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Abstract— Recently, legged robots have been used for various
purposes, such as exploring unknown terrain or interacting
with the world. For control and planning legged systems during
interactive operations, it is essential to estimate and respond to
external forces. However, in legged system, it becomes difficult
to estimate forces due to highly dynamic situations. There are
several studies that use a force sensor on the foot and end
effector, but these approaches have disadvantages in terms of
cost and sustainability. Therefore, in this paper, we propose
an improved method for estimating external forces without a
force sensor. First, each leg force was obtained using the system
dynamics of the robot with a disturbance observer. Then, by
preintegration, it was tightly coupled with other sensors to
estimate the pose and external force simultaneously. Despite
the impact and slip, we estimate external forces accurately in
standing and walking motions. Moreover, we compared pose
estimation performance with VINS-Mono [1], and there is no
significant accuracy degradation in spite of highly dynamic
force residual.

I. INTRODUCTION

Currently, many mobile platforms are being used for
exploration, delivery, and interaction. To perform these tasks,
the estimation of external forces is a very important issue,
especially in legged robots. The robot should be able to
maintain balance and operate in response to disturbances.
These forces can be easily obtained using a force sensor,
but most of them are expensive and heavy. Moreover, it can
only be measured by attaching them to the exact location
in which the force is applied. In particular, to obtain the
ground reaction force, which is one of the external forces
applied to the robot, a force sensor is usually attached to
the tip of the foot. However, when an impact occurs during
contact change, the sensor will be accompanied by a large
amount of noise and may damage the sensor. Therefore, if
it is possible to estimate the external force without a force
sensor in a legged robot, it will have a great advantage in
terms of maintenance and cost.

Studies estimating the pose or external force of a legged
robot have been conducted using several filtering-based
methods. The extended Kalman filter was used on a legged
robot for pose estimation [1]–[3]. In addition, forces in
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legged robots or manipulators have also been estimated
using filtering-based methods [4]–[6]. These methods are
relatively inaccurate compared to the optimization method
due to the inherent linearization error. Also, if the number
of observation variables increases, estimation performance
could become unstable.

On the other hand, factor graph optimization has been
used in recent years due to improvements in computing
performances. This optimization based method is generally
more accurate than the filtering based method and can
consider the noise characteristics of all sensors at the same
time. For pose estimation, a state-of-the-art visual inertial
odometry (VIO), VINS-Mono [7] and ORB-SLAM3 [8],
were developed and showed high performance. These can
tightly fuse the IMU, which is a high-frequency sensor, due
to the IMU preintegration theory [9]. After this theory was
presented, it was used variously in legged robots. There
are studies that consider preintegrated contact factors and
forward kinematics [10], and [11] describes a velocity bias
estimation with preintegration.

However, most of the studies on VIO and the aforemen-
tioned studies do not use system dynamics. In fact, since
dynamics are dependent on the state of the robot, they can
be integrated if additional residuals are properly configured.
That is, by using the relationship between the force (gen-
erated by the actuator) and the state, the applied external
force can be estimated. Related studies are VIMO [12] and
VID-Fusion [13]. These studies measure the actuator force
of micro aerial vehicles (MAVs), obtain a dynamic model,
and finally estimate disturbances with robot states based on
factor graph approaches.

In this paper, we propose a method of external force esti-
mation using a factor graph in a legged system, specifically
a quadruped system. Unlike in the VIMO [12] and VID-
Fusion [13] studies, in a legged system, the ground reaction
force generated by the actuator is not continuous and is
affected by the contact condition while walking. Therefore,
it is necessary to more accurately calculate the ground
reaction force generated by the robot. Thus, we construct
system dynamics and a disturbance observer to obtain the
leg forces. Afterward, we tightly couple the results with the
other sensors: an IMU and a stereo camera. Finally, pose and
external forces can be estimated simultaneously.

This paper is organized as follows. In Section 2, we
introduce how to estimate the ground reaction force. In
Section 3, we describe the estimation of external forces
with a factor graph framework. In Section 4, simulations
are conducted to verify the proposed method, and the results
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are analyzed. Finally, in Section 5, we provide a conclusion
and future works.

II. GROUND REACTION FORCE ESTIMATION

In this section, we obtained the ground reaction force of
each foot more accurately based on the robot dynamics and
disturbance observer. First, the system dynamics configura-
tion will be introduced, and then the disturbance observer
(DOB) configuration will be explained.

A. Quadruped dynamic model

Legged robots are usually described with floating base
dynamics. In particular, the quadruped robot has a total of
18 DOFs by combining 6 DOFs (x, y, z, roll, pitch, yaw of
the base) and 12 actuated joints. Therefore, to represent the
quadruped system used in this study, the overall dynamics
were obtained as shown in Equation (1). M(q) is the 18×18
inertia matrix, h(q, q̇) is the 18×1 coriolis and gravitational
term, Jci is the 3× 18 contact jacobian of the ith leg, S is
the 12 × 18 selection matrix, τ denotes 12 × 1 each joint
torque, and finally, Jext and Fext denote the 3× 18 external
force contact jacobian and 3 × 1 force applied to the base.
Additionally, the qi, q̇i used to calculate each matrix is the
18× 1 generalized position and velocity of the system.

M(q)q̈ + h(q, q̇) = ST τ +

4∑
i=1

(JTciFleg,i) + JTextFext (1)

Meanwhile, in this study, we focused on the case where
an external force was applied to the robot base. Thus, we
only need to analyze the 7th to 18th columns of (1).

Mi(qi)q̈i + hi(qi, q̇i) = τi + (JTciFleg,i) (2)

The dynamic equation of the ith leg is described as (2).
This expression was constructed by extracting only the rows
related to the ith leg in (1). For convenience, JTciFleg,i,
the last term in (2), is defined as τext. When this value is
obtained, the ground reaction force can also be calculated
through the inverse matrix of JTci . Solving (2) for τext implies
τext = Mi(qi)q̈i + hi(qi, q̇i) − τi. Here, the value q̈ is
the second derivative of the encoder measurement, which
can result in a very noisy signal. To solve this issue, q̈i
was calculated through centered window differentiation in
[14], and in other studies, the modeling was simplified, and
related terms were neglected. However, when highly dynamic
motion occurs, we may need to use an excessive filter, which
can lead to poor results. Therefore, we adopt the DOB-
based approach [15], which is a method that does not use q̈i
directly.

B. Nonlinear disturbance observer

Here, we will briefly explain the DOB presented in [15].
The DOB equation for estimating τext is shown as (3). Gi
is the gain of the DOB, and the (̂) operator indicates the
estimated value.

˙̂τext,i = −Giτ̂ext,i +Gi(Mi(qi)q̈i + h(qi, q̇i)q̇i − τi) (3)

˙̃τext,i = τ̇ext,i −Giτ̃ext,i

where τ̃ext,i = τext,i − τ̂ext,i

(4)

We defined the observer error as τ̃ext,i = τext,i−τ̂ext,i, and
this error dynamics is shown in (3). Through this equation,
we can confirm that the value of τext can be estimated to be
exponentially stable. However, (3) is dependent on the value
of q̈i, which leads to very noisy and inaccurate results. In
[15], the problem was solved using an auxiliary variable.

zi = τ̂ext,i −H(qi, q̇i)

where d
dtH(qi, q̇i) = GiMi(qi)q̈i

(5)

The nonlinear DOB equation was modified by defining the
auxiliary vector H(q, q̇). The new expression is expressed as
(6) without the q̈i term.

żi = −Giz +Gi(hi(qi, q̇i)q̇i − τi −H(qi, q̇i)) (6)

After obtaining the zi value through the above equation,
the estimated value of τext can be calculated through the
definition (5). Meanwhile, to construct the DOB equation,
the gain value Gi and the auxiliary matrix H(q, q̇) value
should be appropriately obtained as (7). A more detailed
explanation is given in [15], so we did not provide additional
explanations in this section.

Gi = X−1
i M−1

i (qi), H(qi, q̇i) = X−1
i q̇i (7)

III. FACTOR GRAPH FOR EXTERNAL FORCE
ESTIMATION

In this section, we describe the factor graph formulations
based on VINS-Mono [7], VIMO [12], and VID-Fusion [13].
External force residuals and leg odometry residuals were
added to the existing visual-inertial odometry (VIO), and the
overall diagram is illustrated in Fig. 1.

x1 x3x2 x5x4

Vision factor

IMU factor

Model factor

External force factor

Leg odometry factor

Fig. 1: Factor graph structure with various factors. It consists of the vision
factor, model factor, IMU factor, external force factor and leg odometry
factor.
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A. Formulation

The state vector used in this study is shown in
(8), and the sliding window consists of n robot states
and m inverse depths of features. xk is composed of
pwbk , v

w
bk
, qwbk , ba, bw, f

bk
ext as in the second line, where each

term is defined as the relative position in bk frame to world
coordinate. Each represents velocity, orientation, acceleration
bias, gyroscope bias, and external force.

χ = [x0, x1, . . . xn−1, λ0, λ1, . . . λm]

xk = [pwbk , v
w
bk
, qwbk , ba, bw, f

bk
ext], k ∈ [0, n]

(8)

The whole objective function constructed to obtain the max-
imum posterior estimate for χ is:

min
χ

{
||rp||2 +

∑
k∈B

||rkB ||2Wk
B
+

∑
(i,j)∈B

ρ(||rl,jC ||2
W l,j

C

)

+
∑
k∈B ||rLO||2Wk

LO
+
∑
k∈F ||rkF ||2Wk

F

} (9)

where rp, rb, rc are the prior/inertial/visual residuals, and
rLO, rF are the leg odometry and external force resid-
uals. B, C, and F indicate robot state/feature/external
force measurements in the sliding window. Additionally,
W k
B ,W

i,j
C ,W k

LO,W
k
F is the corresponding information ma-

trix of each residual.

B. Residual of leg odometry

Because a legged robot can utilize kinematic information,
a leg odometry residual is also added, as shown in rLO of (9).
If the contact of each leg is maintained between Frame i and
Frame j, we can assume that the end effector does not move,
and we can construct a residual through the relationship (10).

rLO = LOj − p̂be,j

= LOj − (R̂wb,j)
T (p̂we,j − p̂wb,j)

= LOj − (R̂wb,j)
T (p̂we,j − p̂wb,i)

= LOj − (R̂wb,j)
T (R̂wb,iLOi + p̂wb,i − p̂wb,j)

(10)

LOk is the position from the body to the foot, which
is obtained through forward kinematics. Rwb , p

w
b represents

the orientation and pose estimation values of the robot state
in the world coordinate. pbe, p

w
e is the end effector position

of the robot from the body and world frame, respectively.
If the contact between the ith frame and the jth frame is
maintained, the second line can be converted tothe third line
in the equation.

C. Preintegration of external force

1) External force with model dynamics: Before construct-
ing the external force residual, we try to obtain a relational
expression through the robot dynamics. For convenience, we
assumed that the center of gravity of the entire system is the
center of the base. This can be approximated because the
mass of the robot leg is relatively smaller than the base. The
force applied to the robot includes the gravity, external force
and leg forces generated by each foot. âb and ba are the

measurement of acceleration and bias, na and nleg represent
the noise of the IMU and estimated leg force, respectively.
The whole equation is expressed as follows:

Mab = Rbw

4∑
i=1

Fleg,i + F bext −Rbwg
w −Mnleg

=M(âb − ba −Rbwg − na)

(11)

Finally, the above formula is rearranged for F bext as
follows:

F bext = (M(âb− ba)−Rbw
4∑
i=1

Fleg,i)−M(na−nleg) (12)

2) Preintegration with external force: Since the external
force obtained above is a high-frequency sensor input similar
to the IMU, it can be tightly coupled through the preinte-
gration method. That is, as in the case of the IMU, sensor
measurements are expressed as one factor by integrating
the ground reaction forces between frames. If integration is
performed for the local frame bk between bk and bk+1, the
following expression can be obtained:

α̂bkbk+1
=

∫∫
t∈[tk,tk+1]

Rbkt (
1

M

4∑
i=1

F btleg,i − nleg)δt
2

β̂bkbk+1
=

∫
t∈[tk,tk+1]

Rbkt (
1

M

4∑
i=1

F btleg,i − nleg)δt

ψ̂bkbk+1
=

1

tk+1 − tk

∫
t∈[tk,tk+1]

Rbkt (
1

M
F btext)δt

γ̂bkbk+1
=

∫
t∈[tk,tk+1]

1

2
Ω(ω̂bt − bwt

− nw)γ̂
bk
t δt

(13)

As shown in (13), α and β have the same form as in the
IMU preintegration, and they are configured by replacing the
acceleration value with the leg force input. In addition, the
newly added ψ indicates the average external force value
between bk and bk+1.

Next is the propagation of the external force. Similar to
the IMU, the propagation of α, β, and γ proceeds, and the
newly added term ψ is described as in the third row according
to (14). During propagation, the bias values ba and bw are
assumed to be constant. F bileg,j is obtained according to the
rate of the measurement in the motor, and âbi is updated with
the IMU rate. Finally, propagation is performed according to
the faster rate sensor.

α̂bki+1 = α̂bki + β̂bki δt+
1

2
Rbki (

4∑
j=1

F bileg,j)δt
2

β̂bki+1 = β̂bki +Rbki (

4∑
j=1

F bileg,j)δt

ψ̂bki+1 = ψ̂bki +Rbki (âbi − bak −
4∑
j=1

F bileg,j)δt

γ̂bki+1 = γ̂bki ⊗
[

1
1
2 (ω

bi − bwk
)δt

]
(14)
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Meanwhile, the error state for discrete time propagation
is defined as in (15). Then, in (16), the covariance P bki is
obtained by linearizing the error state, where n is a noise
vector with n = [nleg, nw, nbw , na, nba ]

T . Fi and Gi are
the state transition matrix of the error state and noise-related
matrix, respectively. A detailed explanation of the derivation
process can be found in [16]. The propagation formula is
constructed as follows:

δz = [δα, δβ, δψ, δba, δbw] (15)

δzbki+1 = Fiδz
bk
i +Gin

P bki+1 = FiP
bk
i FTi +GiQG

T
i

with Fi =
∂zbki+1

∂zbki
and Gi =

∂zbki+1

∂n

(16)

Each bias is assumed to be constant during propagation. If
the bias changes slightly, it can be approximated through the
first-order Jacobian approximation. The bias approximation
is represented by:

α̂bkbk+1
= α̂bkbk+1

+ Jαbwδbwk

β̂bkbk+1
= β̂bkbk+1

+ Jβbwδbwk

ψ̂bkbk+1
= ψ̂bkbk+1

+
1

tk+1 − tk
(Jψbaδbak + Jψbwδbwk

)

(where Jαbw =
∂αbkbk+1

∂bwk

, Jβbw =
∂βbkbk+1

∂bwk

, Jψba =
∂ψbkbk+1

∂bak
,

Jψbw =
∂ψbkbk+1

∂bwk

)

(17)
Consequently, an external force residual is constructed

based on the previously calculated preintegration, propaga-
tion, and bias corrections. It is composed as in (18), and the
corresponding term is integrated through (9).

rkF =


αbkbk+1

− α̂bkbk+1

βbkbk+1
− β̂bkbk+1

ψbkbk+1
− ψ̂bkbk+1

bak+1
− bak

 (18)

IV. SIMULATION

A. Simulation environment setup

Fig. 2: Simulation process. Left: gazebo environment, Right: visualized
trajectory and external forces

The simulation was implemented in the Gazebo environ-
ment to verify the performance of the proposed estimator. A
mini cheetah robot [17] is used for a simulation, and whole

dynamics are configured based on the physical quantity of
each robot link. The sensors IMU, joint encoder, and torque
are updated at 200 Hz, and the stereo camera has a 30 Hz
rate. The controller and environment used for simulation are
based on [18]. We used a PC with Intel Core i7-1165G7
CPU and 32GB memory, and tested the proposed method on
Ubuntu 18.04/ROS melodic.

To confirm the performance of the proposed DOB-based
ground reaction force estimator, we compared the force
sensor attached to the tip of the robot, the value obtained
through whole dynamics, and the value obtained using the
DOB with whole dynamics. For comparison, we assumed
the force sensor to be the ground truth.

For external force estimation, we divide the standing
situation and the walking situation. Step input applied to the
robot with amplitudes of 35N (x-axis), 15N (y-axis), 120N
(z-axis) when standing. During walking, sinusoidal external
forces in each direction were sequentially applied, and the
maximum magnitude was 40N (x-axis), 40N (y-axis), and
120N (z-axis), respectively.

V. RESULTS

A. Estimation of the ground reaction force

19 19.5 20 20.5 21 21.5 22 22.5 23 23.5 24

Time [s]

-20

0

20

F
or

ce
 [N

]

X-direction GRF

Estimated force w/o DOB
Estimated force w/ DOB
Force sensor (ground truth)

19 19.5 20 20.5 21 21.5 22 22.5 23 23.5 24

Time [s]

-20

0

20

F
or

ce
 [N

]

Y-direction GRF

Estimated force w/o DOB
Estimated force w/ DOB
Force sensor (ground truth)

19 19.5 20 20.5 21 21.5 22 22.5 23 23.5 24

Time [s]

-100

-50

0

F
or

ce
 [N

]

Z-direction GRF

Estimated force w/o DOB
Estimated force w/ DOB
Force sensor (ground truth)

Fig. 3: Comparison results of estimating the ground reaction force (GRF)
of the front left leg.

As shown in Fig. 3, when estimating the force only
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through dynamics without using the DOB, the result is very
noisy due to q̈. On the other hand, when the DOB is used
together with the robot dynamics, the noise is significantly
reduced. We finally conclude that the DOB can improve the
force estimation performance of each foot.

B. Estimation of the external force

In this section, we confirmed the estimation performance
of the external force using factor graph optimization based
on the previously obtained ground reaction forces. Since
the movement of the quadruped robot is largely divided
into a standing (all feet are in contact) and a walking state
(contact conditions are changed constantly), simulations were
implemented in each case. For analysis, a naive approach
obtained by passing a low pass filter through Fext =Ma−∑4
i=1 Fleg,i, and the values estimated using a factor graph

(with the DOB and without the DOB) were compared.
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Fig. 4: Estimation results of the external force during standing. The force
was applied within the range where the robot did not fall (Fx = 35N,Fy =
15N,Fz = 120N ).

When the robot is standing, the movement is relatively
slow, and the joint acceleration, which was a problem before,
is also close to 0; thus, we do not compare the cases with or
without the DOB. Therefore, the factor graph-based approach
and the naive approach were compared. Fig. 4 shows that the
external force is estimated well in both cases. However, in the

naive approach, peak value occurs in several regions, whereas
the proposed method shows a more stable estimation result.
Additionally, we can see that each axis force affects the other
axes. This problem occurs as a result of the assumption that
the center of gravity of the whole system is the base center.
A moment is generated due to the deviation from the actual
center of gravity, which affects other axes. This issue can be
resolved through more precise modeling in the future.
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Fig. 5: Estimation results of the external force during walking. Similar
to the standing case, the force was applied within the range where the
robot did not fall. Shifted sine wave applied to the robot (amplitude:
Fx = 40N,Fy = 40N,Fz = 120N ). In particular, in the z-axis, where
all three methods estimate well, the RMSE error and standard deviation of
the proposed method were reduced by 49.49% and 51.53% compared to the
naive approach.

On the other hand, in walking motion, the contact con-
ditions change constantly, and the impact and slip occur at
the end effector. Therefore, the estimation performance is
inevitably lower than that in the standing case. The results are
shown in Fig. 5. All three methods estimated the shape and
amplitude of the external force quite well in the z-direction
(a relatively large force was applied). Moreover, when the
DOB and factor graph approaches were used together, the
highest performance was obtained. In the x-axis and y-axes,
in which the magnitude of the external force is small, the
noise value is relatively conspicuous. As a result, it seems
almost impossible to estimate small-magnitude forces other
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than the proposed method.

C. Pose estimation comparison with VINS-Fusion

The method presented in this paper estimates the pose
and external force of the robot simultaneously by adding
force-related factors to the existing VIO. This new force
residual can affect the existing VIO because it is optimized
together with robot poses. So it is necessary to check the
change in pose estimation performance before and after
the addition of new terms. Therefore, the estimation results
of the pose were compared and analyzed. (obtained by
rpg trajectory evaluation tool [19]). In Fig. 6, there is no
significant difference in the path depending on whether the
force estimate term is added. However, as shown in Fig. 7,
the translation error slightly increased, which seems to be
a trade-off that occurred while simultaneously performing
force estimation.

Fig. 6: Top view of estimated trajectory comparison (VINS-Fusion: red dot
line, Proposed: blue line).

VI. CONCLUSIONS

In this paper, external forces were estimated without
an end effector force sensor through whole dynamics, a
disturbance observer, and a factor graph framework. Be-
fore estimating the external force, dynamics were used to
calculate the leg force of the robot, and a more accurate
value was obtained by using the DOB to depress the large
noise generated from the joint acceleration. Next, an external
force residual was added through the preintegration method
to the existing VIO system. The proposed method showed
relatively good estimation performance despite slip, impact
and encoder noise. In addition, the performance change of
the pose estimation was also compared and analyzed (with
and without a force residual).

In this study, the estimation was performed only when
an external force acts on the center of the base, but in
other cases, the moment also occurs, resulting in additional
estimation variables. However, it is expected that 6 DOF
forces and moments can be estimated without difficulty if
only the equations and estimation variables are appropriately
added. In the future, the estimated force can be transmitted

Fig. 7: RMSE boxplot of the translation and rotation error. VINS-Fusion
and the proposed methods are compared. The rotation error is almost the
same, but the translation error is slightly increased.

to the controller and applied for recovery or interaction with
the environment to finally obtain robust movements.
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