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Configuration Spaces
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Abstract—1In very high-dimensional (> 10) spaces, a col-
lection of points generated uniformly at random will concen-
trate very tightly about its expected value — defying intuition
developed in low-dimensional spaces. This paper explores the
implications of this for two major classes of sample-based robot
motion planning algorithms: Rapidly Exploring Random Trees
(RRTs) and Probabilistic Road Maps (PRMs). First we show
that the graph vertices concentrate in a thin-shelled hyper-
sphere, with almost none near the origin nor at the edges of the
workspace. Next we examine how varying one of the algorithms’
parameters — the maximum edge length— can dramatically alter
the algorithms’ complexity and the connectivity of the resulting
graph. Finally, we explore how the position of the initial node,
often placed arbitrarily, can impact the shape of the graph.
While the contributions of this paper are largely theoretical,
many robotic applications of practical interest have extremely
high-dimensional configuration spaces including humanoids,
swarms and soft (a.k.a. continuum) robotics.

I. INTRODUCTION

In the last few decades sample-based algorithms, such as
Rapidly Exploring Random Trees (RRT) [1] and Probabilistic
Roadmaps (PRM) [2], have become the dominant paradigm
in robot motion planning. While there are great number of
variants of these algorithms in the literature, they all sample a
discrete set of points in the configuration space to efficiently
build a connected and accessible graph which approximates
the underlying free configuration space it is embedded in.
This approach is in contrast to older computational geometry-
type algorithms which try to construct exact representations
of the space. Sampling based approaches are often touted as
ways to combat the “curse of dimensionality”.

Meanwhile the recent explosion of interest in so-called
big data and deep learning has spurred an interest in the
geometry of very, very high-dimensional spaces (see [3]
for an overview). For example in the word2vec model for
natural language processing, a text sample is represented as
a point in a vector space of several hundred dimensions.
Recommender systems, like those used to address the Netflix
Challenge, try to find a low dimensional basis for high-
dimensional data encoding the preferences of millions of
users across a catalog of thousands of products. And training
a deep convolutional neural network like AlexNet can be
thought of as an optimization problem in a parameter space
of millions of dimensions.
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The geometry of such high-dimensional spaces often
defies the intuition garnered from working with low-
dimensional systems. For example, it is well know that the
volume of a unit hyper-sphere peaks in 5-dimensions and
then tends to zero as the number of dimension approaches
infinity [4]. Our research program explores the implications
of running some common sample-based planning algorithms
in very high dimensional configuration spaces. In this paper
we focus on one particular phenomenon — termed concentra-
tion of measure — which predicts that sums of many random
variables (even uniformly distributed ones) concentrate ex-
ponentially tightly about their expected value. As we will
see in Sect. IV, this effect occurs in as few as 2 dimensions,
and by 20 dimensions it simply cannot be ignored. This has
interesting implications for the various planning algorithm
design choices, such as sampling strategy, initialization and
parameter selection which, to our knowledge, which have not
been discussed in the literature before.

The remainder of this paper is organized as follows. In
Section II we review two major classes of sample-based
planning algorithms. In Sect. III we review other works that
have explicitly considered planning problems in very high
dimensional spaces. In Sect. IV we formally introduce and
prove the concentration of measure phenomenon. Section V
illustrates a variety of implications for the RRT and PRM
planning algorithms. Finally, we summarize our findings and
our agenda for future work in Sect. VI.

II. BACKGROUND: SAMPLE-BASED PLANNING

Let a robot’s configuration be defined as a point on a
compact N-dimensional manifold q € C. The subset of
the configuration space which does not include obstacles
is called the free configuration space, Cree. The basic
motion planning problem is as follows. Given initial and
goal configurations, qo and qggeq, in the same connected
components of Cj..., find a continuous path connecting
them lying entirely within C'¢yce.

Sample-based planners such as RRT and PRM use a pre-
processing phase to create a graph in Cy,c. (specified by
sets of vertices V' and edges FE), often termed a roadmap,
which is both connected and easily accessible from any
point in C'fyee, approximating the connectivity of C'free. A
generic RRT pre-processing algorithm is shown in Fig. 1
while a simplified version of PRM is given in Fig. 2. The
subroutines are defined as follows. SAMPLE generates a point
in Cfyce (described in more detail later). NEAREST finds the

7865



Rapidly Exploring Random Tree (RRT)|

V= {a}. =}

2:.fori=1...ndo

3t drand = SAMPLE € Cfee

4: Anear = NEAREST(and7 V)

5 Anew = EXTEND( dnears Arand, @max)

6:  if COLLISIONFREE(qycw, Qnear) then
7: V= Vanewv E= EU(qnewa qnear)
8: end if

9: end for

—
(=]

. RETURN G = {V, E}

Fig. 1. A generalization of the RRT pre-processing algorithm.

closest existing vertex, qpeqr € V' to a query point g, while
NEAR returns a subset of vertices, U C V/, that are within a
distance dy,x Of the query point q, using a preferred metric
defined on the configuration space. EXTEND grows the tree
from qycqr toward a sample configuration q,qy,q by a small
distance, dp,ax, using a local planner. Any candidate edge,
(di,q;) is collision checked by COLLISIONFREE before
being added to the graph.

Note that both algorithms involve generating samples
in the free configuration space via SAMPLE. While there
are many possible approaches, including deterministic se-
quences [5], goal-biased [6] or medial-axis sampling [7],
by far the most common approach in practice is to use a
component-wise uniformly distribution with rejection sam-
pling — i.e. to generate a point using N independent uniform
distributions defined on intervals whose Cartesian product
is a hyper-rectangular super set of C, and then check if
the point is contained in Cf,c.. If the point is rejected, the
process is repeated until it is successful.

Also observe that the parameter d,,,x — an upper threshold
on the length of a graph edge — appears in both algorithms.
In the case of RRT, the subroutine EXTEND attempts to
grow or steer the tree toward the sample by a distance
not to exceed dpa.x; while in PRM, rather than collision
checking all possible pairs of vertices, connections are only
attempted between vertex pairs returned by NEAR which are
closer than dp,.x. While this distance limit is not included
in every variant of these algorithms, it is extremely common
in practice. The motivation for this heuristic is rooted in the
assumption that shorter edges are more likely to be collision
free; that the cost of collision checking a potential edge is
often proportional to its length; and that very dense graphs
can be cumbersome to store and search.

In Section IV we show that when such a uniform sampling
is used to generate a large collection of points in a high-
dimensional space, the distribution of distances between
them concentrates exponentially tightly around some ex-
pected value; and in Section V we discuss the implications
of this for the PRM and RRT algorithms.

[Probabilistic Road Map (PRM)|

V={a}, E={}
for i=1,...,n do
q; = SAMPLE € Cyyee
V=VUa
end for
for i=1,....,n do
U = NEAR (q;, V, dmax)
for q; €U do
if COLLISIONFREE (q;,q;) then
E=FE(a;,q)
end if
end for
end for
RETURN G = {V, E}

Fig. 2. A generalization of the PRM pre-processing algorithm.

III. LITERATURE REVIEW

The literature on sample-based motion planning is vast
and there are many variants of the basic PRM and RRT
algorithms. In this article we focus on the impact of uniform
random sampling but many other sampling strategies exist
including deterministic sequences [5], goal-biasing [6] or
medial-axis sampling [7]. In [8] the authors discuss some
properties of RRTs, used in this paper, and some open
problems. In [9] the authors introduced PRM* and RRT*
— optimal variants of the respective original algorithms. In
doing so they present a thorough analysis and comparison of
the time complexity which we discuss later. In [10] a model
of the rate at which a planner fills the space is proposed and
is shown to scale with the volume of a hyper-sphere. This
concept reappears in this paper.

The contribution of this paper is largely theoretical, though
we think it may guide the design of algorithms for emerging
applications in robotics involving high-dimensional config-
uration spaces. For example, several industrial robots have
8 degrees of freedom (DOF) while researchers have built
hyper-redundant robots with up to 30 DOF [11] — including
snake [12] and eel-like robots [13]. Planning for humanoid
robots requires considering 40+ DOF [14]. Continuum-
style manipulators and soft robots can be modeled with
an arbitrary number of DOF [15]. In swarm applications,
experiments with over 30 differential drive-style robots have
been conducted (90 DOF) [16]. Certainly the ultimate goal of
modular robotics research is to far exceed that number [17].
Researchers have long since applied robot motion planning
techniques to protein folding which can have hundreds or
thousands of DOF [18].

Here we discuss works explicitly aimed at planning in very
high-dimensional configuration spaces. The provocatively
titled article “Path Planning in 1,000+ Dimensions” [19],
considers a strategy for very high-dimensional problems that
have a very low-dimensional task space. By growing an RRT
in the low-dimensional space and using a heuristic local
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Fig. 3. An illustration of component-wise uniform sampling in 2-D.

planner to connect the samples in the higher dimensional
space they are able to quickly solve very large problems.
Unfortunately, they do not offer any analysis of the approach,
which is unlikely to retain the probabilistic completeness of
the original RRT algorithm. In a similar vein, [20] proposes
an algorithm whose search begins in a low dimensional sub-
space of Cf,e. and adaptively expands the search to include
additional dimensions until a solution is found, preserving
the completeness property of the original RRT. [21] seeks
to leverage the Johnson-Lindenstrauss Lemma to estimate
sample coverage in high-dimensional spaces using distance
preserving random linear projections. [22] considers a similar
approach but the projections are learned. In general we
feel that the application of approximate nearest-neighbor
techniques [23] and so-called matrix sketching techniques [3]
to motion planning problems deserve more attention. [14]
introduces XXL — a motion planner designed explicitly for
high-dimensional spaces. That article includes a section that
investigates an RRT variant called RLRT where the vertex
selected for expansion is selected at random — instead of
using the nearest neighbor algorithm. They show that on
a 14 and 21-dimensional example problem the behaviour
of these two algorithms is statistically in indistinguishable,
suggesting that, in high dimensions, distance queries are less
discriminating — a known fact related to the concentration of
measure phenomena we discuss in this paper.

IV. CONCENTRATION PHENOMENA

We will use the term component-wise uniform sampling to
refer to the following strategy for SAMPLE. Generate a point,
q in the unit hypercube [—1/2,1/2] x --- x [-1/2,1/2] C
RYN . where each component of the vector, ¢;, is inde-
pendently drawn from a continuous uniform distribution
supported on the interval [—1/2,1/2].

Figure 3 illustrates a collection of 1,000 vertices generated
in 2-D via such an approach. To the eye, Fig. 3 seems
uniform, yet Fig. 4 shows that, even in 2-D, the distribution
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Fig. 4. The distribution of the distance of 100,000 points to the origin in
2 dimensions is not uniform.
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Fig. 5. The distribution of the distance of 100,000 points to the origin in
50 dimensions is highly concentrated.

of the distance of the samples from the origin, d = ||ql|,
in not uniform — peaking around d = 0.5, with very few
samples generated near the origin (d ~ 0) or at the vertices
(d = 0.707 — the vertical line in Fig. 4). However in higher
dimensions this disparity is much more extreme. Fig. 5
shows that in 50 dimensions virtually all of the samples are
generated in a tight range d € [1.6,2.4] with none being
generated near the origin (d =~ 0) or near the vertices of the
50-D hypercube (d ~ 3.5 — the vertical line in Fig. 5).

In fact, concentration of measure predicts that, as N
increases, with high probability all the samples will lie in
the intersection of the unit hypercube and thin shelled hyper-
sphere whose radius is the expected value of the distance,
E(d). While it is impossible to plot high-dimensional spaces,
Fig. 6 provides a conceptual depiction of how the samples
from Fig. 5 would be arranged in a 50-D hypercube. To
derive this formally, first consider that the square of the L?
norm of a random vector in RV is the sum of N random
variables, so via linearity:

E(d*) = E(¢i +-..4qy) = NE(g}). @)

If ¢; is drawn from a bounded uniform distribution defined
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Fig. 6. A conceptual depiction of component-wise uniform sampling in
50 dimensions (compare to the 2-D case in Fig. 3). Despite being generated
by a uniform distribution, points are concentrated at the intersection of the
50-D hypercube and a thin shelled hypersphere.

over [—1/2,1/2], the PD.E. is simply 1. Then we may
compute

1/2 B .
E(q}) = /1/2 t*dt = (1/32)3 _ 13{2)3 =1/(12). ()

While there is no closed-form expression for E(d) (also
know as the hypercube point picking problem [24]), E(d) =~
1/21/(N/3). For example, when N = 50 1/2,/(N/3) =
2.04 — which agrees with Fig. 5.

Because the terms are independent, the variance of the sum
equals the sum of the variances (i.e. Vard®> = N - Var(q?)
), and

Var(¢}) = Elg}) — E(¢})?, 3)

where E(q?)? = (1/12)? via Eq. (2) and

1/2 .
E(q}) = /_1/2 thdt = (1/52)5 _ ! 15/2)5 =1/80. (4)

Therefore Var(q?) = 1/80 — (1/12)? ~ 0.0056.

Now using Chernoff’s bound, we can compute the bound
probability a point is more than some distance ¢ from the
expected value

_ (2-N/12)2

Pr(d® — B(d®) > *) <e MVl )

which shows that the upper tail clearly decreases exponen-
tially with both ¢ and the dimension /V (a similar result holds
for the lower tail).

Next consider the distance between two uniformly ran-
domly generated points inside the hypercube d;; = ||q; —
q;||, known in the literature as the “hypercube line picking”
problem. In this case the integral for the expected value,
referred to as A(N), has not been solved analytically but

can be easily numerically evaluated, for example in 3-D it
is termed the Robbins Constant [25] A(3) & 0.661 while in
8-D it is A(8) ~ 1.128. It is known to be bounded as [24]:

3 \}
142 (1 5 N) 1 .

(6)
Again, since this quantity is the sum of N bounded random
variables, it too concentrates exponentially in high dimen-
sions via Chernoff’s bound.

While the specific numerical results in this section were
derived using the L? norm, assuming the variables were
identically and uniformly distributed and that Cf... was a
unit hypercube, it is important to note that the concentration
of measure phenomena holds for a much broader set of con-
ditions including non-uniform or non-identically distributed
samples, and for any norm that can be expressed as the sum
of components.

[NIE

1 1 B
— < < | = —
g VESAN) < <6N) .

V. IMPLICATIONS FOR SAMPLE-BASED PLANNING
ALGORITHMS

Now let us consider the process of growing an RRT
or PRM in an N-dimensional unit hypercube, using the
component-wise uniform sampling strategy discussed above.

a) Vertex Distribution: In the case of PRM since the
vertices are directly generated by SAMPLE, it is obvious that
the vertices will obey the distribution used for SAMPLE. In
the case of RRT, if no distance limit is imposed (i.e. dpax =
o0) the same vertex distribution emerges. When dpax 7# 00
it has been shown [8] that, as n increases, the vertex set
converges to SAMPLE’s distribution in the limit. Egs. (2) and
(5) suggest that in high dimensions nearly all the vertices will
concentrate in a thin shell near the intersection of the unit
hypercube and a hyper-sphere of radius E(d) = 1/2,/N/3.
Again, Fig. 5 illustrates that for a PRM in 50 dimensions with
100,000 vertices generated inside the unit hypercube, none
of the vertices are within 1.4 units of the origin (d = 0) nor
within 1 unit of the hypercube vertices (d ~ 3.54) and a
conceptual 2-D illustration of this can be seen in Fig. 6.

b) Nearest Neighbors: It is well known that in high
dimensions Euclidean distance provides poor contrast —
the difference between the maximum and minimum value
relative to the expected value. For example, in 50-D (Fig. 5),
the contrast is on the order of 20%; whereas in 2-D (Fig. 4)
the contrast is 100%. This suggests that for high-dimensional
problems approximate nearest neighbor algorithms [23]
could reduce run-time without sacrificing completeness or
path quality. It also suggests that other distance metrics (i.e.
fractional) may provide more discriminatory power. This
is likely the reason [14] reports that, in high dimensions,
replacing the NEAREST vertex selection with a randomly
selected vertex can perform nearly as well in terms of
completeness and path quality.

c) Selection of d,.x: The design parameter dy,ax ap-
pears in both the PRM and RRT algorithms and effectively
defines the maximum edge length in the resulting graph. In
this section we ignore qg, which may be placed arbitrarily
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and will be discussed in the next sub-section, and assume
all samples are generated using component-wise uniform
sampling.

In the case of PRM, if dmax << E(d;;) then with high
probability the set returned by NEAR will always be empty
and the resulting edge set will also be empty! Fig. 9 shows
the possible range of values is dpax € (0, 7.07]. Clearly care
must be taken in selecting its value because a small change
in dynax can radically change the number of samples returned
by NEAR. Using dp.x < 1.9 results in an empty edge set.
Such a graph will never represent a solution to the motion
planning problem because it is not connected. On the other
hand dyax > 3.5 results in the set returned by NEAR to be
the set of all vertices V' resulting in n(n — 1)/2 calls to
COLLISIONFREE. This is inadvisable since the motivation
behind d,,x is to avoid the time and storage complexity of
an all-pairs search. Its this sensitivity that gives rise to the so-
called phase-change phenomena in random graph theory [9].

The PRM* algorithm introduced in [9] selects:

d:nax = YPRM (N) (log(n)/n)l/N (7)
where
Yprm(N) = 2(1+ 1/N)YN (u(Chree) /xn)N,  (8)

#(Cpree) is the Lebesgue measure (i.e., volume) of the
free space, and yn is the volume of the unit ball in N-
dimensions. [9] shows that this selection results in O(log(n))
time complexity (i.e. O(log(n)) vertices returned by NEAR).

While that is true in the limit n — oo, [9] also notes
that when the number of vertices in the graph is below some
threshold, n < ng, the number of calls to COLLISIONFREE
is actually linear in the number of nodes n. The relationship
between ng and the dimension /N is non-obvious; but relates
to how dj .. scales with the dimension relative to the
expected distance between samples in Eq. 2. Considering
Eq.7, the log(n)/n term clearly varies with the number of
samples, while the remaining terms are solely functions of
the dimension N - including the volume of a unit hyper-
sphere, which goes to zero at a factorial (super-exponential)
rate as N — oo.

Figure 7 shows that for a fixed number of vertices, the
value of d7 .. (displayed in red lines representing n = 103,
105, 107 and 10%) grows faster than E(d;;). Because d;;
concentrates tightly, when the red lines are well below the
green region connections are only attempted between a few
vertices in the lower tail resulting in the desired logarithmic
complexity; however when the red lines are inside the green
region connections will be attempted between a large fraction
of the vertices resulting in a number of calls proportional
to n. To illustrate this trend, consider second lowest red
line in Fig. 7 representing n = 107. When N = 10 the
histogram in Fig. 8 shows that d} . (vertical red line)
selects the exponentially decreasing lower tail and 3,814
vertices (0.035% of the total) are returned by NEAR for
collision checking — hence O(logn); however when N = 50
Fig. 9 shows that d,.x* selects 5,000,000 vertices (50%)
— suggesting a linear dependence on n. Figure 10 shows the
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Fig. 7. The connection distance threshold suggested by PRM* for various
numbers of vertices (103, 105, 107 and 109 shown in solid red lines)
compared to the expected value of distance between nodes (green line,
shaded area is £2 standard deviations).
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Fig. 8.  For 107 vertices in 10-D the connection distance threshold
suggested by PRM* (red vertical line) returns only 3,814 (0.038%) of the
vertices for collision checking.

value of the threshold n, as a function of the dimension, as
computed numerically. Clearly it has exponential dependence
on the dimension. In 10-D about 1.8 x 10* vertices are
required to reach the O(logn) regime while are 1.6 x 1017
are need in 50-D. Naturally this “curse of dimensional” is a
fundamental aspect of high dimensional problems; however
it brings to light the fact that for very high dimensions, even
with seemingly many nodes, O(n) run time is to be expected.

d) Initial Configuration: The selection of qg is often
treated as arbitrary and inconsequential — frequently chosen
at the origin qp = 0. Keep in mind that the expected value
of a distance of a sample configuration to the origin, E(d), is
much smaller than the expected value of the distance between
two samples E/(d;;); and because these values concentrate
tightly in higher dimensions we can say with high confidence
that if qp = 0, as N — oo

P?‘(doi < dij) — 1,Vi7j. (9)

In the case of PRM, this has the implication that if
E(dy;) < dmax < E(d;;) then with high probability, NEAR
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Fig. 9. For 107 vertices in 50-D the connection distance threshold
suggested by PRM* (red vertical line) returns about 5,000,000 ( 50%) of
the vertices for collision checking.
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Fig. 10. The minimum number of vertices for PRM* to reach the O(log n)
complexity regime, ng, is exponential in dimension. Below that threshold
the number of collision checks scales linearly with the number of nodes n.
Note the log scale on the vertical axis.

will only return qqg. This results in a roadmap resembling a
star-shaped tree, rooted at gy with every other node being a
leaf (see Fig. 11). In the case of RRT an identical structure
emerges if dyax > FE(d), since the vertex distribution will
match that of SAMPLE. For both cases, this behavior can
be generalized beyond qy = O to any initial configuration
inside a ball of sufficiently small radius about the origin.

On the other hand in our RRT experiments where dy,ay <<
E(d), we consistently observed two trends. When the initial
node is placed inside a hypersphere of radius E(d) (i.e.
laol] < E(d)), at first it grows N + 1 branches, quickly
increasing the radius of the tree [8], until it touches the thin-
shelled hypersphere at which point the radius levels off a few
standard deviations above E(d), and the remaining vertices
approach the sample distribution as discussed above. On the
other hand, when ||qo|| > FE(d) the tree rapidly grows a
single branch toward the hypersphere, penetrating the interior
before growing N + 1 branches which eventually rejoin the
thin-shelled hypersphere at which point the radius levels off
a few standard deviations above E(d).
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Fig. 11. A 2-D projection of a PRM in 100 dimensions where the selection
of dmax, caused qp to always be the nearest neighbor resulting in a star-
shaped tree graph.

VI. CONCLUSION AND FUTURE WORK

In this paper we explored the behavior of sample-based
motion planning algorithms, such as RRT and PRM, in
very high dimensional hypercube-like configuration spaces.
In particular, we saw that a commonly used sampling strategy
(component-wise uniform distributions) gives rise to the
so-called concentration of measure phenomena, where the
expected value of the distance of the samples from the
origin is E(d) = 1/2,/N/3, with exponentially decreasing
tail bounds. This suggests that the vertices generated by
such algorithms tightly concentrate within a thin-shelled
hypersphere of radius 1/2+/N/3, with effectively no vertices
near the origin and none near the outer-most corners of
the configuration space. Because the inter-vertex distances,
E(d;;), concentrate tightly as well, the nearest neighbor
heuristic commonly used to create potential edges may be
less discriminating in high dimensions because many vertices
are essentially equidistant from each other — supporting
similar observations in the literature [14] suggesting that
selecting a vertex at random may be almost as effective.
Care must be taken when setting the maximum edge length
parameter which appears in many practical implementations
of these algorithms — slight changes in the value can cause
the graph to change from disconnected to densely connected.
Even the value used by PRM* [9] can effectively require
many collision checks in high enough dimensions resulting
in O(n) run-time. Furthermore, if the initial node is placed
at the origin, instead of at random, it is with high probability
the nearest neighbor of every vertex, creating a star-shaped
graph where every vertex is a leaf except the origin.
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