicted as being
spread out around Zneqr. Random exploration guarantees
probabilistic completeness, but is not biased toward the search-
tree frontier. All: The new edges/trajectories are limited in
duration, and duration may be random. Probability density
blobs are depicted as being non-uniform to highlight the fact
that the endpoint depends on f (z(t), u(t)), U and Trmae. The
embedded Voronoi diagram depicts which regions of space are
nearest to each node in the forward tree. The Voronoi diagram
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a ball of radius 7, (line 1). If z.pses¢ # NULL, we use the
key value dX (l‘fom xclosest) + h(xclosest) to PUSh Z for to Q
(line 4). The cost includes the actual cost of reaching x .,
plus the heuristic estimate of reaching the goal from x y,..
The condition of Z.j,sest = NULL is true if the forward tree
has not encountered the reverse tree.

Note that xf,, is pushed to Q during the forward tree’s
exploration and exploitation step but only popped from Q
during the exploitation step. This necessitates the use of a
priority queue Q in GBRRT to store the set of potential
forward tree nodes obtained from both these steps and pop

Random Edge Generation
(For probabilistic completeness
and exploration search)

Selected Edge

tow is for illustrative purposes and is not calculated in GBRRT.

Fig. 7: These figures illustrate the specific implementation
of the searches outlined in Fig. 6. The left figure shows
heuristic edge-generation where a series of random edges
are propagated from xpop (node popped from Q) and the

best edge is chosen as the one whose final node xf,, get

o closest t0 Zpest. The node xpest is chosen using the cost

s o function g(Zpop) + dx (Tpop, ) + h(x) where x is the node
in the reverse tree. The middle figure presents best-input edge

. generation where a series of random edges are propagated from
Tnear and the best edge is chosen as the one that gets closest
to Zrand. Observe that the selected edges in the left and middle

~ figures lie in the darker tear-shaped region of probability den-
sity in Fig. 6. The right figure shows random edge-generation
where an edge of random duration is propagated from Tpeqr
to maintain probabilistic completeness.

Algorithm 2: insertToPriorityQueue(G ey, Q,Zfor, k)

1 Tejosest < Grey-NearestNeighbor(zy,,)
2 0+ dx (-77/077 -Tclose,s/,)

N 3 if § < r then
4 L Q.insert (Zfor, 0 + M Tciosest))

Algorithm 3: updatePriorityQueue(Gyror, Q, Trev, ')

1 Zejosest < Gfor-NearestNeighbor(Zre,)
2 0 ¢+ dx(Tciosests Trev, )

3 if 6 < rj then

4 | Qupdate (Teiosests § + P(Trey))

the best one for the current exploitation step.*

Priority queue (Q wupdate: The heuristic update
in Q during the reverse search (Fig. 5) occurs in
updatePriorityQueue (Algorithm 3). The new reverse
tree node x,., obtained from expanding the reverse tree
is used to select the closest forward tree node =z josest

4A design choice worthy of mention is that we do not reinsert the node
back into Q once it is popped (line 16 in Algorithm 1). We found through
experiments that although reinserting the node helps in some cases, there
may be cases where it causes the performance to decrease. An example is
reinserting a node that is close to the goal but blocked by an obstacle. There
may be intelligent ways of re-pushing such a node when certain conditions
are satisfied, rather than naively re-pushing them all the time. This could be
a direction for future research.



within a ball of radius r; (line 1). If x¢psest 7 NULL, we
update the heuristic of x.j,ses¢ and corresponding key value
dx (Zciosests Trev) + h(Zrey) (line 4) only if the new value
is less than the old key value in Q.

While insertPriorityQueue adds a new (forward tree)
node to Q, updatePriorityQueue updates the key value
and position of a (forward tree) node already in Q.

Naive goal biasing vs. Cost-To-Goal heuristic: Naive
goal biasing [13], a common approach where the goal node
is sampled a certain percentage of times to improve mo-
tion planners’ performance, is not incorporated in GBRRT.
GBRRT uses the cost-to-goal heuristic from the reverse
search tree nodes, which is significantly more informed than
traditional naive goal biasing. However, a naive goal biasing
is used to potentially speed up the execution of some of the
comparison algorithms specified in Section VIII (Experiment
setup).

B. General outline of exploration and exploitation searches

GBRRT uses an exploration strategy for the reverse tree
expansion and a blend of exploration and exploitation strate-
gies for the forward tree expansion. In this section, we discuss
the general requirements of these strategies (Fig. 6), while
specific details of the particular edge-generation implemen-
tations used in our experiments appear in Section VI.

1) Exploitation search: Exploitation search uses the
heuristic values from the reverse tree to bias the growth
of the forward tree. It begins by popping the forward tree
node x,,, from Q. Next, x,,, is used to select the best
node xpes; (Within a radius r) in the reverse tree according
to a user-defined cost function. Finally, it performs forward
propagation from x,,, (from Q) such that the endpoint of
the resulting trajectory/edge gets close to zp.s: (Fig. 6).
This search is visualized in Fig. 6-Left, where the prob-
ability density of the new edge’s endpoint is depicted as
being higher in the region between z,,, and Zpes: using
a tear shape). GBRRT implements this search in function
ForSrchExploit.

2) Fast exploration search: A fast exploration search
iteration is attempted in the event that the exploitation search
iteration fails (when x,,, = NULL). It involves sampling
a random node z,4,q and selecting the nearest neighbor
Tnear i the forward tree. Forward propagation from x,cqr
is performed such that the endpoint of the resulting tra-
jectory gets close to Z,qnq (Fig. 6). This has been shown
to explore the state space relatively quickly [6] because,
given the Voronoi partitioning generated by forward tree
nodes, search is biased into the relatively large Voronoi
regions associated with the search frontier. Fig. 6-Center
contains a visualization in which a probability density of
the new edge’s endpoint being higher in the region between
Tpear and Z,qng is depicted using a tear shape. GBRRT
implements this search in functions ForSrchFastExplore
and RevSrchFastExplore. In Section VI, we discuss a
method of performing fast exploration that worked well in our

experiments; faster methods may exist depending on problem
scenario and system dynamics.

3) Search with probabilistic completeness property: This
search provides probabilistic completeness for GBRRT, and
also helps with exploration. It involves randomly sampling a
node x,,,q and then selecting the nearest neighbor ;¢4 in
the forward tree using dx. Next, forward propagation from
Tnear 18 performed using a randomly selected constant con-
trol (randomness helps to ensure probabilistic completeness).
This search is not biased toward unexplored regions, and so
the resulting trajectory may propagate in any direction. This
exploration method is visualized in Fig. 6-Right, where the
probability density of endpoint of the new edge is depicted
as being spread out around x,.q.. GBRRT implements this
search in function ForSrchRandomExplore.

The Fig. 6 depictions of expected probability density being
‘tear-shaped’ and ‘spread out’ are used here for illustrative
purposes and to help build intuition, they are not explicitly
calculated as part of the algorithm. The actual shape of
these regions will depend on many factors including system
dynamics, control space, max propagation time, etc.

C. Generalized Asymmetric Bidirectional RRT (GABRRT)

We present a variant of GBRRT called GABRRT (Algo-
rithm 17), where non-dynamical trajectories are utilized to
build the reverse tree rather than reverse trajectories based
on the system’s dynamics. GABRRT generally performs well
when no dynamics are considered in the planning problem
(or dynamics create ‘straight-line’ like trajectories). The non-
dynamical distance function d% is applied when updating
Q (Algs. 13, 11), building the reverse tree (Algorithm 14)
and generating the heuristic values from the reverse tree
(Algs. 16, 15). The advantage of using GABRRT is that the
reverse tree is computationally inexpensive to build because it
does not require performing online integration. On the other
hand, omitting the effects of higher-order dynamics in the
guiding heuristic may lead to poor performance in scenarios
where the dynamical constraints play a relatively important
role versus the geometric constraints. The algorithm for
GABRRT is presented in detail in Appendix D.

VI. GBRRT SPECIFIC IMPLEMENTATION OF
SUBROUTINES USED IN OUR EXPERIMENTS

In Section VI-A, we describe how the search subroutines
outlined in Section V-B have been implemented in our
experiments. In Section VI-B, we explain the parameters of
our specific implementations of GBRRT and GABRRT.

A. Specific edge-generation types

Here we provide the details of the edge-generation meth-
ods for forward search (Fig. 7) used in our experiments
(Section VIII). It is important to note that, while these par-
ticular implementations have the edge-generation properties
required by GBRRT, many alternative strategies may exist



Algorithm 6: BestInputProp(Znears Trands U Tmaz)

Algorithm 8: MonteCarloProp(Zinitial, U, Tinax)

Algorithm 4: ForSrchExploit(Grev,U, Tmaz:s Tpop, Tk)

// Heuristic edge-generation
1 View near < {2 € Grey.Nodes() | dx (zpop, ) < 74}
2 Tpest a\rfg min  (g(Zpop) + dx (Tpop, ) + h(2))
ze

1 Epin < {}
2 for k< 1t Np do

// Best-input prop.

for frwd. search // Monte Carlo propagation for
forward search

1 tg + Random(0, Thnaz)

3 L Efin < Efi; U {MonteCarloProp(znear, U, Tmaz)} 2 u < Random(U)

rev_near e
3 Enew < BestInputProp (Tpop, Toest; U, Timaz) 4 Epew + argmin (dx (€. finalNode(), Trand)) 3 Enew = f[,é f(z,u)dt where €60 (0) = Tinitial
4 return ey E€Eyin 4 return &yeq

5 return &,y

Algorithm 9: RevSrchFastExplore(Grey, U, Trnax)

Algorithm 5: ForSrchFastExplore(Gyor, U, Tag)

// Best-input edge-generation

Algorithm 7: ForSrchRandomExplore(Gyor, U, Tinax)

// Best-input edge-gen. for

1 Zrana < RandomState ()

2 Tpeqr ¢ NearestNeighbor (Zrand, Gfor)

3 Enew < BestInputProp (Tnears Trand,Us Tnax)
4 return &,y

4 return &,

// Random edge-generation
1 Tyand < RandomState ()
2 Tpear ¢ NearestNeighbor (Trand; Gfor)
3 Epew < MonteCarloProp (Tnear,Us Tmaz)

reverse search
1 Zrana ¢ RandomState ()
2 Tpear ¢ NearestNeighbor (Z,and, Grev)
3 Epew < BestInputProp (Tnear; Trand, U, Tinaz)
4 return &,,c,

that also have the required properties. We use these versions
in our experiments because they are easy to implement and
straightforward to analyze.

1) Heuristic edge-generation: This edge-generation
method (Algorithm 4) exploits the heuristic provided by the
reverse tree. The algorithm determines the nearest vertices
set Vyey near 10 Tpop i Gre, (line 1) within a ball of
radius 7. It then selects Zpest € Vyey near (line 2) having
the minimum cost g(xpop) + dx (Tpop, x) + h(x) (Fig. 8).
Best-input propagation (Algorithm 6), explained in the next
subsection, generates a new potential edge &,c (line 3)
that starts at x,,, and gets close to zpeq: (Fig. 7-Left).

2) Best-Input edge-generation: This edge-generation
method (Algorithm 5) performs a fast exploration search
(Fig. 7). It samples a random node .., in the state
space using RandomState (line 1), then selecting its nearest
neighbor in Gy, according to the distance function dx using
NearestNeighbor (line 2), and finally performs best-input
propagation ( [32]) using BestInputProp (line 3). Best-
Input propagation (Algorithm 6) entails generating a list
of Np Monte Carlo propagation trajectories (explained in
next subsection) and then selects the trajectory that gets
closest to the random sampled state x,q,q as specified by
the distance function dx (Fig. 7-Center). Although this algo-
rithm performs fast exploration, in practice, its probabilistic
completeness is still an open question [32] [34]. The reverse
search version — RevSrchFastExplore, is quite similar,
and is presented in Algorithm 9 and its sub-functions in
Appendix C.

3) Random edge-generation: This edge-generation
method (Algorithm 7) is required to perform search in
a way that facilitates probabilistic completeness (Fig. 7).
This method involves sampling a random node Z,gnq
in the state space, selecting its nearest neighbor in Gy,
(line 2) and then performing Monte Carlo propagation [32]
using MonteCarloProp (line 3). Monte Carlo propagation
(Algorithm 8) requires randomly selecting an input v € U
of random duration ¢ and then performing integration of
system (1) to generate a new trajectory. We note that using
this type of edge-generation within the Kinodynamic RRT
algorithm as been proven to be probabilistic complete [32].

B. Parameters of GBRRT/GABRRT

Two user-chosen parameters affect the performance of
GBRRT and GABRRT: heuristic radius (Jy,,-) and exploitation
ratio function (P). A third parameter is required for the
particular implementation of BestInputProp that we use in
our experiments: the number of best-input propagation trajec-
tories (Np). We now outline the role of these parameters and
then perform a simulation study to evaluate the sensitivity
of the performance of the algorithm to these (changing)
parameters.

The heuristic radius dy,,. performs two roles. First, it defines
the maximum distance to the closest reverse/forward tree
node that affects the cost value used to insert/update a
forward tree node to the priority queue Q. Second, it limits
the list of the potential reverse tree nodes considered for
heuristic edge-generation (line 1 in Algorithm 4). Choosing
a low value of ¢j, will both decrease the likelihood that a
forward tree node is added to the priority queue and decrease
the number of reverse nodes considered for directed propa-
gation. On the other hand, a high value of §, will reduce
the accuracy of the cost-to-goal heuristic and increase the
chances that directed propagation is blocked by an obstacle
collision.

The user-defined exploitation ratio P dictates the trade-
off between exploration and exploitation during forward
search. We choose P to be a constant probability ¢ in our
experiments. We pick ¢ > 0.5 to prioritize exploitation over
exploration to quickly get to an initial feasible solution.
However, a very high ¢ can cause insufficient exploration,
especially in higher-dimensional systems leading to poor
performance.

The number of trajectories Np of best-input propagation
affects the per iteration run-time of best-input and heuristic
edge-generation. As the value of Np increases, the closer
the set approximates the true reachability set of that node
[24], at the expense of potentially increasing both the per-
iteration run-time and the time to generate a feasible solution.
A low value of Ny decreases the per-iteration run-time of
the algorithm but potentially increases the time to generate
a feasible solution. The effect of increasing Np has less
impact when using pre-computed maneuver libraries than
using online integration.

To understand the effect of input parameters (Jp,, ¢,



Initial solution time vs. parameters (Np and ¢) with §,. fixed
= 16 (Medium)

(sh,. =4 (LOW) 5;”

Pop operation from Q for heuristic
edge-generation

S o

Goal

2N oW oA oW
S oS

1

——

Initial Solution Time (s)

o

5*0 4,05
LN
o

S

BN ow B oW
S & o

o

Initial Solution Time (s)

s0

Start
oo Forward Search Tree e Reverse Search Tree
Fig. 8: A forward tree node x,0p, popped from
Q and xpest chosen from reverse tree using
the cost g(Zpop) + dx (Tpop,x) + h(x) for
heuristic edge generation. xpes: is within a Ng
ball of radius 7 centered at pop.

Covering ball sequence

Noow
S oS

Initial Solution Time (s)
-
15

NS

Rad’US (4, ) 32

Fig. 9: Covering ball sequence on reference
path . Only forward search tree is shown.
Figure inspired from Fig. 1 in [25].

6
13M 2 euvers (N9

Inltlalssolutlon time vs. parameters (0 and Npg) w1th  fixed

q = 0.2 (Low)

=5 (Low) Np

Spy = 64 (High)

S

Now s W
s & o

Initial Solution Time (s)
=
5

Initial Solution Time (s)

)

/77}-'

160 160 0.5

6{,0(

160

20 © ) 6
13 5neuvers (Ng Maneu"e‘s (Ng

q = 0.6 (Medium) q = 1.0 (High)

Initial Solution Time (s)

68
29 @

Np = 372 (High)
= 29 (Medium)

N oW oA oW
S & oo o

Initial Solution Time (s)
-
15

Initial Solution Time (s)

0 10 20 30 40 50

Fig. 10: Variation of initial solution time vs. parameters (n,, ¢, Np) of GABRRT. dp,
and Np axis are log scales while ¢ axis is linear scale. We generate the figures using
unicycle dynamics with the environment shown in Fig. 12. Each point is a mean of 70

trials. We set r, = dp, (constant radius) in all trials to highlight effect of J5, on initial

solution time.

Np) on the initial solution time, we conduct a simulation
study (Fig. 10) using unicycle dynamics in the environment
specified in Fig. 13. Because we have three input parameters
and one output parameter (initial solution time), we fix one
input parameter while plotting the other two parameters on
the x-y axis and the initial solution time on the z-axis. Due to
space constraints, we choose Low, Medium, and High values
to plot for each fixed input parameter (see Fig. 10).

The effect of d;, on the initial solution time is shown
in Fig. 10-Top Row. The initial solution time is higher for
low (left) and high (right) values of ¢, and best around the
medium value (middle). The initial solution time did not vary
much as dp, changed from the medium to high value.

The effect of ¢ on the initial solution time is shown in
Fig. 10-Middle Row. The initial solution time is lower for the
medium value of ¢ (middle) when §j,,. is in the medium range

8-14. However, low ¢ does better when dy,. is in the low range
(2-4). This happens because when dy,,. is low, the exploitation
search is not that effective, and hence experiments using
a low value of ¢ (more exploration) produces faster initial
solutions.

The effect of Np on the initial solution time is shown
in Fig. 10-Bottom Row. The initial solution time is low and
relatively constant across the tested range of Np for medium
values of ¢, around 8-14. However, the initial solution time
is higher for low (and high) N g values with low Jy,. and high
q because not enough (in excess) trajectories are considered
for performing a productive exploitation search.

VII. ANALYSIS

In this section, we prove the probabilistic completeness
of GBRRT and GABRRT. Computational complexity is dis-
cussed in Appendix E. We begin by restating the definition



of probabilistic completeness referenced from [3]. Next, we
prove that GBRRT is probabilistic complete and the same for
GABRRT.

Definition 9. Let A be an algorithm that solves the single-
query feasible motion planning problem (ZTsiart, Xfree
Xyoal). Let {VAen and {EXY en be the sequences of
vertices and edge sets returned by algorithm A at each
iteration n. Let the corresponding graph at iteration n be
GA = (V4 EA). The algorithm A is probabilistic complete
if

liminf P(3z, € Xyoa N V2 such that

n—roo

Tstart IS connected to x4 in Q;fl) =1.

We leverage the proof of probabilistic completeness of
RRT with random edge-generation provided by Kleinbort et
al. [32] to prove the probabilistic completeness of GBRRT.
For this proof, we assume the system represented by (1)
resides in smooth n-dimensional Euclidean manifolds and is
Lipschitz continuous (Section III). We start with a reference
solution path § that is covered by (r + 1) hyper-balls of
maximal clearance radius § (Fig. 9) connecting x4+ and
Zgoal- To prove completeness property of GBRRT, we need
to show that given a GBRRT vertex exists in the ith ball, the
probability pgerrT, that GBRRT in the next iteration will
create a vertex in the (¢ 4+ 1)¢h ball when propagating from
the ith ball is bounded below by a positive constant. To prove
this statement, we state the below propositions provided by
Kleinbort et al. [32] for RRT with random edge-generation.
We then use these propositions to show pgprrr > 0
(Lemma 1) and finally GBRRT is probabilistically complete
(Theorem 1).

Proposition 1. (From [32]) For system represented by equa-
tion (1) with Lipschitz continuity (Section IIl), the probability
PrRT that RRT will generate a vertex in the (i + I1)th ball
when propagating from the ith ball in the next iteration
satisfies the condition prrr > (|Bs/s| - p)/|X| where p
is a positive constant, § is the maximal clearance radius
(Definition 8), Bs 5 is the hyper-ball of radius 0/5 centered
at x;, 85/5| and |X| are the Lebesgue measures of B; /s and
X respectively.

Proposition 2. (From [32]) Given Proposition 1, RRT is
probabilistically complete, i.e. the probability that RRT fails
to reach Xyoq from Tsiqrt after k iterations is at most ae bk
where a,b > 0.

Lemma 1. paprrr > (1 —q)prrr where q is the exploita-
tion ratio and 0 < g < 1.

Proof. For GBRRT, the probability of performing exploration
using random edge-generation (having probablisitic com-
pleteness) during forward search is at least 1 — g > 0. Using
multiplication rule of probability for independent events, it
directly follows that paBrrRT > (]. — (I)pRRT > 0. O

Theorem 1. GBRRT is probabilistically complete
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Fig. 11: Maneuver libraries for forward searches for unicycle
(left) and quadrotor (right) in simulation experiments. Different
shades indicate different reference distances from origin (quadrotor)
and different peak velocities (unicycle) to achieve the maneuvers.
Maneuvers at periodic intervals are shaded black for clarity.

Proof. Using Lemma 1 and Proposition 2, it follows that
GBRRT is probabilistically complete. O

Like GBRRT, the probability of performing exploration
using random edge-generation (having probabilistic com-
pleteness) for GABRRT is at least 1 — ¢ > 0. This leads
to the following corollary.

Corollary 1. GABRRT is probabilistically complete

Note that the proof of Theorem 1 relies on the edge-
generation method having the probabilistic completeness
property in (1 — g) > 0 fraction of the iterations, in
expectation. It is independent of the other edge-generation
implementations that are used to provide fast exploration and
exploitation in the remaining g < 1 proportion of iterations.
Second, this analysis is only applicable to versions of GBRRT
and GABRRT that generate asymptotically dense coverings
of the sample space. It may not apply when using pre-
computed maneuver libraries.

VIII. EXPERIMENT SETUP

We run multiple software simulations and hardware experi-
ments to test the performance of our proposed algorithms. We
use the initial solution’s computation time and the solution
success rate as the performance metrics for comparing algo-
rithms. We also record the initial solution cost (Fig. 15) and
provide it in the appendix for completeness of analysis but
note that our algorithms are not designed to produce low cost
solutions. We also report the total mission time for hardware
experiments, which is the sum of the computation time and
flight time.

A. Simulation experiments

We run simulation experiments using six different dynami-
cal systems - a kinematic unicycle (3D), a kinematic quadro-
tor (3D), cart-pole (4D), treaded (skid-steer) vehicle (5D),
second-order car with trailer (6D), and fixed-wing airplane
(9D). The distance function dx and GBRRT’s parameter
values for each system are specified in Table I. We run
100 trials for each dynamical system, with each trial having
randomized start and goal states. At each goal state, we set
the corresponding velocities to zero so that the systems comes
to rest (except for the fixed-wing aircraft which is assumed



TABLE I: A summary of the dynamical systems used in experiments and the parameters used for evaluating GBRRT and GABRRT

Dynamical System Type State Control | 6. | N | ¢ ol Distance Function (dx)
Space Space
Dim. Dim.
Kinematic Unicycle Non-holonomic, 3 - 7 40 | 0.8 | 14 2 2
Kinodynamic (z1 —22)” + (y1 — y2)
Kinematic Quadrotor Non-holonomic, 3 - 8 90 0.8 16 > 2 >
Kinodynamic \/(901 —x2)" 4+ (y1 —y2)” + (21 — 22)
Cart-Pole Holonomic [35], 4 1 6 7 0.7 10
Kinodynamic \/(951 —2)% + (1.5)2 (A(61,602))° + (v1 — v2)® + (w1 — w2)?
Treaded-Vehicle Non-holonomic, 5 2 3 7 07 | 7 — 2 — 3 0.25)2 — 3 — 3
Kinodynamic V(@1 —22)2 + (y1 — y2)? + (0.25)2((ve1 — vr2)? + (vR1 — vR2)?)
Car with Trailer Non-holonomic, 6 2 4 7 0.7 | 8 2 2 2 2
Kinodynamic \/(ml —x2)” + (y1 — y2)” + (0.25)7 (v1 — v2)
Fixed-Wing Airplane Non-holonomic, 9 3 6 7 0.7 | 10 ; : . . ) . . X
& Alp Kinodynamic Vi@ —22)” + @ — 920> + (21 — 22)° + (09 (@1 — 2)° + (51 — 92)° + (21 — 22)°

The A(61,62) in cart-pole dx represents the “shortest distance” [36] between two angles accounting for wrap-around with A (61, 62) €
[—7, +7]. The A (61,62)? term is multiplied by 2.25 to give more weight to angular position of the pole. The velocity components of the
treaded, car-trailer and fixed-wing systems are multiplied by values < 1 to provide more priority to position than velocity. For GABRRT,
we use the same parameters as GBRRT and determine d% from dx by dropping the velocity terms. Finally, we choose the value of
such that ry < dp, for approximately 80% of the initial solution planning time on average (Fig. 13).

to require a minimum velocity). We use Sy,q, to represent
the maximum time allotted to each algorithm to generate a
system solution. We set .S,,,4, = 10 minutes for all algorithms
for unicycle, quadrotor and cart-pole and S,,,,,, = 15 minutes
for threaded, car-trailer and fixed-wing systems.

For trajectory generation, we use pre-built trajectory li-
braries for the unicycle and quadrotor and online integration
using Runge-Kutta order 4 (RK4) [37] for the other four
systems (for all algorithms). We use these different methods
of generating trajectories to show that our algorithms work
with distinct types of trajectory generation methods. The
advantage of using trajectory libraries is that there is little
overhead in considering many trajectories for the “best-
input” propagation. We limit the number of trajectories in
the considered libraries (Fig. 11) by designing them such
that linear and angular velocities are zero at the start and
endpoints. This velocity constraint is not assumed while
performing online integration for the remaining systems. The
backward integration for the reverse tree trajectories is carried
out by flipping the time resolution sign and reversing the
integrator’s time limits.

The dynamical systems are explained in detailed below.

1) Unicycle: The unicycle is 3-dimensional (x, y, 6)
where x and y correspond to Cartesian positions and 6 is
the angle from the horizontal. The zero terminal (linear
and angular) velocities are achieved by using a time-varying
non-linear controller [38]. The maneuvers are generated by
varying the maximum linear velocity along the trajectory
from 1 to 5 m/s in 1 m/s increments and the angular velocities
varying from 0 to 7/2 rad/s in /18 rad/s increments in all
four quadrants. Its kinematics is represented by & = u cos(6),
4 = usin(0), § = w where u is linear speed and w is angular
velocity.

2) Quadrotor: The quadrotor system is 3-dimensional (x,
y, 2) where X, y, and z correspond to Cartesian positions. The
zero terminal velocities are achieved using a feedback lin-
earization controller [39]. The maneuver library is generated
by providing final positions 1 to 5 meters distance away from

the initial position (origin) in 10° increments in the heading.
Its dynamics is represented by Mo+ C(v)v+ Dv+g(n) =
u, where M is the mass matrix, C(v) is the Coriolis-
centripetal matrix, D is the damping matrix, g is the gravity
vector, 1}, v and u are the state, velocity and control input
vectors respectively. The definition of these terms are given
in [39].

3) Cart-Pole: The cart-pole system [22] [40] consists of
a pendulum attached to a cart which is restricted to move
along a line. The state space is 4-dimensional (z, 0, v, w)
where x and v corresponds to the position and linear velocity
of the cart and 6 and w corresponds to the angular position
(from downward vertical) and angular velocity of the
pendulum. The control space is 1-dimensional which is the

force F on the cart. Its dynamlcs is represented by = = v,
0 =w, b= (I+mL?)(F+mLw? sin())+(mL)? cos(9) sin(6) g
M+m)(I+mL2)—(mL)2 cos2 0 ’
(—=mL cos(0))(F+mLw= sin(0))+(M+m mgL sin(0
w= ( (Z\(4+m)(l+mL2()))(wEL)2coig0 oL sin(@) | where
I is the moment of inertia, L is the length of the pendulum,

g is the acceleration due to gravity, M and m are the masses
of the cart and pendulum respectively.

4) Treaded (Skid-Steer) Vehicle: The skid steer vehicle
[41] [42] is 5-dimensional (z, y, 0, vy, vr) where x and y are
Cartesian positions, 6 is the angle of vehicle from horizontal,
and vy and vg are the velocities of left and right wheels
respectively. The control space is 2-dimensional (ar, ag)
which corresponds to accelerations of left and right wheels.
Its dynamics is represented by & = v, cos(d) — v, sin(f),
¥ = vy sin(#) — v, cos(h), 0=w, o;,=as, Up=ag,
where v, v, and w, are functions of vy, and vg and their
definitions are provided in [41].

5) Second-Order Car with Trailer: The second order car
with trailer [24] [43] is a 6-dimensional (z, y, 6, v, w,
01) system where = and y are Cartesian positions, v is the
linear velocity, 6 is the angle of car from the horizontal,
w is the angular velocity, and 6, is the angle of the trailer
from the horizontal. The control space is 2-dimensional (a,
o) which corresponds to the desired linear and angular accel-
erations. Its dynamics is represented by & = vcos(6) cos(w),
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Fig. 12: Initial feasible solution found by GABRRT (unicycle and quadrotor) and GBRRT (cart-pole, threaded, car-trailer, and fixed-wing).
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Fig. 13: Top row shows the percentage solution success rate, and the bottom row shows the mean and standard error of the initial solution
time for 100 trials of running algorithms using various systems. The best performing algorithm is highlighted in green. The solution
success rate is less than 100 % for algorithms because they are not able to find a solution within the max time Sy,q.. The mean and
standard error are calculated using results from all 100 trials (successful and unsuccessful) with Sy,.. value used for unsuccessful trials.

§ = wvsin(d) cos(w) 0 — vsin(w), © = a, @ = TABLE II: Experimental statistics of GBRRT for different systems
- £ - ] - ’ - ]
01 = Sin (9 _ 01) reSpeCtiVely. Isr:\?i:r;?ive Uni. Quad. | C.Pole | Tread. | C.Trail.| FWing
R, 2495 | 1327 | 5841 | 6128 | 5496 | 58.79
Redge 248 | 207 | 133 | 333 | 1065 | 390
6) Fixed-Wing Airplane: The fixed-wing airplane [22] R, 007 | 008 | 011 | 012 | 02 | 024
[44] is 9-dimensional (z, vy, z, v, w, B, T, a, pu) where x, Rumaz 0.049 | 0057 | 0095 | 0.084 | 0.14 | 0.158

y, z are the Cartesian positions, v - speed, w - flight path
angle, 5 - heading angle, T" - thrust per unit mass, « - angle
of attack and p - wind axis roll angle. The control space
is 3-dimensional (7., a. p.) which are the commanded
thrust per unit mass, commanded angle of attack and
commanded wind axis roll angle respectively. Its dynamics

R, and Rcqgc are averaged over 100 trials while R, and Rmax
remain same across all trials.

B. Comparison of algorithms

is represented by & = v cos(w) cos(8), § = v cos(w) sin(8), We compare our proposed.algorithms with five exi.sting
C - L state-of-the-art modern algorithms that do not require a
Z = vsin(w), T=cr(T.—-T), & = cq (ae — ), . & . .

i = e (e — 1)y & = (T cos(a) — kv2Cp(a)) — gsin(w) two-point BVP solver. This includes RRT using best-input
[ Tsin(a) ’k o gcos(g) " propagation (5% goal bias), SST [22] (5% goal bias), iSST
w= (=7 T hvCL(a) ) cos(u) — =7, [23], DIRT [24], and AO-RRT [25] [4] (5% goal bias). Even

B = (T 4 k() 22, where g is the acceleration — though SST, iSST, DIRT, and AO-RRT are AO algorithms
due to gravity, k is the scaled inverse of the wing loading, which improve solution over time, we only run these al-
Cp(a) and Cp(a) are the coefficients of lift and drag gorithms until an initial solution is found because we are
respectively. solving the quick initial feasible planning problem. DIRT and
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course and the third image shows the model view with actual path (Vicon) overlaid. The fourth image shows the maneuver library used
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iSST are heuristic-based algorithms that require a heuristic
during the execution of the algorithms. As suggested in [23]
(the original iSST paper) we generate the heuristics for iSST
and DIRT using a lower dimensional roadmap built using
PRM [45]. We use the same random seed to generate the
roadmap for both iSST and DIRT in each trial. Because we
are interested in single-query feasible planning, we factor in
the time needed to generate the roadmap into the execution
time that we report for these algorithms. We do not compare
with AIT* [19] because it is a geometric planner and requires
solving the two-point BVP for its operations.

We create two new bidirectional variants of DIRT called
GBDIRT (Generalized Bidirectional DIRT) and GABDIRT
(Generalized Asymmetric Bidirectional DIRT) to include in
our comparison. These variants use our continually growing
reverse search tree to generate the heuristic instead of using a
roadmap. Similar to GBRRT and GABRRT, GBDIRT grows
a dynamical reverse tree whereas GABDIRT uses a non-
dynamical reverse tree to obtain the heuristic. Since the
original DIRT algorithm (line 4 in Algorithm 1 in [24])
requires a guiding heuristic during the entire execution of
the algorithm, we choose the closest reverse tree node to the
current forward tree to obtain the heuristic for GBDIRT and
GABDIRT.

Finally, we also compare our proposed algorithms with a
numerical bidirectional variant of RRT (NBRRT for brevity)
that uses exploration to grow the forward and reverse trees
and a numerical boundary value solver to connect the two
trees when they are within dy, distance of each other. This
algorithm requires solving only a single two-point BVP to
connect the forward and reverse trees, unlike algorithms like
AIT* that require solving many two-point BVPs for their
operations. We use Python 2.7 scipy library’s solve_bvp
[46] solver that uses a collocation formulation to solve the
two point BVP. This solver requires the number of boundary
conditions be equal to the number of equations describing
the system’s dynamics. We have 2n boundary conditions (n
for both the beginning and end of the connecting trajectory)
but only n equations describing the system’s dynamics.
Therefore, we obtain n additional equations by differentiating
the original n equations with respect to time. We verify
the solution returned by the solver is valid (kinodynamically

feasible) by forward integrating the system using the input
solution returned by the solver, and then accept the trajectory
if it ends within a tolerance value of the intended point
(Table III). For the unicycle and quadrotor, we select the
best trajectory from their respective trajectory library that
reduces the error on the final intended point. We implement
the algorithms in Python 2.7 and perform the experiments
on a system with an Intel i7-7700 4-core CPU with 32GB
RAM.

C. Statistics chosen for GBRRT insights

We report various experimental statistics for GBRRT for
all systems considered (Table II). These statistics provide in-
sights into the inner workings of GBRRT across the different
systems, and include:

e R, - Average percentage of times the forward and

reverse trees are within r; distance away.

o Regge - Average ratio of dy, to the average length/cost

of kinodynamic edges in the forward and reverse tree.

e R, - Ratio of 6y, to the length of the ‘z’ dimension of

state space common to all systems.

o Ryqx - Ratio of §j, to the maximum distance function

value possible across the state space.

We get these statistics using the same set of 100 GBRRT
trials used in the comparison experiments (Fig. 13).

D. Hardware experiments

We perform the hardware experiments in an obstacle
course of size Sm x 4m x 2.3m (Fig. 14) with start and end
locations set at (0.2, 2.5, 1.0) and (4.5, 1.7, 1.5) respectively.
The obstacle course is traversed using a modified Bebop 2
quadrotor [47] in 3D space. The quadrotor is equipped with
an Intel UP board (Fig. 14) having Intel Atom x5-z8350
4-core, 1.44 GHz CPU with 4GB RAM for running the
algorithms. We run 100 experimental trials, with each trial
having a different seed. We use a Proportional-Derivative
(PD) controller for position tracking and a Vicon motion
capture system for state information. The obstacles in the
course are modeled using 3D cylinders and rectanguloids.
The quadrotor is modeled as a sphere of radius 20 cm for
easy collision detection. We compare GABRRT with RRT



TABLE III: Numerical boundary value solver results

Metric Uni. | Quad.| C.Pole | Tread. | C.Trail.|] FWing
Solution Time

15.18 | 3593 | 171.29 | 171.33 | 52891 | 796.32
Total Success Rate 100 100 91 99 82 23
Conn. Success Rate 67 1 58 92 70 0
Tolerance 0.01 | 0.01 0.75 0.2 0.3 0.75

Results averaged over 100 trials. The connected success rate refers
to the percentage of trials the solution was found using the numerical
boundary value solver. It is less than the total success rate because
there were some trials where the forward tree reached the goal
region without connection to the reverse tree (attempts to connect
using 2-point BVP solver were unsuccessful).

in our experiments. We choose GABRRT because it is best-
performing proposed algorithm in our quadrotor simulation
experiments and RRT is the best non-proposed algorithm
(Fig. 13). We use a maneuver library with each trajectory
having a length of 0.5 m with the start and end velocities
set to zero (Fig. 14). We use the same distance function dx
as for the quadrotor simulation. We set GABRRT parameters
Opr = 1.0, Ng =90 and ¢ = 0.8.

IX. RESULTS

This section provides the simulation experiment results
(Section IX-A), NBRRT comparison results (Section IX-B),
GBRRT experimental statistics interpretation (Section IX-C),
the hardware experiment results (Section IX-D) and finally
the limitations of our algorithms.

A. Simulation experiment results

Example feasible paths generated by GBRRT and
GABRRT for the systems we consider are shown in Fig. 12.
The plots for the solution success rate percentage and initial
solution time metrics are presented in Fig. 13. Considering
these metrics, GBRRT performs best for the unicycle, cart-
pole, threaded and, car-trailer (success rate metric) systems,
GABRRT performs the best for the quadrotor systems, and,
GBDIRT performs the best for the fixed-wing system.

GABRRT uses an inexpensive non-dynamical reverse tree
to generate the cost-to-go heuristic. For this reason, it per-
forms better for systems having ‘straight-line’ like trajectories
(quadrotor). On the other hand, although iSST and DIRT also
use heuristics from a non-dynamical PRM roadmap, they take
longer to generate a feasible solution. One reason for this is
that roadmaps usually takes longer to construct than trees
containing the same number of nodes (due to the fact that
they typically involve more edges per node).

GBRRT uses the cost-to-go heuristic from a reverse tree
with dynamics. This makes GBRRT perform better for
higher-dimensional systems (cart-pole, threaded, car-trailer,
and fixed-wing) that have velocity constraints in addition
to position constraints at their goal states, and the distance
functions have higher-order dynamics. We believe this also

causes GBRRT to perform better than DIRT and iSST for
these systems (DIRT and iSST use a heuristic generated from
a lower-dimensional non-dynamical roadmap). In such cases
we also observe that if the goal region is made large for
these systems, then GABRRT performs on par or better than
GBRRT. We believe this happens because the size of the state
space’s positional dimensions is relatively large compared to
the size of the velocity dimensions.

GBDIRT performs the best for the fixed-wing system and
performs better than DIRT for majority of the systems. We
believe this demonstrates that, at least in the case of single
query feasible planning, trees are usually better suited to the
task of generating a cost-to-go heuristic than roadmaps. We
note that this parallels the broader use of trees (vs. roadmaps)
for single query planning more generally.

B. NBRRT comparison results

NBRRT (Table IIT) does not perform the best in terms
of the initial solution time metric among the algorithms
tested. The results for the solution success rate were mixed,
with NBRRT performing the best for the threaded system
and the worst for the fixed-wing system. We found the
connection success rate is zero for all systems if a low enough
tolerance value is used. Although NBRRT’s performance is
mixed, we state that if the problem can be solved efficiently
using numerical methods or has special symmetries such that
solving the two-point BVP is trivial, then it is advisable to use
one of the pre-existing numerical bidirectional algorithms.
However, if numerical methods are not easy to apply, then
our approach provides a general solution method that can be
used.

C. Interpretation of GBRRT experimental statistics

Table II presents the experimental statistics for GBRRT.
The interpretation of the various statistic results follows:

R,, - The percent overlap between the forward and re-
verse trees is lower for lower-dimensional systems (unicycle,
quadrotor). We observe that once the trees meet each other,
the reverse tree heuristic directs the forward tree towards
the goal. However, the percent overlap is much higher
for higher-dimensional systems (sometimes called “curse of
dimensionality” [48]). This causes the feasible solution to be
found much later after the initial encounter of the forward
and reverse trees.

Regqge - This value is > 1 for all systems (because
Onr chosen is always greater than the average length/cost
of the kinodynamic edge). This is necessary to make the
forward tree consider the cost-to-go heuristic from reverse
tree nodes sufficiently far from its current location to make
quick progress towards the goal.

R, and R,,.. - These values are less than one for all the
systems because the §j, value chosen is much less than the
diameter of the systems’ state space. These values are higher
for the higher-dimensional systems (car-trailer, fixed-wing)
because their state-spaces have smaller positional dimensions
compared to the lower-dimensional systems (Fig. 12).



D. Hardware experiment results

The initial feasible path generated by GABRRT in a hard-
ware experiment trial with the actual path (obtained using
Vicon motion capture system) and the results for 100 trials
of hardware experiments are shown in Fig. 14. GABRRT,
on average, performs better than RRT with respect to initial
solution time and total mission time (solution time + flight
time). A Student’s T-test [49] and Kolmogorov Smirnov (KS)
[50] tests verify that the initial solution times for GABRRT
and RRT are significantly different. However, we did not
observe statistical significance for the mission-time (KS test).
This is not surprising due to the fact that flight time is
proportional to the path length, and GABRRT does not
optimize for path length since it is a feasible motion planning
algorithm.

E. Limitations of our proposed algorithms

Our proposed algorithms are parameter-based, and their
performance depends on the appropriate selection of param-
eters, including: heuristic radius 6y, exploitation ratio func-
tion P and number of best-input trajectories Np. The effects
of using different J;,., P and Np values are discussed in
Section VI-B. We provide guidelines for parameters selection
as follows:

1) Number of Maneuvers (Np): The solution time is
largely unaffected for systems using maneuver libraries when
we increase Np within an extensive range (Fig. 10). How-
ever, if we choose Np to be a small value, the solution time
does increase. Hence for systems using maneuver libraries,
we recommend a high value dependent on the number of
maneuvers in the library. For systems using online integra-
tion, a value between 5-10 worked well in our experiments.
Higher-dimensional systems generally performed well in our
experiments when Np was lower.

2) Exploitation ratio (q): We recommend using a value
between 0.5-1.0 to prioritize exploitation over exploration
to find the initial solution quickly. For lower-dimensional
systems, a value between 0.8-0.95 worked well in our ex-
periments. For higher-dimensional systems, the range 0.5-0.7
worked well.

3) Heuristic radius (y,): The heuristic radius is depen-
dent on the system and the environment used. A general rule
of thumb for &j, is that it should be chosen less than the
“average size” of obstacles in the environment (assuming
positional coordinates used in dx) so that heuristic from
reverse tree nodes blocked by obstacles are not considered.
For example, 0y, > 10 may not work well for the quadrotor
environment (Fig. 12) since the large Jp, may cause our
algorithms to consider the heuristic from reverse tree nodes
blocked by the walls (whose thickness is 10). In addition, dy,,
should be chosen, so it is greater than the average size of the
kinodynamic edge (Table II) so that it considers reverse tree
nodes sufficiently far away from its current point to make
progress towards the goal. In our experiments, a value be-
tween 3-10 worked well. Finally, if none of these guidelines

work, the last resort is to perform a simple parameter sweep
for the system in question or a similar problem.

GBRRT (GABRRT), like RRT [13] [32], is a feasible
motion planning algorithm. As such, it is not designed to be
asymptotically optimal. That said, it is of potential relevance
to any-time planning with asymptotic algorithms because one
potential application of GBRRT (GABRRT) is that it can be
used to provide an initial solution and then be improved using
another method. This is because feasible motion planning
algorithms tend to find an initial solution more quickly than
AO motion planning algorithms. Thus if an any-time solution
is desired, it is possible to start planning with a feasible
algorithm until the first solution is found and then switch
to an AO algorithm. In practice, both algorithms often use
the same underlying graph data structure and subroutines.
GBRRT (GABRRT) could potentially be made asymptoti-
cally optimal by replacing the node selection process with
nearest neighbors to random selection [3] [32] at the expense
of reduced convergence rates. In addition, the cost function
used for inserting the node in the priority queue Q has to be
updated to use g(xfor) +dX (xfora mclosest)"i_h(xclosest) (See
Fig. 5) instead of dx (% for, Telosest) + P (Telosest) tO prevent
the algorithm from only selecting nodes close to the goal for
expansion and thus consider the total cost from start to goal.

Applying GBRRT to systems involving interactions with
the environment like rigid body systems having frictional
contacts is challenging. This is because computing the reverse
propagation primitive is hard for these systems since we
cannot uniquely solve the backward simulation problem [51].
A partial solution based on Linear Complementary Problem
(LCP) formulation is provided in [51] to alleviate the issue,
but future research challenges remain.

X. CONCLUSION

We present Generalized Bidirectional RRT (GBRRT), a
new bidirectional single-query sampling-based motion plan-
ning algorithm that does not require a two-point BVP solver.
GBRRT produces a continuous motion plan for solving the
initial feasible motion planning problem. Instead of con-
necting the forward and reverse trees, the forward tree to
uses a cost-to-goal heuristic provided by the reverse search
tree to quickly find an initial feasible solution. The cost-to-
goal heuristic calculated on the fly applies to the specific
problem instance and alleviates the user from coming up with
a heuristic.

We provide a variant of GBRRT called Generalized
Asymmetric Bidirectional RRT (GABRRT) that uses a
computationally inexpensive non-dynamical reverse search
to generate the cost-to-go heuristic. In experimental trials
GABRRT performs better than GBRRT in scenarios without
higher-order dynamics. We also combine the idea used in
GBRRT/GABRRT (reverse tree provided heuristic) to an
existing state-of-the-art unidirectional algorithm called DIRT
[24] to create Generalized Bidirectional DIRT (GBDIRT)
and Generalized Asymmetric Bidirectional (GABDIRT). GB-



DIRT outperforms DIRT in the majority of the systems
tested.

We prove that GBRRT and GABRRT are probabilistically
complete. Finally, we run multiple simulation experiments
using systems of varying dimensions and hardware exper-
iments using a quadrotor. These show that our algorithms
quickly find a feasible solution in many different scenarios.

Considering solution success rate and average initial solu-
tion time, GBRRT performs the best for the unicycle, cart-
pole, threaded and car-trailer systems (solution success rate)
and GBDIRT for the fixed-wing system. This is because
these systems generally consider higher-order dynamics in
their planning and distance functions. GABRRT performs the
best for the quadrotor system where higher-order dynamics
(‘straight-line’ like trajectories) are not considered. GABRRT
also outperforms RRT in the hardware experiments we run in
initial solution time and mission time metrics. These results
shows the power of performing a bidirectional search and
using an on-the-fly calculated problem-specific heuristic in
improving the performance of finding an initial solution.

A potential avenue for future research is developing an AO
version of our proposed algorithms. This version should be
able to provide good convergence rates while still maintaining
asymptotically optimality. Other possible directions include
testing the performance of GBRRT and GABRRT using
different definitions of cost and distance functions.
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APPENDIX
A. Initial solution cost

We present the figures for the initial solution cost in
Fig. 15.

B. Comparison with variations of GBRRT

We compare GBRRT with algorithms created from modi-
fications to its operations to show the effect of different oper-
ations on the performance metrics (Fig. 16). The algorithms
include GBRRT-NF (No fast exploration (Alg. 5), replaced
by random exploration), GBRRT-NU (No priority Q-update,
(Alg. 3)), GBRRT-NE (No Exploitation, (Algs. 2, 3, 4)) and
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Fig. 15: Initial solution cost of algorithms
for different systems. These graphs are
shown only for completeness of analysis
as GBRRT does not minimize the solution
cost. We use the maximum cost incurred
from all algorithms for a specific system
as the cost value for unsuccessful trials.
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GBRRT-RU (Range-based update instead of nearest update
in Alg. 3). Fig. 16 shows that baseline GBRRT performs at
least as good, on average and in most cases, as these other
variations.
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Fig. 16: Comparison of success rate and solution time metrics
for different modifications of GBRRT — GBRRT-NF (No Fast
exploration), GBRRT-NU (No Priority Q-Update), GBRRT-NE (No
Exploitation) and GBRRT-RU (Range-Based Update).

C. Reverse search algorithms

Algorithms 10 and 12 present reverse search subroutines.

D. Generalized Asymmetric Bidirectional RRT (GABRRT)

GABRRT appears in Algorithm 17 and its subroutines in
Algorithms 11, 13-16. Differences between GBRRT and
GABRRT appear brown. G2, . EN “EN - d'® denote the

rev’ Tev? rev?

non-dynamical reverse tree, reverse trajectory, edge set, and
distance functions, respectively. Extend returns a straight
line trajectory ENP, starting at T4, and ending at a point on
I <e

the line between Zyeqr and T,qnq. The length [|EXD

GABDIRT



Algorithm 10: Best InputProp(Znear; Trand, Us Tmaz)

Algorithm 14: RevSrchFastExploreND(GY" .U, Thax)

rev

// Rev. search Best-input prop.

Algorithm 12: MonteCarloProp(z finat, U, Trmax)

1 Zyand < RandomState ()

t Einitiat <+ {}

2 for k< 1to Ng do

3 Emilzal <~ E'inilial U
{MonteCarloProp(Tnear, U, Trmax)}

4 Enew — argmin (dx (rana, €.initial Node())
E€Einitial

reverse search
1 t¢ + Random(0, Thaz)
2 u 4 Random(i/)
3 Epew =
4 return &,

// Monte Carlo propagation for

— JiL F(w,u) dt where Encu(te) = Tfina

2 Tpear ¢ NearestNeighbor (z,and, G',)
-ND - .
3 EM « Extend (Tnears Trand)

new

4 return &M

new

Algorithm 15: Best InputPropND(Znear, Zrands Us Tmaz)
// Fwd.

search for Best-input prop.

5 return &,

1 Efin < {}

Algorithm 13: insertToPQueueND(G'?, Q, zfop,7;) 2 for k< 1to Np do

Algorithm 11: UpdatePQueueND(Gor, Q, Trev; Tk)

1 Zejosest < Gfor-NearestNeighbor(w,q,)
2 if Tejpsest < 1y then

ND
1 Zelosest < G,

rev

2 if Teosest < T then

NearestNeighbor(zy,,)

3 Eﬁn —
Efin U {MonteCarloProp(Tnear,U, Tmax)}

3 | Quinsert (@ for, A¥(T for, Tetosest) + M(Eetosest)) 4 Enew + argmin (d¥(E.finalNode(), Trand))

{E€Ein}

3 | Quupdate (Zetosest; A% (Tetosests Trev) + P(Trev) )

Algorithm 16: ForSrchExploitND(G, .U, Trazs Tpop: Tk)
min {2 € Viev near}
9(@pop)+dD (T pop.x)+h(w)

2 Epew ¢ BestInputPropD (Tpop, ThestUs Trmaz)
3 return &,y

1 Tpest <

Algorithm 17: GABRRT(Z 51411 T goals Xgoals Us Tmaz, Snr, P)
1 Gror < {Vior < {Zstart}, Efor < {}}

2 G2, {View < {2goa}, B, < {}}

3Q«{}

4 for k < 110 M4, do
// Reverse Tree Expansion (lines 12-30)

h
" . log |Vreev| ) 1
5 ) < min(y (%) s Onr)

6 EM  « RevSrchFastExploreND(G™, U, T)ax)
7 if not CollisionCheck(£M,) then

8 Trew < ENP,.initialNode()

9 ER, < ER, u{&2.}

10 View < View U{ren}

1 UpdatePQueueND (Gyop. Q, Trew, k)

// Forward Tree Expansion (lines 10-28)
12 q < P(k)

13 Crand ~ U ([0,1])

14 if ¢rana < g then

1s Efor = NULL
// Pop node from Q
16 Zpop + Pop (Q)
17 if 2,0, # NULL then
18 L Efor ¢ ForSrchExploithD (G, U, Thnax, Tpop, Tk)
19 if £, = NULL then
20 L Efor + ForSrchFastExplore (Gror U, Tinaz)

21 if Crana > q or Ejor = NULL then
// For Probabilistic completeness
Efor ¢ ForSrchRandomExplore (Grop, U, Trnaz)

23 if £for # NULL then

24 if not CollisionCheck(Eys,:) then

25 Zfor < Efor-finalNode()

26 Efor < Efpor U{Efor}

27 Vior ¢ Vior U{zgor}

28 if goalRegionReached(Xyoar, Zfor) then
29 L return Path(G or, Tstart; T for)

30 insertToPQueueND (95’?, 2Q, Tfor, k)

31 return NULL

where € is a user-defined value. ForSrchFastExplore
(Algorithm 5) and ForSrchRandomExplore (Algorithm 7)
appear in Section VI

E. Computational Complexity and Shrinking d-Ball Rate

In this section, we derive a worst case runtime bound
and then discuss how the function used to shrink the neigh-
borhood d-Ball affects the expected runtime of iteration
i. GBRRT and GABRRT require two data structures. A
dynamic space partitioning tree is used to perform dynamic
insertion (DI), nearest neighbor (NN), and range queries
(RS), while a priority heap stores nodes based on priority
key values and supports Push, Pop, and Update operations

5 return &,y

[52], [53]. Our runtime analysis assume these subroutines
have the following runtime bounds, where N is the number
of points in the tree.

Assumption 1. DI takes expected time O (log Nr).
Assumption 2. NN fakes expected time O (log Nr).

These bounds are met by many algorithms [53]. GBRRT
does not require exact NN and RS queries and, similar to
other sampling based motion planning algorithms [3], can
also work with ‘approximate’ solutions to these operations
[54]-[56]. For example, the Skip Quadtree [56] supports a
special kind of approximate RS query in which all points
within range rj are returned plus possibly some additional
points that are further than r, but within r4(1 +¢) for a user
defined e. The Skip Quadtree is dynamic, allowing for both
new point insertions and look-ups in expected time log Nrp.
The approximate range query returns v points in expected
time O(s'~%log(N7) + v). The Skip Quadtree also meets
Assumptions 1 and 2.

Assumption 3. RS query (or approximate RS query) in
dynamic space partitioning tree takes O (cqlog Ny + v)
expected runtime and returns v neighbors in expectation,
where cq is a (possibly user chosen) parameter that may
depend on d but is otherwise constant.

While various implementations of priority heaps exist
[53], many perform push and pop operations in O (log Ng)
runtime, where N is the number of points in the queue [53].

Assumption 4. Push, Pop, and Update operations of the
priority queue each take time O (log Ng).

A trivial worst case runtime for GBRRT and GABRRT is
given below in Theorem 2 for the case when Assumptions 1-4
hold. We denote |V} | and |Vi,,| as the number of forward
and reverse tree nodes at the start of iteration ¢, respectively.
n is the total number of nodes stored in both trees at the start

of iteration 4. Note that n = [V} |+ [Vi, | < 2.
Theorem 2. The worst case runtime of GBRRT and GABRRT

is O (nQ)



Proof. In a (worse than) worst case 0, = 7 = oo such
that v, = oo and every query for forward (resp. reverse)
tree neighbors returns the entire forward (resp. reverse) tree,
which contains [V | (resp. [V, |) nodes at iteration i. An
upper bound on the time required per iteration is obtained by
observmg v < |Vi . |+|Vi,|=n. Summing over iterations
i=1,...,n leads to a worst case bound of O (nz) O

Remark 1. The worst case O (nz) time is identical to that
of many other sampling based motion planning algorithms.
Such a worst case is typically only realized in degenerative
cases, and average runtimes tend to be much lower in
practice.

Before deriving expected per iteration runtime bounds, it is
useful to discuss what we do not know about the distribution
of nodes stored within the forward and backward trees.

Expected runtime analysis of sampling based motion plan-
ning algorithms often focuses on the geometric case (with-
out system dynamics) where the set of potential neighbors
already in the tree can be assumed to be generated from a
uniform random distribution over the free space, at least in
the limiting case as n — oo. In contrast, the nodes stored in
the forward and reverse trees of GBRRT and the forward tree
of GABRRT are selected using a combination of randomness,
forward or backward integration of system dynamics (or,
alternatively, maneuver libraries). Moreover, a portion of all
nodes’ position in the forward tree are influenced by the
reverse tree focusing heuristic. Whether or not the nodes
within either tree resemble a set of points drawn uniformly
at random and i.i.d. is, at best, system/scenario dependent.
It remains an open question whether or not the sampling
distributions realized by GBRRT and GABRRT converge
toward the uniform distribution (even for the special case
of geometric planning).

When calculating expected runtime, if points can be as-
sumed to be drawn i.i.d from a uniform distribution, then
many existing proofs [3], [57] take advantage of the fact
that the expected number of nodes E(|Vyear|) in a d-
ball is proportional to the ball’s volume V(r). Given Np
nodes drawn uniformly random and i.i.d. from Xy, then

E(|Viear.r|) ~ NTH (T)H, where || X fyec|| is the volume
of the free space and where the free space is assumed to
have “nice” boundaries, e.g., locally Lipschitz continuous
boundaries for some positive finite Lipschitz constant. In
a static environment, ||X .|| is constant. This discussion
leads to the following Proposition 3.

Proposition 3. If points are sampled uniformly at random
and i.i.d. from X pyec, then E(|Vpear,r|) = O(NpVy(r)).

Lemma 2. Given range r and Nt points sampled uniformly
at random i.i.d., and assuming € and d are both constant, the
expected value of v for the approximate RS query described
above is E(v(r, Nr)) = O(NgpVy(r)).

Proof. 1t is a useful fact that the ratio between the volume
of a d-ball of radius r(1 4 ¢) and the volume of a d-ball of

d/2 a/2
radius r is: (1“(%;/2)(7"%(1 + g))d) / (F(T/d/z)rk) 1+
€)?, where T'(-) is the gamma function. The volume ratio
(1 +¢)¢ does not depend on 7 and, once d is chosen, is a
constant. O

If the point sampling process cannot be modeled as
uniformly at random and i.i.d., then it is possible that
E(|Vhear,r]) = Q(NpVy(r)). For example, if new points
are more likely to be sampled in the vicinity of existing
points such that, in expectation, greater than half of all
points have greater than NTHXL(ZI neighbors. Since the
value of E(|Vyear,r|) achieved in GBRRT/GABRRT is an
open question, we shall derive lower bounds on runtime for
the E(|Vyear,r|) = Q(NgVa(r)) case. How E(|Vyear,r|) =
Q(NpVy(r)) may affect v is important for our analysis.

Lemma 3. If E(|Viearr]) = QNgVya(r))
E(v(r, N7)) = Q(NpVy(r)).
Proof. By definition, using Bachmann-Landau notation,

E(|Vaear.r|) = QNVa(r)) < hmmfg‘vv+7;)” > 0.
T*}OO

By construction of the approximate range search (RS) query
v(r,N7) > [Vipear,r] and so E(v(r, Np)) > E(|Viear,r|)-

Thus, %m inf %]\QT))) > 0 and so by definition, using Bach-
T—>00

mann-Landau notation, E(v(r, Nr)) = Q(NpVy(r)). O

then

We now characterize the expected runtime required for the
forward and reverse search portions of GBRRT and GABRRT
in iteration i. Note |Q| < [V} | at iteration 4, where |Q] is
the numbers of nodes in the priority queue Q.

Lemma 4. Given Assumptions 1-4, if E(v(r,
O(10g |Viey

Viel)) =
), then the expected runtime of forward tree

operations during iteration i is O(log [V .|+ log|Vi.]);
and alternatively, if E(v(r,|Vi.|) = Q(og|Vi.|), then
the expected runtime of forward tree operations during
iteration i is O(v(r,[Vi,|)).

Proof. Forward search involves a NN query and a DI op-
eration on the forward tree and push/pop of a forward
tree node from Q; all take expected time O(log|Vi |).
It also involves a NN query and RS query on the re-
verse tree. For constant d, these operations take ex-
pected time O(log |V, |) and O(log | Vi, |+ v(r,|[Vi,])),
respectively. The expected time involved in processing
the E(v(r,|Vi,|)) nodes returned by the RS query is
O(v(r,|Vi,|)). The proof is finished by considering the case
where E(v(r, Vi, |)) = O(log |[Vi.,|); and alternatively, the
case where E(v(r, |Vi,,|) = Q(log |V O

Lemma 5. Given Assumptions 1-4, the expected run-
time of reverse search operations during iteration 1 is
O(log | Vi,,| + log [Vic,]).
Proof. The computationally dominant operations performed
during reverse search are NN query and insertion in reverse
tree which both take expected time O(log|V?,,|) and NN
query in forward tree and update operation in Q which both
take expected time O(log |V, |). O

revl)-



Theorem 3. Given Assumptions 1-4, if E(v(r,n)) =
O(logn), then the expected runtime of iteration i is O(logn),
alternatively, if E(v(r,n)) = Q(logn), then the expected
runtime of iteration i is ©(v(r,n)).

Proof. Combine Lemma 4 and Lemma 5 with the fact
that 2 < [V{ | + | Vi | = n < 2i, and we alternate between
attempting to grow the forward and reverse trees, so we
expect both trees to have a nonzero ‘proportion of the n
nodes in the limit, i.e., lim;_, v ‘Yj:lrl p=c such that
0 < ¢ < 1. Because neither tree’s crg;dmalflty is expected to
overwhelm the other, the most conservative runtime associ-
ated with either tree determines the runtime of the overall
algorithm. O

Theorem 3 shows that E(v(r,n)) plays a key role in
determining the expected runtime of iteration 7 in GBRRT
and GABRRT. E(v(r,n)) is affected by the radius r of the
d-ball as well as the sampling distribution of the n points
in Xy,c.. As already mentioned, the sampling distribution
that results when running GBRRT or GABRRT is an open
question. We shall now discuss the radius of the ball, looking
at three cases of interest — using a constant ball, and
shrinking at the ball according to two functions that have
appeared in the literature. We consider the uniform i.i.d. case
followed by the case where E(v(r, Nr)) = Q(NgpVqa(r)).

Theorem 4. Given Assumptions 1-4, and assuming d is
constant, nodes are drawn uniformly at random and i.i.d.,
and 1y, = c for a positive constant ¢ < oo, the expected
runtime of GBRRT/GABRRT iteration i is ©(n).

Proof. E(v(r,n)) = ©(nVy(r)) by Proposition 3 and
Lemma 2. By construction, Vy(r) is constant for constant
r and so E(v(r,n)) = ©(n). By definition n = Q(logn).
Thus, by Theorem 3, the expected runtime of iteration
i is ©(v(r,n)). Because E(v(r,n)) = ©(n) when rj is
constant, the expected runtime of iteration ¢ is ©(n). O

Corollary 2. Given Assumptions 1-4 and constant d, and
assuming nodes are sampled such that E(|[Vpearr|) =
Q(NrVy(r)), and assuming ry, = ¢ for some positive con-
stant ¢ < oo, then the expected runtime of GBRRT/GABRRT
iteration i is Q(n).

Corollary 2 results from combining Theorem 4 with
Lemma 3.

Many sampling based motion planning algorithms shrink
the neighborhood d-ball to reduce expected runtime. For ex-
ample, RRT* [3] shrinks the neighborhood ball according to
T = 7(1(’% 1/d to achieve an expected per iteration runtime
of O(logn). We analyze the effects of using this strategy for
GBRRT and GABRRT. While r;, = min(y(lo%)l/d,dhr),
the use of ¢, ceases after a finite number of iterations
because (loﬁ)l/ 4 = O(6pr). So, our asymptotic analysis

1/d
focuses on the r;, = ’y(log") /4 case.

Theorem 5. Given Assumptions 1-4 and constant d, and
assuming nodes are drawn uniformly at random and i.i.d.

1 .
and assuming i, = v(log”) /d then the expected runtime of

GBRRT/GABRRT iteration i is ©(logn).

Proof. Combining Proposition 3 with Lemma 2

E(v(r,n)) = ©(nVy(r)). Given constant d, by construction
/2 ogny1/d\d

an(r) = (m( (1 i ) ) ) = @(logn), where Y

is constant. Theorem 3 completes the proof. [

Corollary 3. Given Assumptions 1-4 and constant d, and
assuming nodes are sampled such that E(|Vyearr|) =
Q(NrpVy(r)), and assuming r, = v(log")l then the
expected runtime of GBRRT/GABRRT iteration i is 2(logn).

Corollary 3 results from combining Theorem 5 with
Lemma 3.

A recent result from Solovey et al. [33] has highlighted
a small error in Karaman and Frazolli’s proof of almost
sure asymptotic optimally for RRT* [3]. (Note: the proof of
probabilistic completeness in [3] is still valid.) The original
proof from [3] has motivated the use of rj = fy(log ”)1/ d
in a number of algorithms. Solovey et al. show that us-
. logny1/(d+1) . .
ing a larger 7y —'y( = ) is sufficient to achieve
almost sure as;rmptotlc optimality. Whether or not using
TR = log" ¢ i3 also sufficient is now an open prob-
lem [33] The main difference between [33] and [3] is a
consideration of how sampling order affects local rewiring
direction. While GBRRT and GABRRT are feasible (and not
asymptotically optimal) planning algorithms, the reverse tree
focusing heuristic is concerned with local wiring direction.
While further study of the relationship between asymptotic
optimality and focusing heuristics is outside the scope of
this paper, we both (i) use ry —’y(log")l/(dJr) in our
experiments and (ii) acknowledge that future results may
determine that 7 < v(log")l/d is sufficient for focusing
heuristic purposes in GBRRT and/or GABRRT. We now

N/
derive results for rp, = ( o8 L) .

Theorem 6. Given Assumptions 1-4 and constant d, and as-
suming nodes are drawn uniformly at random and i.i.d., and

i 1/(d¥1 .
assuming ry, = 'y(loi ) / ), then the expected runtime of

GBRRT/GABRRT iteration i is ©((log n)d/(d+1) ).
Proof. Combining Proposition 3
E(v(r,n)) = ©(nVy(r)). Given constant d, b

construction nVy(r) = (F(%/;/Q)(,y(loin)l/(cprl))d) -

@((logn)d/(dH) 4Y/n), where ~y is a constant. Applying
Theorem 3 completes the proof. O

with  Lemma 2

Corollary 4. Given Assumptions 1-4 and constant

d, and assuming nodes are sampled such that
E(|Vnear,r|) = QN1 Vy(r)), and assuming
Tk (10%)1/ (d+1), then the expected runtime of

GBRRT/GABRRT iteration i is Q((logn)® 1) awy/m).

Corollary 4 results from combining Lemma 5 with Lemma 3.
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