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Abstract— Robot-assisted percutaneous needle insertion is ex-
pected to significantly increase targeting accuracy in minimally
invasive operations. For this, it is necessary to provide math-
ematical models that can accurately capture the underlying
dynamics of medical needles. Here, we present a novel nonlinear
mathematical model of flexible medical needles based on the
Absolute Nodal Coordinate Formulation. The model allows the
description of large needle deflections and arbitrarily large rigid
body motions. Tailored to the requirements of transperineal
prostate biopsy and brachytherapy, it can correlate both the
translational and rotational coordinates of the needle’s base
with its deflection, provide force feedback and accept arbi-
trary loading conditions. The model is optimised in terms of
computational efficiency in order to allow real-time simulation
and control. Experiments show that the proposed model allows
for submillimeter precision in both static and dynamic needle
deflection settings. Due to its accuracy and computational
efficiency, it is expected to constitute a valuable tool for both
real-time visual/haptic simulation and control of percutaneous
needle insertion.

I. INTRODUCTION

Minimally invasive surgery (MIS) and localised therapy
are integral parts of modern medical practices, as they offer
decreased recovery time, reduced patient discomfort and
lower risk of infection, when compared to open surgery
[1]. Percutaneous needle insertion is one of the main MIS
methods, including a plethora of diagnostic and therapeutic
applications, such as prostate biopsy/brachytherapy, illus-
trated in Fig. 1, neurosurgery, and deep brain stimulation
[2]. Alongside its advantages, accurate percutaneous needle
placement carries significant challenges. The limited visual
feedback during the operation, combined with factors, such
as tissue anisotropy, heterogeneity and variability in anatom-
ical structures among different patients, complicates naviga-
tion through the tissue and thus decreases the operation’s
overall accuracy [3]. This can lead to imprecise targeting,
which, in turn, can cause severe complications, such as false
negatives in biopsy or ablation of healthy tissue [1]. Robot-
assisted needle insertion offers the potential to increase the
accuracy of such procedures and, as a result, has been at the
forefront of recent studies.
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Fig. 1. Illustration of transperineal prostate biopsy/brachytherapy procedure
adapted from [5].

A prerequisite for implementing this robotic solution is
the formulation of mathematical models that can accurately
capture the dynamics of needle insertion. In most cases,
this modelling is divided into three main parts [4]: a) the
modelling of the soft tissue, b) the characterisation of the
interaction forces between the needle and the surrounding
medium (Fig. 2) and c) the modelling of the flexible needle.
This division allows the development of decoupled mathe-
matical models for the needle and the tissue, while needle-
tissue interaction is often modelled based on experimentally
derived generalised force profiles at the needle’s base dur-
ing needle insertion procedures [1]. Our work focuses on
the formulation of models of flexible medical needles, the
importance of which is analysed in the following sections.

A. Related work

Complete mathematical models of flexible medical needles
aim to provide both visual and haptic information with
regards to the system’s state [2]. As a result, such models
have to identify the relationship between the spatio-temporal
behaviour of the needle’s geometry and the specified mo-
tion trajectory at its base (e.g. insertion velocity, axial and
lateral rotation), under the effect of some arbitrary loading
conditions acting on its shaft. Furthermore, the models aim
to provide information about the reaction forces at the
needle’s base, due to the combined effect of the input driving
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constraints and the input loading conditions [2].
In [6], the non-holonomic kinematic model of flexible

medical needles that was proposed, constituted the starting
point for a plethora of kinematics-based needle models
and motion planning algorithms, e.g. [7] and [8]. While
kinematic models are characterised by high computational
efficiency, their various assumptions lead to low accuracy [9].
More specifically, they fail to model the interaction between
the needle and the surrounding tissue, and, hence, cannot
provide information about the dynamics of needle insertion
or provide haptic feedback.

The need for more accurate needle models and information
about the dynamic properties of needle insertion has led to
a transition from kinematic to mechanics-based modelling
approaches. [10]–[12] presented quasi-static needle mod-
els, based on the linear Euler-Bernoulli beam theory, that
described needle deflection during percutaneous insertion
procedures. While this modelling approach offers simplicity
and computational efficiency, its linearity assumption leads
to invalid solutions when large deflections are considered
[13], [14]. Furthermore, linear approaches cannot describe
arbitrarily large rigid body motions, as linear strain theory is
invariant to finite rigid body rotations, leading to non-volume
preserving solutions and visual artefacts for the flexible body
[15]. To account for the geometric nonlinearity and minimise
the targeting error of linear modelling approaches, [16] and
[14] use quasi-static methods based on the nonlinear 2D and
3D Finite Element Method (FEM). Similarly, [17] presents a
geometrically nonlinear quasi-static model of flexible needles
based on FEM and the co-rotational formulation. These
models provide both computational efficiency and high accu-
racy when compared to experimental results for describing
the steady-state responses of both large and small needle
deflections.

Both linear and nonlinear models, described above, es-
timate needle deflection assuming a quasi-static needle in-
sertion. This assumes that the needle is inserted at a rate
that does not allow for any oscillatory transients to occur,
and deflection is approximated by a sequence of steady-state
responses. This assumption, however, does not provide any
information about the vibrational behaviour of the needle and
does not account for the correlation between its deflection
and the system’s input parameters, such as its insertion
velocity and the rate of axial rotation. Specifically, [12], [18]–
[21] have proven the strong coupling of parameters such as
the needle insertion speed, vibration and axial rotation to
the needle-tissue interaction forces and, subsequently, to its
deflection. Furthermore, axial needle rotation and vibration
can be used for minimising needle deflection during needle
insertion procedures [12], [22]–[24]. Incorporation of such
parameters requires a dynamic model of flexible needles
and not a quasi-static one. Therefore, accounting for the
underlying needle dynamics is crucial for the complete
characterisation of needle insertion and, subsequently, for the
development of robust robot control algorithms [25].

In this regard, [9] presented a novel dynamic model
of a rigid/flexible 2D needle. The model was based on

Fig. 2. Illustration of post-puncture needle-tissue interaction forces.

the Rayleigh-Ritz approximation technique and the linear
Euler-Bernoulli beam theory. This work was one of the
first to introduce the importance of dynamic modelling in
needle insertion procedures but did not account for geometric
nonlinearities as it was based on a linear beam model. In
[26], we employed both the Rayleigh-Ritz and the FEM
approaches for capturing the three-dimensional dynamics of
a rigid/flexible model of brachytherapy needles. However, the
proposed models were based on infinitesimal strain theory
and thus, did not account for geometric nonlinearities and
large needle deflections. Similarly, [25] extended the static
angular spring FEM approach of [14]: the model captured the
dynamics of needle insertion while accounting for geometric
nonlinearities due to large deflection, but it was only limited
to 2D applications.

B. Contributions

Extending the work of [9], [25] and [26], this paper
develops a novel modelling approach that aims to provide a
complete characterisation of the three-dimensional dynamics
of flexible medical needles. The proposed model is based on
the absolute nodal coordinate formulation (ANCF) proposed
in [27]. The method allows the description of arbitrarily large
rigid-body displacements/rotations, geometric nonlinearities
and large deformations of flexible bodies, as well as a
straightforward addition of complex force functions and
constraint equations [28]. These features makes it a perfect
candidate for the requirements of transperineal prostate biop-
sy/brachytherapy, illustrated in Fig. 1, in which the surgeon’s
hand performs large rigid body motions to guide the needle
in the desired goal point and retrieve a sample for analysis or
for providing localised treatment. Furthermore, it utilises a
specially designed beam element, introduced in [27], which
allows high numerical efficiency and alleviation of numerical
problems (e.g. element/shear locking) for the case of thin and
long structures, such as the thin flexible needles studied in
our work.

The accuracy and computational efficiency of the model
is verified experimentally. To the best of the authors’ knowl-
edge, this is the first work to investigate and employ the
theory of ANCF for modelling the dynamics of flexible med-
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ical needles. It is also the first to investigate both large rigid
body motion of the needle’s base and large needle deflec-
tions, experimentally evaluate needle dynamics, investigate
aspects of computational efficiency and relax the modelling
assumptions of previous works in the literature (e.g. linearity
assumptions, unmodelled dynamics, 2D models).

The paper is organised as follows: Section II presents the
formulation of the proposed needle model, including dis-
cussions on solution strategies and computational efficiency
in II-D. Section III describes the experimental design and
the associated experimental studies for the verification of
the proposed needle model. Concluding remarks and future
extensions are given in Section IV.

II. METHODS

A. Problem formulation

As shown in Fig. 3, the proposed multibody model consists
of two connected bodies: a rigid base, that can follow any
arbitrary trajectory imposed by the surgeon’s hand, and the
flexible needle, which is attached to the rigid base and
deflects under the effect of a general 3D force field resulting
from its interaction with the surrounding tissue, Fig. 2.
To describe the motion of the system, we introduce the
following frames of reference: let F be the inertial frame
of reference and fc a frame rigidly attached to the rigid
base centre of mass C. Furthermore, we introduce the frame
f which is rigidly attached to point A of the rigid base
and which constitutes the reference for the description of
the needle’s displacement field. As shown in Fig. 3, the
orientation of frames fc and f is identical and remains fixed.
The ANCF method employs a spatial discretisation of the
needle’s geometry into ne beam elements, each of which is
described using inertially measured nodal coordinates. More
specifically, as shown in Fig. 3, a complete characterisation
of the configuration of the beam element j ∈ [1, ne] can
be acquired based on the inertially measured cross-sectional
position and orientation at its nodes Aj and Bj , while
intermediate points are defined with the help of interpolation
functions. The element’s vector of generalised coordinates
can be defined as

ej = ej(t) =
[
rTAj

, rTxAj
, rTBj

, rTxBj

]T
, (1)

with

rAj
= rF

OAj/F
, rxAj

=
∂rF

OAj/F

∂xj
,

rBj
= rF

OBj/F
, rxBj

=
∂rF

OBj/F

∂xj
.

(2)

The inertial position of point Pj of element j, illustrated
in Fig. 3, can be obtained with the help of the generalised
element coordinates and the interpolation function matrix
S(xj) as

rF

OPj/F
(xj , t) = rj(xj , t) = S(xj) ej . (3)

The interpolation function matrix can be defined as

S(xj) = [S1(xj)I3, S2(xj)I3, S3(xj)I3, S4(xj)I3]

with

S1 =
1

2
− 3

4
ξj +

ξ3j
4
, S2 =

lj
8

(
1− ξj − ξ2j + ξ3j

)
,

S3 =
1

2
+

3

4
ξj −

ξ3j
4
, S4 =

lj
8

(
−1− ξj + ξ2j + ξ3j

)
,

(4)

I3 being the 3 × 3 identity matrix and ξj = 2(xj/lj) − 1.
In equation (3), xj is the local longitudinal coordinate of
element j, illustrated in Fig. 3b, while lj is its initial length.
The spatial derivatives of the inertial position of point Pj are
defined as as

rxj
=

∂rj
∂xj

=
dS(xj)

dxj
ej = Sx(xj) ej

and

rxxj
=

∂2rj
∂x2

j

=
d2S(xj)

dx2
j

ej = Sxx(xj) ej .

B. Virtual work

The virtual work of the inertial forces of element j can
be defined as

δW
(in)
j =

∫
mj

(r̈F

OPj/F
)T δrF

OPj/F
dmj . (5)

Using equation (3) we can prove that

δW
(in)
j = ëTj M

T
j δej , (6)

with

M j = ρjAj

∫ lj

0

ST (xj)S(xj)dxj . (7)

The quantity ρj represents the density of the beam element,
while Aj is its cross-sectional area. Note that the mass matrix
is constant.

To define the virtual work of the elastic forces, we employ
the elastic line approach introduced in [27]. The virtual work
of the elastic forces results from the combined effect of axial
and bending deformations [27]. The axial strain component
ϵj can be obtained with the help of the Green-Lagrange
deformation gradient, while the curvature κj of the element’s

Rigid Base

Flexible beam

Fig. 3. Needle model and the three-dimensional ANCF element. a) Presents
the element j at it’s reference and deformed state. b) Presents the free body
diagram of the element j.
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centerline can be defined based on the Frenet–Serret frame
formulation [27]. These can be expressed as

ϵj =
1

2
(rTxj

rxj
− 1) and κj =

∥rxj
× rxxj

∥
∥rxj

∥3
. (8)

We also assume that the second moments of area with respect
to y and z axes are equal, that is Ij = Iyj

= Izj . Based on
(8), the element’s total elastic energy Πj can be defined as

Π
(el)
j =

1

2

∫ lj

0

EjAjϵ
2
j + EjIjκ

2
jdxj , (9)

with Ej the element’s Young modulus. Then, the variation
of the elastic energy is given as

δW
(el)
j = −

(
∂Π

(el)
j

∂ej

)T

δej . (10)

Combining equations (8), (9) and (10) it can be proved that
the virtual work of the elastic forces can be written as

δW
(el)
j = QT

elj
δej , with Q

elj
= Q

aj
+Q

bj
(11)

where

Q
aj

= −
∫ lj

0

EjAjϵj

(
∂ϵj
∂ej

)T

dxj (12)

and

Q
bj

= −
∫ lj

0

EjIjκj

(
∂κj

∂ej

)T

dxj . (13)

Next, we define the virtual work for the external forces. For
this, it is assumed that a random point P i

j of element j,
located at the beam’s elastic line and at a distance 0 <
xi
j < lj from the nodal point Aj , is subjected to a point

force
j
FF

i (t, ej , ėj) shown in Fig. 3b. Then, the virtual work
resulting from this force is

δW
(ex)
j = (

j
FF

i )
T δrF

OPi
j /F

= (
j
FF

i )
TS(xi

j)δej . (14)

The virtual work of the external generalised forces pre-
sented in equation (14) can be extended to accommodate for
nf point forces. In this case, it can be proven that the total
virtual work of the external generalised forces is given as

δW
(ex)
j = QT

fj
δej , with Q

fj
=

nf∑
i=1

ST (xi
j)(

j
FF

i ).

(15)
To formulate the system’s constraint and damping forces
we first introduce the mapping from the local generalised
coordinates ej of element j to the flexible beam global
generalised coordinates q, such that ej = Ljq. Based on the
global coordinates, the virtual work of the global external
generalised constraint forces for element j can be calculated
as δW (c) = QT

c
δq. Damping forces can be calculated as

δW (d) = QT

d
δq, with QT

d
= −C q̇.

The global damping matrix C can be calculated using
techniques, such as the Caughey or the Rayleigh damping
[29], and tuned based on experimental data. Finally, integrals
in (12), (13) and (7) can be computed numerically with the
help of Gaussian quadrature. As suggested in [27], the axial
strain components in equation (12) can be approximated
with five integration points, while three integration points
are sufficient for the bending integral in equation (13).

C. Equations of motion

To derive the flexible needle’s equations of motion,
we apply the dynamic equilibrium expression based on
D’Alembert’s form of the principle of virtual work, which
can be written as

δW (in) = δW (el) + δW (d) + δW (ex) + δW (c).

The virtual works of the above expression can be calculated
considering the contributions from the individual elements
as
ne∑
j=1

δW
(in)
j =

ne∑
j=1

(
δW

(el)
j + δW

(ex)
j

)
+ δW (d) + δW (c).

Substituting the derived virtual work expressions, the above
equation becomes
ne∑
j=1

(
M j ëj −Q

elj
−Q

fj

)T
δej −

(
Q

dj
+Q

cj

)T
δq = 0.

Based on the mapping between the global and local coordi-
nates ej = Ljq, the above expression can be written as

(M q̈ −Q
el
−Q

d
−Q

f
−Q

c
)T δq = 0, (16)

with

M =

ne∑
j=1

LT
j M jLj , Q

f
=

 ne∑
j=1

LT
j Qfj

+Q
P
,

and

Q
el
=

ne∑
j=1

LT
j Qelj

.

In the expression above, the vector Q
P

corresponds to the
point loads applied at the system’s nodal coordinates. Due
to the explicit integration of the constraint forces Q

c
, the

generalised coordinates of the flexible body can be treated
as independent and, thus, its equations of motion can be
expressed as

M q̈ = Q
el
+Q

d
+Q

f
+Q

c
. (17)

D. Solution strategy

The state vector q in equation (17) contains the boundary
conditions, due to the rigid connection between the flexible
needle and the rigid base. To eliminate the boundary condi-
tions, the state vector q can be partitioned in the constrained
q
c

∈ Rnc and active q
a

∈ Rna coordinates such that

q =
[
qT
c
, qT

a

]T
. The constrained vector q

c
incorporates the

prescribed motion of the associated coordinates (boundary
conditions), while the active (or free) vector q

a
describes

the free (independent) coordinates that define the beam’s
motion. Based on the above partitioning and equation (17),
the system’s equations of motion can be rewritten as[

M cc M ca

Mac Maa

] [
q̈
c

q̈
a

]
=

[
g
c
(t, q, q̇)

g
a
(t, q, q̇)

]
, (18)

where[
g
c
(t, q, q̇)

g
a
(t, q, q̇)

]
=

[
Q

elc
Q

ela

]
+

[
Q

dc

Q
da

]
+

[
Q

fc

Q
fa

]
+

[
Q

cc
Q

ca

]
.
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Fig. 4. Visualisation of the proposed ANCF method for modelling a transperineal prostate biopsy/brachytherapy needle. The method can model accurately
and in real-time the dynamics of the needle for arbitrarily large rigid body motions and flexible deformations.

Note, that Q
ca

= 0na
as there are no constraint forces

associated with the free coordinates of the system. Based
on this observation, equation (18) can be written as

q̈
a
= M−1

aa

(
Q

ela
+Q

da
+Q

fa
−Mac q̈

c

)
. (19)

Equation (19) can be integrated numerically to obtain the
temporal evolution of the active coordinates q

a
. Haptic

feedback can be obtained using the forces acting on the
needle’s support (point A shown in Fig. 3). These can be
calculated with the help of (18) as

Q
cc

= M ccq̈c +M caq̈a −Q
elc

−Q
dc

−Q
fc
. (20)

Equations (19) and (20) can be used for obtaining the
needle’s state under arbitrary driving constraints, such as
the desired translational and rotational velocity of its base
and arbitrary loading conditions, due to the needle’s inter-
actions with the surrounding tissue, illustrated in Fig. 2.
The distributed forces can be added to the needle model
as generalised external loads with the help of equations
(15). Using the technique of surface embedding [30], the
ANCF mesh can be bound to a high-resolution surface
mesh for high fidelity results. This is illustrated in Fig. 4,
in which the computational needle mesh was bound to a
virtual transperineal prostate biopsy/brachytherapy needle.
The model allows the real-time visualisation of the needle for
arbitrary rigid body motions, needle deflections and loading
conditions.

III. EXPERIMENTS

A. Experimental design

For the verification of the proposed computational needle
model, we have developed the experimental setup of Fig. 5.
It is comprised of the Schunk Lwa4p robotic arm equipped
with a specially designed end-effector, in which a flexible
transperineal prostate biopsy needle with 0.27m length is
rigidly attached. Furthermore, the setup includes two global
shutter high frame rate cameras (Daheng Imaging MER-160,
220 FPS) for capturing the needle’s deflection and vibration.
The synchronisation of the tracking and robotic systems as
well as their communication is achieved using the Robotic
Operating System (ROS). The user interface, shown in Fig.
6, was also designed in OpenGL for controlling the robotic
arm and visualising the system’s state.

The needle’s state is estimated with the help of im-
age processing and photogrammetry. More specifically, first

Fig. 5. Experimental setup.

the images from the two cameras, shown in Fig. 6, are
transformed into binary and their background is extracted.
Next, using principles from photogrammetry and projective
geometry, the corresponding points between the two images
are found and are used for constructing an estimate of
the three-dimensional needle’s state. This is defined by the
position, velocity and acceleration of the point cloud depicted
with green points in Fig. 6. The estimated point cloud is then
animated in real-time in the virtual environment, as shown
in Fig. 6.

Fig. 6. User interface for controlling the experimental setup.

Simulations were implemented on a 8-core Intel(R)
Core(TM) i7-9700 CPU running at 3.0GHz, using the C++
Armadillo library [31] with the Intel Math Kernel Library
(MKL) integration. Aspects of algorithmic parallelisation
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were implemented using the OpenMP API [32]. To tackle
numerical stiffness and to allow large time steps and real-
time simulation, numerical integration of equation (19) was
implemented with the help of implicit numerical solvers. To
accelerate computations, the Jacobian

∂Q
el

∂q
a

of the elastic
forces Q

el
was analytically calculated by differentiating

expressions (12) and (13). The proposed model allowed
for highly-efficient real-time simulations with integration
frequencies of more than 100 Hz.

For the following experiments, the flexible needle was
modelled as a homogeneous stainless steel beam with a
circular cross-section of radius r = 0.635mm and length of
L = 0.27m. Both its mechanical and geometrical properties
were assumed to remain constant along its span. All physical
parameters were based on commercially available bevelled
tip prostate biopsy needles, as the one illustrated in Fig. 1.

As discussed in Section I, due to tissue properties such
as its anisotropy and heterogeneity, needle-tissue interaction
forces have a stochastic nature and cannot be known with
certainty prior to the operation. Thus, the proposed needle
deformation model was tested using a wide range of known
loads, driving constraints and boundary conditions applied
along the needle’s geometry. These were chosen with ranges
close to the ones expected for the needle to experience
during a transperineal prostate biopsy/brachytherapy. More
specifically, two sets of experiments were conducted. In the
first set, the needle’s base was kept fixed, while its tip

Fig. 7. Needle tip loading with incremental weights. Variability among
experiments was negligible and thus no statistical metrics are reported.

was loaded with incrementally increasing weights ranging
from 0 to 80 grams. The needle deflection with respect
to its local frame f and the exact tip loading conditions,
are illustrated in Fig. 7. In the second set of experiments,
part of the needle’s distal geometry, including the tip, was
kept fixed with the help of a clamping device, while its
base was allowed to rotate. A sinusoidal pitch (around the
local y axis) rotation of 10o range and 0.2Hz frequency was
chosen to simulate driving inputs during the operation. This
loading is similar to the one presented in Fig. 1, where part
of the needle’s geometry is laterally constrained due to its

Fig. 8. Dynamic needle experiment with part of the needle fixed and its
base moving. The figure illustrates the needle deflection in different time
instances, with T = 5s. The data points denote the experiments average,
while error bars denote standard deviation. Sample size is n = 10.

interaction with the tissue, while its base is still performing
rigid body motion. In this experiment, 40% of the needle’s
distal length was kept fixed while the rest was allowed to
move freely. Results in various time instances are presented
in Fig. 8. As illustrated in Fig. 7 and 8, the proposed model
leads to highly accurate deflection profiles, even for large
needle deformations, in both static and dynamic settings.
More specifically, the root mean squared error between
the experimental observations and the model in the static
experiments of Fig. 7 was 0.63mm, while for the dynamic
experiments of Fig. 8 was 0.431mm. The maximum standard
deviation observed in the experimental data of Fig. 8 was
0.75mm. Both results satisfy the application’s requirements
as the current average targeting error for manual prostate
biopsy and brachytherapy procedures is over 5.5mm [33].

IV. CONCLUSION AND FUTURE WORK
This work presented a novel mathematical model for

capturing the three-dimensional dynamics of flexible medical
needles. The model, which was tailored to the requirements
of transperineal prostate biopsy/brachytherapy, allowed for
an accurate and computationally efficient solution. The ac-
curacy of the proposed model was verified experimentally,
exceeding the requirements for the targeted application. It
should be noted that the reported results solely refer to the
needle deflection and do not include the deformations of
the surrounding tissue. However, the presented approach can
be easily integrated with soft tissue dynamics to provide a
holistic needle insertion simulator. Future work will use this
model and the presented experimental infrastructure for the
development of such a system.
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