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Safety Under Uncertainty: Tight Bounds with Risk-Aware Control
Barrier Functions

Mitchell Black! = Georgios Fainekos?

Abstract— We propose a novel class of risk-aware control
barrier functions (RA-CBFs) for the control of stochastic safety-
critical systems. Leveraging a result from the stochastic level-
crossing literature, we deviate from the martingale theory that
is currently used in stochastic CBF techniques and prove that
a RA-CBF based control synthesis confers a tighter upper
bound on the probability of the system becoming unsafe within
a finite time interval than existing approaches. We highlight
the advantages of our proposed approach over the state-of-
the-art via a comparative study on an mobile-robot example,
and further demonstrate its viability on an autonomous vehicle
highway merging problem in dense traffic.

I. INTRODUCTION

A safe autonomous system is the gate to a fully au-
tonomous system. Since the arrival of control barrier func-
tions (CBFs) as a tool for safe control design and system ver-
ification [1]-[5], the field of safety-critical systems has drawn
nearer to passing through this gate. Intuitively, a valid CBF
constitutes a certificate that all system trajectories beginning
within the set of safe states shall remain safe for all future
time. For a class of control-affine dynamical systems, it is
popular to included CBFs as linear constraints in a quadratic
program (QP) based control law. And while the potential of
this set-theoretic approach to render, preserve, and/or verify
safety in a system has been demonstrated in applications like
autonomous driving [5]-[7], quadrotor control [8], [9], and
multi-agent systems [2], [10], its guarantees of safety may
be lost in the absence of a complete system model.

In the deterministic setting, various works have addressed
this problem by modifying standard CBF conditions. For
example, robust-CBF approaches were proposed for safe
control design under bounded perturbations to the system
dynamics [4], [11], [12] or measurement error [13], [14],
though the worst-case assumptions beget conservatism. Un-
der linearly parametric model uncertainty, adaptive-CBF
approaches have been used to both learn [9] and compensate
for the effect of [15] unknown parameters in the system
dynamics. For more general nonlinear uncertainty, Gaussian
processes have been used to learn non-parametric, proba-
bilistic models of the system [10], [16], [17], residual terms
in the CBF [18], and barrier functions directly [8], among
others. Additional works have adopted chance-constrained
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CBF conditions for probabilistic models [19]-[21], but do
not consider safety over a time interval.

In many practical applications, the system behavior in-
stead may be modeled by a class of stochastic differential
equations (SDEs). Beginning with [22] and the stochastic
barrier certificate, CBF development in the stochastic setting
has leaned heavily on martingale theory for both discrete-
and continuous-time stochastic processes. Stochastic CBFs
(S-CBFs), introduced in [23] and adapted for risk-bounded
control in [5], [24], leverage martingales to bound the
probability that a system becomes unsafe over a finite time
interval. While useful in theory, in practice the probability
of safety is severely limited by the initial condition. In [25]
this problem is addressed via reciprocal and zeroing CBFs
for stochastic systems, with claims of safety with probability
one, though the required level of conservatism is unclear.

In this paper, we deviate from martingale theory and make
the following contributions:

o We introduce a new class of risk-aware control barrier
functions (RA-CBFs) that uses a generator' condition
derived from the stochastic level-crossing literature to
obtain an upper bound on the probability that the system
becomes unsafe over a finite time interval.

e« We derive conditions under which our RA-CBF con-
troller guarantees a smaller upper bound on the risk
of the system becoming unsafe than existing S-CBF
methods, and further show via a 100,000 trial numerical
study that our controller results in less conservative be-
havior despite this stronger guaranteed risk protection.

o We consider an autonomous vehicle highway merg-
ing problem and demonstrate the efficacy of our pro-
posed RA-CBF based controller in successfully merging
amongst dense traffic under a required safety probability
of 99%.

II. PRELIMINARIES AND PROBLEM FORMULATION

The uniform distribution supported by a and b is Ula, b]. A
bolded x; denotes a vector stochastic process at time ¢. The
Gauss error function is erf(z) = % Jo e tdt, and erf ()
is its inverse. The trace of a matrix M € R™*" is Tr(M).
The Lie derivative of a function ¢ : R™ — R along a vector
field f : R® — R™ at a point x € R" is Ly¢(x) & %f(m).

I'The (infinitesimal) generator of a stochastic process is analogous to the
Lie derivative for deterministic systems.
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A. Preliminaries

We consider the following class of nonlinear, control-
affine, stochastic differential equations (SDE),

dxy = (f(wt) + g(wt)ut)dt + o (@) dw, (D

where £ € X C R" denotes the state, u € U C R™ the
control input, and w € R? a standard ¢-dimensional Wiener
process (i.e., Brownian motion) defined over the complete
probability space (2, F, P) for sample space (), o-algebra
F over , and probability measure P : F — [0,1]. We
consider a class of memoryless, state-feedback controllers
such that the control signal is u; = k(x;), with f : X — R",
g: X = R"™" and k : X — U known, locally Lipschitz,
and bounded on X, which is assumed to be bounded. We
consider that o : R™ — R™*? from (1) also satisfies these
regularity conditions, and thus assume that for all ©u € U
and &y € Xy C R" the process {x; : t € [0,00)} is a
strong solution to (1) (see [26, Ch. 5, Def. 2.1]). For strong
solutions, the generator is defined as follows.

Definition 1. /27, Def. 7.3.1] The (infinitesimal) generator
A of x, is defined by

o Elp(m) [0 =yl — ¢(y)
Ad(y) = lim y :

2

where ¢ : R™ — R belongs to D 4, the set of all functions
such that the limit exists for all x € R".

The generator is the stochastic analog to the Lie deriva-
tive for deterministic systems in that it characterizes the
derivative of ¢ over the trajectories of (1) in expectation.
By [27, Thm. 7.3.3], for a twice continuously differentiable
function ¢ with compact support, i.e., ¢ € C3(R™) C D4,
the generator A of x; is described by

1 0?
Agp(x) = Lf¢(ac)—|—Lg¢(a:)k(w)+§Tr (a(g:)Taw‘é’a(a:)> ,
which we denote 'y (2, u) == A¢p(x) by using u = k(z).
Consider the set .S defined by a twice continuously differ-
entiable, positive semi-definite function B : R™ — R:

S={xeR": 0<B(z) <1}, 3)
and assume that is also known that for some ~ € [0, 1],
B(x) <, Vx € X,. 4

In the deterministic setting, the set S is said to be forward-
invariant if ¢y € S = x, € S, Vt > 0. In this paper,
we assume that S denotes the set of safe states for (1) and
therefore use the notions of forward invariance and safety
interchangeably. In the stochastic setting, however, there may
be failure cases in which x; exits .9, i.e., the system becomes
unsafe. We therefore consider the stopped process, &y, and
probabilistic forward invariance, adapted from [28].

Definition 2. [29] Suppose that T > 0 is the first time of
exit of x4 from the open set S. The stopped process & is

P Ty t<T,
. =
T, t>T.

Definition 3. Let 0 < p < 1, and consider the stopped pro-
cess over an interval of length T > 0, i.e, {&; : t € [0,T]},
w.r.t. the set S defined by (3). The set S C X C R" is a prob-
abilistic forward-invariant set with probability p for system
(1) over the interval [0,T] if P (z, € S,Vt € [0,T]) > p.

Thus, S is safe with probability p over the interval [0, T
if it is a probabilistic forward-invariant set with probability
p over [0,7T]. Alternatively, the probability p of the system
becoming unsafe over [0,T], i.e., p:= P(3t € [0,T] : & ¢
S), is bounded by p < 1 —p. We refer to p in the remainder
as the “’system risk”. One approach to bounding the system
risk of (1) is to use S-CBFs in the control design [5], [23].

Definition 4. Consider a set S C R" defined by (3) for
a twice continuously differentiable, positive semi-definite
function B satisfying (4). The function B is a stochastic
control barrier function (S-CBF) defined on the set S if
there exist o, 3 > 0 such that for the system (1) the generator
Tp(x,u) satisfies the following condition, for all x € S,

7irelfu I'p(z,u) < —aB(z) + 8. )

A valid S-CBF guarantees that the system risk is bounded
from above, as shown in the following [23, Prop. 1].

Theorem 1. Consider a stochastic system of the form (1),
a set of safe states S implicitly defined by a function B as
in (3), and the interval [0,T] for T > 0. Let the probability
that {&; : t € [0,T]} exits S be denoted ps.cpr = P(3t €
[0,T] : & ¢ S| £(0) € X). If B is a stochastic control
barrier function for (1) over the set S, then

a>0and a < j,
a>0and a> [,

1—(1—y)ePT;
ps-cBr < (7 + (ePT — 1)%) e T
v+ BT} a=0.

(6)

Remark 1. A S-CBF controller can certify that at best a
fraction of 1 — ~v of the trajectories will be safe over a time
interval for any choice of a, 3, T > 0. Note that, due to the
martingale origins of S-CBFs, the strength of the process
noise (o(x)) in (1) does not appear in (6). This motivates
the problem formalized in Section II-B.

For control design, it has become popular to synthesize a
variety of CBFs (e.g. S-CBFs [5], chance-constrained CBFs
[19], [20], robust CBFs [4], etc.) with a nominal controller
via quadratic program (QP) based control laws of the form

1 1
uw* = argmin— |lu — ug|* + ~wd? (7a)
wetd 2 2
S.t.
Au+b+es <0, (7b)

where ug is the nominal control law, ¢ is a slack variable with
weight w > 0, and (7b) represents a generic CBF constraint,
with b,c € R, A € RY™. In the remainder, we use (7) to
compare emergent behaviors of systems under S-CBFs and
our proposed risk-aware CBF.
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B. Problem Formulation

Based on Remark 1, we hypothesize that S-CBFs may
introduce unnecessary conservatism into risk-aware control
design. We use an illustrative example to show that this is
indeed true, and thereby motivate the problem.

Example 1. Consider a mobile robot seeking to achieve the
following objective: visit a circular region of radius Ry, > 0
centered on sy = [z, yg]T, defined with respect to the origin
so of an inertial frame I, while remaining inside a circular
region of radius R, centered on sg. The goal specification
may be thought of as visiting a point of interest, while the
constraint may model e.g. limited communication range. We
choose s, = [2 2|7, R. =1, Ry, = 0.25 such that the goal
and safe sets do not intersect. Assume that the robot may be
modeled as a 2D stochastic single-integrator,

dzy — B ﬂ {”m] dt + {(’Of f] duw,, ®)

Uy y

where z = [z y]T denotes the robot’s position (in m) with
respect to sq, the control u = [v, vy|T consists of velocities
along x and y axes (in m/s), and o,,0, € R dictate the
strength of noise introduced by the Wiener process w € R?.

For control we use (7) with a nominal input of uy =
—k[(z — x4) (y — yg)]* with k > 0. The input constraints
are vy, Uy| < Upmag = 10, and (7b) is the S-CBF condition
(5), with B(z) = ””21%3’2. An upper bound on the risk of
the system becoming unsafe under the S-CBF-QP controller
is then given by (6). We fixed 2o = [1/v/2, 0]7 such that
B(zp) = 0.5 = v and considered a time horizon of T' =1
sec at a time-step of At = 0.001 sec. We then simulated the
trajectories over N = 100, 000 trials with 0, 0y = 0.3Vpqz -
At, i.e., a strength of 30% of the maximum control input.

The results (shown in Table I) confirmed our hypothesis:
the S-CBF constraint may yield a theoretical system risk
bound that significantly overestimates the actual fraction of
unsafe outcomes. Despite bounded failure rates of 0.505 and
0.990, the S-CBF based controller preserved safety in 100%
of the 100, 000 trials (0 failures) in both cases over the T' = 1
sec intervals. It is clear from this example that the S-CBF
risk bounds may not, and certainly here do not, provide any
meaningful guidelines.

Theoretical p | Measured p | « B8 vy T
0.505 0 0.1 | 0.01 | 050 | 1.0
0.990 0 100 | 40 | 0.50 | 1.0

TABLE I: Stochastic CBF Trials N = 100, 000

As such, we seek to design a stochastic control framework
that bounds the system risk over a finite time interval while
bridging the gap between results derived in theory and those
observed in practice. We now formally define the problem.

Problem 1. Consider the stochastic dynamical system of the
form (1) and an associated safe set S defined by a twice
continuously differentiable, positive semi-definite function B

satisfying (4). Design a feedback controller w; = k(x;) such
that under certain conditions p = P(3t € [0,T] : &+ ¢
S) < ps.cBr, where ps.cpr is given by (6), and identify
the conditions under which this relation holds.

III. RISK-AWARE CONTROL BARRIER FUNCTION

In this section, we propose solving Problem 1 via a novel
class of risk-aware control barrier functions (RA-CBFs).
First, we require the following.

Lemma 1. Suppose that w : R>o — R is a standard Wiener
process, and T > 0 and a > 0 are constants. Then, the
probability that wy < a, for all t € [0,T)] is given by

a
P sup w(t)<a|)=ef|—]. 9
(09&% w ) (\/2T> )
Proof. The proof follows directly from [30, Section 3]. [

In what follows, we denote the integral of the generator
of Z; as

t

IL(t) = / FB(§357us)ds, (10)
0

which may be included as an integrator state in an augmented

system of dimension n + 1. We now formally introduce the

notion of the risk-aware control barrier function.

Definition 5. Consider a set S C R" defined by (3) for
a twice continuously differentiable, positive semi-definite
Sfunction B satisfying (4). The function B is a risk-aware
control barrier function on the set S if there exists a
Lipschitz continuous function o« € Ko such that for the
system (1) the following holds for all x € S,

Inf Tp(@,u) < a(h(IL(t))),

(11)
where
h(Ip(t) =1—v— (V2nT)erf ' (1 — pa) — IL(t), (12)

with I1,(t) given by (10), pg € {1 — erf (\};ﬂ’;) , 1] a design

parameter, and

n =sup ||LsB(x)| . (13)

xS

In the following theorem, our main result, we prove that
RA-CBFs bound the risk that a system of the form (1)
becomes unsafe over a finite time interval.

Theorem 2. Let T > 0, and denote the system risk as
p=P3Fte0,T):& ¢S |xo € Xy). If B is a risk-aware
control barrier function on the set S, then,

p < pa (14)

where pg € Ll —erf (\};JT) , 1} is a design parameter with
n given by (13).

Proof. Let 7 > 0 be the first time of exit of x; from the
open set S. With {x; : t € [0,00)} a strong solution to (1),
we have via Itd6’s Formula [27, Theorem 4.2.1] that Vt < 7,

dB({i}t) = FB(it, ut)dt + LJB(it)d'LUt,
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which leads to the integral equation B(Z;) = B(&g) +
Ip.(t) + Is(t), where Iy (¢) is a Lebesgue integral defined
by (10) and Ig(t) is a stochastic integral defined by
t
Is(t) :/ L,B(&,)dws. (15)
0
While (10) can be evaluated deterministically, the stochastic

integral (15) is an It6 integral [27, Def. 3.1.6] and thus
induces a distribution on B(&;) based on

(/Ot LUB(:ES)de>T> .

With w the ¢-dim. standard Wiener process, it follows
from the ¢-dim. It6 isometry ([31, Lemma 18] (an exten-
sion of the 1-dim. Itd isometry [27, Lemma 3.1.5]) that

t - 2 t < 2
E (fo LUB(ws)dws) = Jo ILoB(&,)||” ds, and thus

that B(z:) ~ N (up(t),0%(t)), where ug(t) = B(xo) +
I1,(t) and o%(t) = [3 | Lo B(&)|” ds. As such,

Is(t) ~ N <0, E

p1P< sup B(i't)<1|B(530)§’Y>-
0<t<T

Now, let Ig(t) ~ N(0, fg n?ds) induce a probability distri-
bution on B(&;), i.e., B(x) = B(&o)+1L(t)+Is(t). Then,
since by (13) fot n*ds > o%(t), for all t > 0, it follows that

pSpizl—P< sup B(ict)<1|B(5co)§7)- (16)
0<t<T

However, we observe that fg n?ds = n*t, and thus by
Gaussian linearity Is(t) = nvtw(t), where w(t) is the

1-dimensional standard Wiener process, which implies that
B(xy) = By + I1(t) + nv/tw(t). Therefore,

1—~—1Ip(t
p:l—P(sup w(t)<7L()|BOSV),
0<t<T 't
<1 P( (t)<1_7_I_L|B < ) 17)
- sup w _— ,
- ogth T 0=7

where I, = supg<,<r I1(t). Thus, from (16), (17), and
Lemma 1 we have

p<p (8)

IA
=
|
D
=
5
VRS
[a—
|
Sl
=
~
N———

Now, in order for (18) to be true it must hold that I; <
1—v—(v2nT)erf (1 —p), a sufficient condition for which
is that Ip(t) <1 —~ — (vV2nT)erf 2 (1 — p), Vte[0,T].
We then define a set S; = {I; € R | h(I1) > 0}, where
h(Ip) = 1—y—(v/2nT)erf *(1—p)—1I1, and observe that if
h is a valid CBF for the set Sy, i.e., if there exists o € K
such that, VI, € Sy and V¢ € [0,T], (11) holds then the
set S is probabilistically forward-invariant with probability
p=1—p >1—p. Thus, from (18) it follows that since
11(0) = 0 by definition, o < 1 — erf (;;:T) where 7,
is p at t = 0. Therefore, for h(Ir) > 0 it must hold that
Pd € [po, 1]. This completes the proof. O

Remark 2. Under an RA-CBF controller, the upper bound p
on the system risk is a function only of the initial condition
v, the length of the time interval T, and the effect of the
stochastic noise on B, i.e., 1. The function h measures how
closely the controller has taken the system to the tolerable
risk threshold p via actions integrated to form Iy,

We now present conditions under which the bound on the
system risk guaranteed by Theorem 2 is strictly less than the
bound guaranteed under the S-CBF control framework.

Theorem 3. Let the premises of Theorem [ hold, and let
pa be as defined in Theorem 2. If B is a risk-aware control
barrier function, then

min pg < ps.cBF (19)

PdER
whenever

< 1-7

! V2Terf 1 (1 — )’

where 1 is given by (13) and R = [1 — erf (\1[2:71“) ,1].
Proof. The proof follows immediately from the observation
in Remark 1, ie., that pscpr > v, Vo,B8,T7 > 0.
Then, from Theorem 2, min pgy < ps.cpr Whenever 1 —

erf (\}5_77’1.’“) < 7. By rearranging terms, we recover (20). [

This result provides guidelines as to when a RA-CBF
controller would predict lower levels of risk than a S-CBF
controller, or vice versa. In the robot motion problem from
Section II-B, with dynamics (8) and barrier function B(z) =
leyﬁ we have n ~ 0.009. As such, minp; > ps.cBr
over the T = 1 sec time interval would have required either
v < le-15 given 04,0, OF 04,0y R 50Upmqq - At given
v = 0.5, both of which are unrealistic for the problem.

When 7 given by (13) is large, however, the allowable
risk specifications using a RA-CBF (based on min py) may
not be acceptable. In this case, it may be more useful to
design the controller to remain inside a smaller sub-level set
S, ={xe€R": 0< B(z) < p}, or to derive a total risk of
the system becoming unsafe by cascading sets S,,,,...,5,,,
as shown in the following result.

(20)

Theorem 4. Suppose that the premises of Theorem 2 hold.
Consider a sequence [, ..., U, such that v = pg < p1 <
. < pi = 1 with sub-level sets S,, = {x € R" : 0 <
B(x) < wi} € S, Vi € {1,...,k}, each of which has n;
defined by (13) over S,,,. If B is a RA-CBF on each set S,,,,
then p < pgq, where pq is a design parameter bounded by

k
i — Hi—1
1—erf | ——— < <1.
L (1-err (250 ) ) <<

Proof. First, observe that by Definition 5 the function B is
a RA-CBF on the set S, if (11) holds for all * € S,,,
where the 1 — v term in (12) is replaced by u; — 7. Let
pu; =P (3 €[0,T): @ ¢ Sy, | ®o € Su, \ Su,_, ). Then,
with B a RA-CBF on S,,,, it follows from Theorem 2 that

i — Hi—1
<1l-erf| ——— |,
P = ( V2T, )

21

(22)
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where 7, is defined by (13) over the set S,,. By (4) and

Bayes’ rule, we then obtain that p < Hle pu; and thus by
(22) we recover (21). O

The bound in (22) is particularly useful when 7; < ... <
Nk, as this is the best reduction in the conservatism in using
1 over all S. The number of partitions k is a design choice,
and should be adjusted according to the desired system risk
and each n;. For control design, the RA-CBF condition (11)
must be satisfied on each S,,; with a choice of pg, > p,,.

IV. NUMERICAL CASE STUDIES

In this section, we highlight the efficacy of our RA-CBF
controller in solving two illustrative examples: the robot
problem from Section II-B, and a highway merging problem.

1) Single-Integrator Robot: The problem setup is identi-
cal to that in Section II-B, with the robot’s dynamics given by
(8) and its controller of the form (7) with RA-CBF condition
(11). The results were a striking departure from the S-CBF
based controller. When an upper bound on system risk was
set to 0.505 to match the S-CBF trial, a fraction of 0.458
of the trials violated the safety condition, as shown in Table
II. When the RA-CBF controller was used at a maximum

Predicted p | Measured p v n
0.010 1074 0.50 | 0.006
0.505 0.458 0.50 | 0.006

TABLE II: Risk-Aware CBF Trials N = 100, 000

system risk of p = 0.01, however, not only did the measured
p satisfy this bound (1le-4), but the system trajectories took
more aggressive actions toward the boundary of the safe set
than the S-CBF controller even when its risk level was set
to ps.cpr = 0.505, as shown in Figure 1.

—— Barrier
e RA-CBF:p=0.010
S-CBF: p=0.505

1.00
N
Q
]
£0.75

0.50

0 20000 40000 60000 80000 100000
Trial No.

Fig. 1: Maximum barrier function values (maxo<i<7 B(z)) over
each trial for RA-CBF (resp. S-CBF) with system risk bounded by
p < 0.01 (resp. ps-cer < 0.505).

2) Highway Merging: Let 7 be an inertial frame with
an origin point sg. Consider a collection of automobiles
A, a subset of which travel on a two-lane highway near
an on-ramp (i.e., Ay C A), and the remainder of which
seek to merge onto the highway via the on-ramp (i.e.,
Ay € A). Suppose that the dynamics of vehicle ¢ € A
obey a stochastic bicycle model of the form (1) whose
deterministic component is described by [32, Ch. 2] (omitted

due to space) and used to model cars in [7]. The stochastic
term is 0;(2;) = 071545 with ¢ = [0 0 0 o, 0,]7. The
state is z; = [z; y; ¥; v; Bi]T, where z; and y; denote
the longitudinal and lateral positions (in m) of the center
of gravity (c.g.) of vehicle ¢ with respect to sg, v; is the
orientation (in rad) of its body-fixed frame, 5;, with respect
to Z, v; is the velocity (in m/s) of the rear wheel with respect
to so, and 3; is the slip angle® (assume 16i] < 5) of the c.g.
relative to B; (in rad). The front and rear wheelbases are [
and [,.. See [7, Figure 1] for a model diagram. The control
is u; = [a; w;]T, with a; the linear acceleration of the rear
wheel (in m/s?) and w; the angular velocity (in rad/s) of 3;.
The vector w € R® is the 5D standard Wiener process.

We simulated 1000 trials of a T' = 4s highway merging
scenario with 11 vehicles, where Ay, = {0} was the ego
vehicle and Ay = {1,...,10}. Highway vehicles ¢ € Ay
were initialized 15m apart in the x direction, and distributed
evenly between lanes 1 (y = 0) and 2 (y = 3). Their initial
velocities were distributed according to v; o ~ U[29, 31]. The
ego vehicle was initialized 98.75m down the on-ramp with an
initial velocity v o ~ U[24, 26] such that (deterministically)
under its nominal acceleration policy it would collide directly
with vehicle 2. The noise components were 0, = AgrqgAt
and 0, = 0,2, where @ = 7 (rad/s) and a = 2.0 (m/s?)
define the input constraints a; € [—a,a] and w; € [—©, ],
and Agrag = 0.1 + 50 + 0.250%, with o = 35 (m/s),
such that the noise at one standard deviation represents
the acceleration due to aerodynamic drag [1] traveling at
3bm/s. The ego vehicle was controlled using (7) with 11
RA-CBF constraints corresponding to the occupied sub-level
set S,,, where we selected p; = i/5 for i € {1,...,5}.
The 10 ego collision avoidance constraints were encoded
via Bei(ze, zi) = e~hei(2e:2i)  \where hei(ze, z;) is the re-
laxed future-focused CBF (rff-CBF) (introduced for collision
avoidance in [7]) with y(hg) = 0.1hg. The road constraints
were encoded with a rff-CBF of the form B,.(z,) = e~ /(%)
for hy(ze) = hr0(2¢,0) + hro(2e, 1), where

% — (Ye + T — yl))

hro(2ze,7) = — (a:e tan(6) + 5 oos

with 6 the road angle with respect to the z-axis, w; the
width of a lane, and y; the lane center. For all RA-CBFs,
the corresponding 7); values were determined numerically by
simulating 1000 trials and taking 7; = maxzes,,, [|LoB(z)||
over all trials and all time. The resulting 7; values are
provided in Table III. For the on-ramp, the angle of attack
was 0 = 3° (8 = 0° for highway lanes). The ego nominal
control uy was the LQR law detailed in [7, Appendix 1]
based on the desired lane and velocity (vgy = 30m/s). For
naturalistic driving behavior, we used the intelligent driver
model (IDM) [33] to compute acceleration inputs a; of the
highway vehicles i € Ag. For varying driver aggression,
we randomized the vehicles’ desired time gaps in the IDM
according to 7 ~ U[0.25, 0.75]. Their steering inputs w; were
computed using LQR based on the desired heading (14 = 0).
Ly

2B, is related to the steering angle &; via tan 8; = = tan d;.
=
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Fig. 2: Snapshots at ¢ = 0.0s (a) and ¢ = 4.0s (with ¢ = 2.0s translucent) (b) of one trial from the empirical study on the RA-CBF-QP
controller in the highway merging scenario. Traffic flows left to right, the ego vehicle is a blue X, and highway vehicles are red circles.
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Fig. 3: Ego vehicle control inputs from both the highlighted trial
in Figure 2 (subscript H) and remaining trials (subscript R).
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Fig. 4: RA-CBEF trajectories over 1000 highway merging trials.

CBF Ul 2 73 4 N5
Road 0.012 | 0.025 | 0.035 | 0.046 | 0.067
Collision | 0.018 | 0.031 | 0.049 | 0.063 | 0.076

TABLE III: 7); values derived empirically

Based on 7; from Table III, a simulation length of 7' = 4
sec, known ~ for all B(zg), the minimum specifiable risks
associated with leaving each sub-level set S,,, for road safety
and collision avoidance are provided in Table IV. We chose

CBF P1 P2 P3 P4 Ps
Road 8.58e-4 | 0.046 | 0.153 | 0.277 | 0.456
Collision 0.026 | 0.107 | 0.308 | 0.427 | 0.511

TABLE 1V: p; values for sub-level sets S,

the pq; values provided in Table V such that the probability
of remaining safe with respect to the road is 0.99999, the
probability of remaining safe with respect to all 10 highway
vehicles combined is 0.991, and thus the total probability of
safety is p > 0.99, which yields p < 0.01.

CBF pa1 | pa2 | pa3 | pPda | Pds
Road 0.001 0.1 025 1] 05 0.6
Collision | 0.05 | 0.15 | 04 0.5 0.6

TABLE V: Specified risk bounds pg ; for sub-level sets S,

Over 1000 simulated trials, the RA-CBF based controller
safely merged 1000 times, satisfying the risk bound of
p < 0.01. Figure 2 highlights one of these safe merges in
which the ego vehicle merges behind vehicle 2, where the
applied control inputs are shown in Figure 3. In this study, we
observed that in all 1000 trials the ego vehicle merged behind
vehicle 2. In another study, in which a risk of p < 0.12 was
specified, we observed that the ego vehicle safely merged in
914 of the 1000 trials (p = 0.914). Interestingly, of these
914 safe trials, the ego vehicle merged behind vehicle 2 at
a rate of 0.749 and merged ahead of it the remaining 0.251
fraction of safe trials, an indicator of the willingness of the
ego vehicle in the second study to take on additional risk.

V. CONCLUSION

In this paper, we proposed a new class of RA-CBFs
for stochastic safety-critical systems. We introduced a new
CBF condition for a class of stochastic, nonlinear, control-
affine systems and proved that its use for control synthesis
guarantees an upper bound on the risk that the system
becomes unsafe over a finite time interval. We then derived
conditions under which our RA-CBF controller results in a
smaller system risk than existing methods, and conducted a
direct comparative study on a mobile robot example. We
demonstrated our control strategy under a 99.1% safety
guarantee on an autonomous vehicle highway merging prob-
lem in the midst of dense traffic. In the future, we will
consider measurement noise and investigate applications of
our control framework to recovery problems in the context
of safe, predictive control.
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