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Finding the Optimal Incision Point in Robotic Assisted Surgery
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Abstract—1In robotic assisted surgeries, surgical tools are
inserted into the human body via an incision point in the
abdominal wall, which is imposed as a remote center of motion
(RCM). The selection of the incision’s point location in the
human body is critical for the success of the surgical procedure.
In this paper, we propose a simulation tool for finding the
optimal incision point location, which can be utilized by the
surgeon during the preoperative stage. The surgeon can plan
the path/region of intervention as well as sensitive regions which
should be protected from unintentional damage by the surgical
tool on the preoperative images of internal organs. A target
admittance model that enforces a candidate incision as a RCM
is utilized in the simulation enhanced by a term for following the
planned path. We propose a cost evaluation function taking into
account metrics involving the distance of the tool from sensitive
areas, the tool links maximum pressure on tumors and the
robot’s dexterity measure. The example of a tumor resection
task is used with the simulation tool to demonstrate its use in
finding the incision points that ensures minimal intraoperative
risks and accurate task execution.

Index Terms— Robot assisted minimal invasive surgery, Sim-
ulation tool, Remote Center of Motion, Evaluation function

I. INTRODUCTION

In robot assisted minimally invasive surgeries, surgical
tools are inserted inside the patient’s body through small
incisions in the abdominal wall. Thus, it is important for an
incision point to be imposed as a remote center of motion
(RCM) to ensure minimum stress and injury to the incision
wall. This constraint reduces by two the robot’s dof and
thus the tool shaft motion is only free to translate and rotate
along and around its axis as well as rotate around the RCM.
Surgical instruments do usually provide extra dofs at the
end of the shaft in order to enable the surgeon to place the
instrument tip to a desired pose.

In some specially developed surgical robots, the RCM
constraint is achieved through mechanisms which ensure that
the tool passes through the incision point during the surgical
task. In the case of utilizing a general purpose manipulator,
the RCM should be imposed by control-based strategies [1].
Different methods have been proposed for actively imposing
the RCM constraint. In our previous work [2], [3] a target
admittance model that enforces RCM on the tool shaft and
decouples the constrained and free space is proposed for
hands-on manipulation. In both cases, the location of the
insertion point is critical for accurate task execution.

Few papers focus on the problem of selecting an the op-
timal incision point location. In [4] a redundant manipulator
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is considered with a surgical tool attached to its tip and
the RCM evaluation is based on an isotropy index. This
work does not take into account other metrics such as the
distance from sensitive areas which is critical in surgical
procedures. In [5], a framework is proposed for selecting the
position of the optimal incision point utilizing Hierarchical
Quadrattic Programming. In the evaluation of the candidate
incision, the path following errors, the distance from nearby
organs, the robot’s dexterity and the tool’s insertion angle
wrt the torso are used. However, the proposed cost function
contains products and quotients of the evaluation metrics;
thus much greater importance is given to the metric that has
the dominant value.

Thus far, the metrics for selecting the optimal incision
point focuses mainly on the system’s performance, sensitive
organs proximity and task’s accuracy. None of the previous
works consider inadvertent cuts of tumors in their evaluation
metrics, which are however known to be correlated with
cancer’s recurrence and metastasis [6].

The main aim of this work is to provide a simulation
tool for finding the optimal incision point location which
minimizes both intra-operative and postoperative risks and
is demonstrated in a tumor resection task. A region for
candidate incision points, a predesigned oriented path and
forbidden regions of sensitive organs are given as inputs
to the simulation model. A general purpose manipulator
on which an articulated tool is attached to its wrist is
considered. The simulated robot’s motion is based on the
target admittance model of [3] which is enhanced by a
term that ensures tracking of the desired oriented path.
We propose a cost function which is taking into account
metrics related to the distance from sensitive areas, the tool’s
pressure on the tumor, the robot’s isotropy and the accuracy
of following the pre-planned path. Candidate incision points
from a predefined region are evaluated with the proposed
cost function to find the optimal.

II. ROBOTIC CHAIN KINEMATICS

Consider a general purpose manipulator with n-dof. Let
di,4q;, € R™ denote its joint positions and velocities respec-
tively. We place the inertial frame {0} at its base and let
{w} be the frame of its wrist with rotation matrix R,, =
[w Y, Zw]. Let an articulated tool with a long tool
shaft followed by m-joints, like the one described in [7],
be rigidly attached to its wrist with the tool shaft placed
along axis x,, without loss of generality as shown in Fig.
1. Let q,,q, € R™ denote its joint positions and velocities
respectively. Let frame {s} be attached at the end of the tool
shaft of the articulated tool with p,, R, = [CBS Y, zs]
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Fig. 1. Robot with the tool shaft

denoting its position and orientation and J, € R6*" the
respective robot Jacobian. Let frame {e} be attached at
the tip of the articulated tool with p,, R. denoting its
position and orientation and p,,., R the tip’s position and
orientation with respect to the frame {s}. Frame {s} can be
considered the basis frame of the tool’s articulated part. Let
Jse € RS*™ denote the Jacobian matrix of the articulated
part mapping the joint velocities of the articulated instrument
to the tool tip generalized velocity wrt to frame {s}. Thus
the robot and the tool form a robotic chain with a total of
n+m dof. Then the following kinematic relationships hold:

pe :ps+RSpse (1)
Re = RsRse (2)

Differentiating (1), utilizing &, = R,R! < R, = W,R,,
where (.)" is the skew-symmetric operator and wg the
rotational velocity of the tool shaft yields:

(Rspye)"ws 3)

Diffeyentiating (2), utilising the properties Rse = WeeRse
and R; = w, R yields:

pe = ps + Rspse -

Re = ":JsRe + Rs‘;’seRse (4)

Then, the rotational velocity of the tip of the articulated tool
w, utilizing the property @, = ReRE is given by @, =
W, + stseRsT which can be rewritten as:

We = Wg + stse (5)

Splitting the Jacobians J, and J 4 into their translational
and rotational parts J,, ,Js, € R3*7 and Jsey,Jse, €
R3*™ respectively, the following mappings from the related
joint spaces hold; p, = J,, q,,ws = Js_ q; and p,, =
Jse, Q0> Wse = Jse,q,- Utilising the above relationships
in (3) and (5), we can find the Jacobian of the combined
robotic chain, mapping the joint velocities to the generalized
velocity of the tip V. € RS:

V.= {pe} =J. [‘.ﬂ 6)

We

_ Js,, - (Rspse)/\']sw RsteU 6X (n+m)
Je= { J.. R, | %

The left pseudo-inverse of Jacobian J. which satisfies
JJ l = Ig«g can be found by the following expression
when the robot is moving away from any singularities J l =
JL (T Tt e RvEmIX6,

III. TARGET ADMITTANCE MODEL ENFORCING RCM:
PRELIMINARIES

In our previous work [3], a static RCM is enforced in a
general purpose manipulator holding a long tool shaft via
the appropriate design of a target admittance model which
in addition decouples the constrained and unconstrained
space. We briefly present the model in this section. Let
the incision point be denoted by p.. Then the projection
of the vector p, — p, on the plane with basis B =
[Yw Zw] € R3*2, which is vertical to @, yields the
constraint coordinates ¢, = B” (p, — p,) € R?>*! and the
respective constraint velocity &, = A, [prf wST]T where
A. = B" [I5xs  (p, —p.)"] € R?* is the constraint
Jacobian in the task space. Both x. and . should be ideally
zero for constraint enforcement. The constraint velocity in
the joint space is then given by:

&. = Aq, € R? @)

with A = A.J, € R?X" is the joint space constraint
Jacobian. Let Z € R("2)*X" denote the basis of the
unconstrained space so that AZT = 02 (n—2). We can
then write the target admittance model proposed in [3] in a
combined form and with zero free space damping as follows:

ék—S[ h ] ®)

h2 — U

. t
where hy = Aq,, + 2ax, + a’z. € R? hy = d(itT)i]k S

R"2 8§ = [AT ZT] € R"*™ with a being a positive gain,
AT € R"*2 the left pseudoinverse of A i.e. AAT = Ioyo,
and u. € R(®=2) being an input term that determines the
unconstrained space dynamics. Notice that the inverse of the
square matrix S is given analytically by:

+

S—l _ [AT z ]T GRan

where ZTT € R("=2)%7 i the right pseudoinverse of Z7 i.e
zTz7T = I(—2)x(n—2)- Left multiplying (8) by S~ ! we
can recover the decoupled dynamics of the constrained and
unconstrained space. The constrained motion dynamics are
given by the linear homogeneous differential equation:

T+ 2ax. + a2330 = 0251 9

which ensures exponential convergence to zero with a speed
determined by the value of gain a in the presence of initial
non-zero values; for zero initial conditions which we assume
in this work, the solution is identical to zero for all times
i.e. the model guarantees the RCM constraint satisfaction.

The unconstrained space dynamics on the other hand are
given by:

fi?f = U, (10)

where &y = ZTqu € R"~2 is the velocity of the uncon-
strained space.
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Hence the unconstrained space dynamics are determined
by u. € R("*™=2) which can be the human force in hands-
on manipulation or any term that can be designed to achieve
a feasible tracking objective as in [8].

IV. EXTENSION OF TARGET ADMITTANCE MODEL FOR
ORIENTED PATH TRACKING

Let the instrument’s tip position trajectory be denoted by
py(t) € R3 and the orientation by Q,(t) € S* in the
unit quaternion form. These trajectories define an oriented
path which is designed by the surgeon on the preoperative
environment. Initially we assume that the tool shaft passes
through the incision point. It is also assumed that initially
the tool shaft does not touch any forbidden regions. Define
the position tracking error as p, = p, — p; € R? and the
orientation error as e, = 2né € R* with 1, € being the
scalar and the vector part of the orientation error quaternion
Q = Q. * Q, where * denotes the quaternion product. This
is one of the expressions for the orientation error that is
utilized in the literature [9]. Notice the Q corresponds to the
rotation matrix R = R6R5.~The angular velocity error is
then defined as w, = w, — Rw,, where w, is the desired
angular velocity.

Since the target admittance model (8) guarantees the RCM
constraint satisfaction ensuring identically zero position and
velocities in the constrained space, we can express the tip
velocity with respect to the unconstrained velocities which
in our case include joint velocities of the articulated tool, as

follows : . .
iRdH
we da
T
where J; = J. [ z Onxm} € ROx(n+m=2) jg
Om><(n—2) Lxm
the Jacobian matrix which maps the tip’s velocity to the
unconstrained space velocities. The left pseudoinverse J ZT =
JL(J I € Rvtm=2)%6 i defined away from singu-
larities, i.e. J;J| = Igx.
Differentiating (11) yields:

- 4[] o[
We d, du

The unconstrained dynamics can then be determined by
appropriately designing the term u., € R"2 in (8) and

the term u, € R™ which determines the articulated tool
dynamics :

(1)

12)

4, = Uq 13)

The following terms are proposed to achieve the oriented
path tracking objective:
[“} —J] (F —J {mf] ) € RrTm—2 (14)
Uq 4.
with
Da P. — P —Pq
F = 7 -D = —-K |7° 15
[d(Rfd)l L"e - Rwd} [ €q } ()

where D, K are diagonal matrices of damping and
stiffness gains (D = diag([diI5x3,d2I3x35]), K =

diag([k1Isxs, k2I3x3])). Integrating (8) and (13) utilising w..
and u, respectively from (14), generates the joint position
and velocity trajectories for the whole kinematic chain.

To reveal the achievement of the oriented path tracking
objective, notice that substituting (14), (15) in place of the
unconstrained accelerations in (12), yields the following error
dynamics in the task space:

D, + dip, + k1p. = 03x3 (16)

Ge + do®, + krey = 0353 (17)

The linear homogeneous differential equation (16) guarantees
exponential convergence of the position tracking error and
the same is true for the orientation error dynamics governed
by (17) as proved in [9].

V. SIMULATION TOOL AND EVALUATION METRICS

The developed simulation tool integrates the target ad-
mittance model developed in the previous section which
achieves the tracking of the planned trajectory for the in-
strument tip with duration ¢, in N discrete steps, given a
candidate incision point (RCM) p.. Surgeons can specify a
region of interest in the human body, in which the incision
point is opted. This surface is discretized with a step of 1cm
to provide the candidate incision points for evaluation. The
simulation tool iterates through the candidate incision points,
evaluating the simulation results on the basis of an evaluation
metric which is described below. The outcome is the best
incision point that should be selected in the real operation.

We propose an evaluation function which takes into con-
sideration parameters related to distance from sensitive areas,
pressure exerted from the robotic chain at the tumor and
robot’s isotropy.

1) Repulsive Forces: In many works in the literature virtual
fixtures (VF) or active constraints are associated with sen-
sitive regions that should be protected during the operation.
In our previous work for hands-on robotic surgery [3], [10],
[11] we enforced such VF on the surface of a forbidden area,
constructed from overlapping spheres of radius d. centered at
the cloud points p,., i = 1,..., M of the forbidden area, via
barrier artificial potentials. These potentials produce repul-
sive forces as feedback to the surgeon during the operation
when he drives the tool close to the forbidden region within
a prespecified distance d.

In this work we propose to use these forces as an
evaluation metric of the distance from sensitive areas. For
each center p, , we find the closest point on each link of
the articulated tool p;, following the algorithm introduced
in [12] and calculate the repulsive force f,wc from the
following equation [12]:

Fo= { dg(lkwi)ln(llwi)ei,ka 1P, = Pixll < de+do
Tik

APy, = Pigll > de + do
(18)

2 L
)" and e; € R be the direction

03x1
. do+de—||pP; 1—P,,
Wlth wl = (—0 Hd() ik 1”
of the repulsive force:
3
p’i,k - pm

||p;k,k - Py,

) 19)

eir = (do +d. —||pi ) — Py,
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where k = 0, 1, ..., m is the articulated tool link number with
k = 0 denoting the tool shaft. Notice that the repulsive force
is non-linearly increasing as we move closer to the forbidden
region surface and zero outside the activation distance dy.
Hence any solution that minimizes a metric on these forces
is desirable.

At each simulation step ¢, the total effect of all points
M of the forbidden region point cloud in the unconstrained
space and in the joints of the articulated instrument is
expressed by the following generalized force :

M m

Fr,d> = Z Z Gk,i.fm,k € R(4+m)

i=1 k=0

(20)

where

T
Loy

(Pir =P |
0rn><3

for k=0

G, = x,
(Pix —P)"
g7 | ENE
(Pir —Pp)"
O(m—k)x3

2L

, otherwise

with p,, being the position of the end of the k —th link w.r.t.
the robot base frame and J; = diagpock{Rs, Rs}JI sk €
RY** be the Jacobian matrix of the articulated tool that
provides the relation between the first k& joint velocities
q, () and the generalized velocity of the end of the k —th
link w.r.t. the robot base frame.

Let us define the sets K., K , K, related to repulsive
force evaluation metrics in all steps of a simulation run
for a candidate p.. The first contains the absolute values
of the repulsive force along the shaft axis, ie., K. =
{|Fy4{1 : 1}|, Yo = 1,...,N}, the second contains the
norm of the repulsive torque around the incision point, i.e.,
K: = {||[Fr¢{2 : 4}||, V¢ = 1,...,N} and the last set
includes the norm of the repulsive torques on the articulated
tool joints, i.e., Koy = {||Fpro{d:m+4}||, V¢ =1,..,N}.
The repulsive force evaluation metric is then calculated as
follows:

- (e “CCQ) (el +ch)

Wy Wi

N <maw{IC:U}2 + ICQZ)

(22)

where the operator (...) denotes the mean value and max is
the max member of the set and w,, w, and w, are weights
to account for the different units of the elements of the above
summation.

2) Pressure Distance: In some surgical cases, inadvertent
contact with a tumor creates accidental cuts in its surface.
Hence, we introduce an evaluation metric which we call

pressure distance, which should be minimized to avoid such
incidences. In particular, pressure distance is defined as the
maximum deformation caused by any link of the articulated
tool during the simulation run which would exert pressure
to the tumor and may injure it during the operation. Let the
pressure distance be denoted dx.4 € R>0, &k = 0,1,...,m.
To calculate these values from a given point cloud of a
tumor we can either utilize tumor enclosure geometrical
shapes like spheres or find the maximum distance between
the points of the deformed by the link tumor point cloud from
the non-deformed one. The total pressure from all links is:
fo.6 =2 ko Ono-

Let us define the set K, that includes the sum of the
pressure from all links in all steps of a simulation run, i.e.,
Ks = {fs.6, Y¢ = 1,...,N}. We then define the pressure
distance evaluation metric as follows:

e (M) ()

The weight w;s denotes the tumor deformation from in-
advertent contact that is considered critical for injury and
accidental cuts on its surface.

3) System’s Isotropy: The isotropy of the Jacobian matrix
J. provides a measure for the robotic’s chain kinematic
accuracy. A redundant manipulator is isotropic if all of the
singular values of the Jacobian J . are identical and non-zero
at a specific configuration [13]. One measure of the isotropy
is the ratio below:

(23)

on(Je)
om(Je)

where o,; and o,, are the maximum and the minimum
singular value of the J.. Let us define the set C,, that
includes the isotropy measure in all steps of a simulation
run, ie., K, = {kg, ¥¢ = 1,..., N}. Note that the greater
this ratio is, the robotic chain is closer to singularity, and
the closer this ration is to one, the further the robotic chain
is away from singularity. Hence, we define the term Fj, as
follows:

I<J¢(Je) = (24)

F, = (maz{K,})’ + ()’ (25)

Finally, the optimization function F' for evaluating the can-
didate incision points is described below:

F=F;+Fs+Fg (26)

VI. RESULTS

In this paper, we consider the kinematic model of n = 7-
dof KUKA LWR4+ robotic manipulator holding a surgical
tool. The surgical tool consists of a shaft of length L =
25 c¢m and an articulated instrument with m = 2 rotational
dof with 2 links of length 1 cm see Fig. 2. We consider
the emulation of a tumor resection in partial nephrectomy.
The patient in this type of operation is placed in a modified
flank position of 45° as proposed in [14]. The simulated
intraoperative environment consists of the right kidney with
a tumor (green area in Fig. 3) and the lower layers of the
liver that are characterized as forbidden area, (red area in
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Fig. 2. The articulated tool with two rotational joints with perpendicular
axes shown at zero joint angles

v axis

) 0 .04 -0.35-0.3
y axis X axis
Fig. 3. Trace of the tool for the optimal incision point. The kidney is

represented with green, the sensitive areas with red, the tumor with pink,
and the desired path with magenta.

Fig. 3). The tumor is enclosed in a sphere with radius p =
1 em indicated with magenta color at Fig. 3. The planned
oriented path is circular with the same center as the tumor
and tangential to the local geometry of the kidney with radius
1.1 ¢m and the planned orientation requires the final tool link
axis to remain in an angle of 45° with the circular trajectory’s
plane. The pressure distance Jj,¢ for each link is given by:

e = p— if p> oy
kid = 0 else

where «; is the minimum distance between the link surface
and the center of the sphere. The algorithm used to find
the closest point is provided in [12]. The candidate incision
points p, is a 60-point rectangular grid determined by the
surgeon, close to the umbilical cord, as proposed in [15] and
seen in Fig. 4. Grid candidate incision points are given by:

eR 27)

p., =p, +[0; 0.01y,; 0.01z,]" m
1<y <10, 1 <2 <6, yr,2r EN (28)

where p, = [~0.29; —0.0944; 0.75]7 m is the center of
the umbilical cord.

The selected parameter values are d. = 2 mm for the point
cloud spheres to cover the empty space, dg = 4.25 mm, k =
1, for the repulsive force activation distance and gain, a =
50, k1 = 1000, ke = 500, di = 63.2, dy = 44.7, for a fast
and critically damped dynamics in the constraint and free

Fig. 4. The region of the candidate incision points selected by surgeon.

space and w, = 10, w,; = 2, w, = 0.15 and ws = 0.001
for weighting evaluation metric components.

We run the simulation tool for all candidate incision
points and calculated the evaluation metric. Alternative
an optimization method e.g. genetic algorithms could be
used but as the set of candidate points is not excessive and
the process is offline an exhaustive search is satisfactory.
Fig. 3 shows the trace of the tool during the task, given
a specific incision point. As expected, the oriented path
is tracked by the instrument tip and the RCM constraint
with the RCM denoted by a black dot is full-filled. Fig.
5a-d show the evaluation metric F' and its components,
Fy, I, F,; respectively. For better scaling, the logarithmic
function is utilized. From Fig. 5 is clear that the optimal
point is in the corner of the search area with coordinates
(yr,2r) = (1,1) and with value F' = 806.43. This point
is also the optimal for each evaluation metric F'y, Fs, F;
see Fig. 5b-d. The simulation model detects incision points
at which the sensitive area is violated, which are excluded
from evaluation. In Fig 5a-d, they are marked by red and lie
near the two sides of the grid area. Fig. 5b shows that the
evaluation metric Fy for the rest of the candidate incision
points which decreases when approaching the optimal point
at which the value is zero. This indicates that at the optimal
point the whole tool stays away from the forbidden region
at a distance greater than dy. Any suboptimal point with
non-zero value of Fy means that the surgeon would feel
repulsive forces at segments of the operation path obstructing
his work. The evaluation metric F5 for the pressure distance
is decreasing near the same corner, as shown in Fig. Sc. This
happens because in this region the motion of the articulated
tool tracking the oriented path, is more blunt w.r.t trajectory’s
plane. As a result, the tumor is not pressed in the optimal
incision point and the surgical task can be achieved without
inadvertent contact that may cause cancer metastasis. The
same reduction in the evaluation metric F}, is observed, as
seen in Fig. 5d, with the most beneficial isotropy of max
value 25.4 and mean value of 12.7 achieved at the optimal.

VII. CONCLUSIONS

In this work, we propose a preoperative simulation tool for
finding the optimal incision point in robot assisted minimally
invasive surgery which guarantees minimal intraoperative
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Fig. 5. Evaluation metrics F', Fy, Fs, Fi;. The optimal incision point is
shown with cyan color. The incision points in which sensitive area is violated
are shown in red. Constant 109 is used for points with zero metric value.

risks and safe task execution. The tool simulates the tracking
of a preplanned oriented path from the proposed target
admittance model which respects RCM constraints. For each
run it calculates the cost value according to the proposed
evaluation metrics. Results demonstrate the utilization of
such a tool in the preoperative stage by indicating candidate
incisions that cause violation of the sensitive area when the
path is faithfully tracked and the optimal location that would

facilitate the work of the surgeon during the operation. The
simulation tool can be tailored to the kinematics of different
general purpose manipulators and articulated tools. It also
provides the possibility to prioritize the calculated metrics by
changing the weights of the cost function. Future work will
improve the simulation model by including more metrics that
may be of interest to a surgeon and extensive use in various
surgical cases.
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