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Abstract—As an active spine introduces more degree of
freedoms (DOFs) as well as time-varying inertia, locomotion
control of spined quadruped robots is challenging. Direct
optimization on the full dynamics model causes prohibitive
calculation time and is difficult to apply to embedded platforms.
Model predictive control (MPC)-based on SRB dynamics is a
prevalent approach for ordinary quadruped robots, regarding
the whole robot as a single rigid body (SRB). However, the
approach ignores the changes of the center of mass (CoM) and
inertia, which seriously affects the robot’s stability and could
not be used in spined quadruped robots directly. To resolve
the above issue, this paper presents an MPC approach that
considers the movements of the spine in the SRB model. Since
the mass of the robot is concentrated on its body, the whole robot
is modelled as an unactuated SRB with fully-actuated internal
spine joints. MPC finds the optimal ground reaction forces
(GRFs) based on the SRB dynamics, in which the missing spine
part is complemented by the pre-defined spine joints’ states and
corresponding inertia sequence. According to the GRFs, the full
dynamic model calculates the precise joint torques. In addition,
a quadruped robot with a 3-DOF active spine, Yat-sen Lion, is
developed. With the presented approach, experimental results
illustrate that Yat-sen Lion freely achieves bending, arching,
and turning behaviors while trotting at speeds of 3.8 m/s in
simulations and 0.5 m/s in real-world experiments.

Index Terms—Legged Robots, Motion Control, Biologically-
Inspired Robots

I. INTRODUCTION

Many biological findings indicate that the active spine of
quadruped plays an essential role in its locomotion [1], [2].
For example, the cheetah can reach a speed of 110 km/h
by strenuously spinal flexion-extension movement. Inspired
by quadrupeds, some robots with Early research took place
in the 1990s when Leeser developed a planar spined-legged
robot [3], and another spined quadruped robot BISAM [4]
was developed. In 2012, Boston Dynamics launched a spined
quadruped robot, Cheetah, reaching 29 kilometers per hour.
However, related details of Cheetah have not been reported.
In recent years, a series spined quadruped robots have
emerged, such as Bobcat [5], Lynx [6], Inu [7] [8], SQBot
[9], and Transleg robot [10]. These works show that the
active spine joints benefit the robot’s posture stabilization
[11], dynamic gait performance [12], and energy utilization
efficiency [13] [14] [15].
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Fig. 1. The Yat-sen Lion quadruped robot platform has 15 actuated DoFs,
three per leg and three in the spine.

In addition to underactuated body and dynamic constraints
like ordinary quadruped robots, the active spine introduces
more DoFs and time-varying inertia, making the control
of highly dynamic quadruped robots challenging. In the
existing works, the primary locomotion control methods are
trajectory-based methods, such as CPG [16], which does not
model the robot body or environment and lack the prediction
of robot motion. Therefore, they are difficult to apply to
control high-dynamic torque-controlled spined quadruped
robots.

In recent years, MPC based on the SRB model has become
increasingly popular [17] [18] [19] in the context of ordinary
quadruped robots, as these methods effectively capture the
main dynamics features of quadruped robots and operate in a
predictive fashion. Applying the techniques of convex MPC
to the SRB model, MIT Cheetah 3 can trot to a speed of
3.7 m/s and restore balance under a lateral impact of 1 m/s
[20]. However, when it comes to spined quadruped robots,
the spine movement causes significant changes in the whole
robot’s CoM and inertia. Previous methods typically regard
the whole robot body as a time-invariant SRB, ignoring the
changes of these parameters. As an MPC is highly dependent
on the accurate parameters of the CoM position and inertia to
realize satisfactory performance, applying previous methods
to a spined quadruped robot typically results in instability,
which makes the robot fall.

To solve the research gap, in this paper, we present an MPC
approach that considers the movements of the spine in the
SRB model. The whole spined quadruped robot is regarded
as an SRB but has variable CoM and Inertia. The neglected
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spine parts are complemented by pre-defined spine joints’
state and corresponding inertia sequence. MPC predicts the
optimal GRFs based on the SRB model, and then, the precise
joint torques are calculated based on the full dynamic model.
To the best of our knowledge, this is the first time that
MPC based on SRB dynamics has been introduced into the
spined quadruped robot. The spined quadruped can arbitrarily
change its spinal posture at a high-speed motion for the first
time.

The main contributions of this paper include:
• This paper presents a general model predictive con-

trol approach for high-dynamic torque-controlled spined
quadruped robots, considering the effects of spine joint
movements and variable inertia. The proposed control
method supports the spined quadruped robot arbitrarily
changing its spinal posture during high-speed motion.

• A 15 DoFs quadruped with three actuated spine joints,
Yat-sen Lion, is developed and validated the proposed
control method.

The rest of this paper is arranged as follows. Section II
presents modelling of the spined quadruped robot. Section
III introduces the mapping between the joint states and the
system states. The proposed MPC approach is presented
in Section IV. In Section V, experimental results verify
the reliability of the proposed method. Finally, Section VI
concludes this paper.

II. DYNAMICS MODELLING

The spined quadruped robot is a high DoF system, so direct
optimization on the full dynamics model incurs prohibitively
long calculation times and is difficult to apply to embedded
platforms. For the whole robot, since the mass of the robot
is concentrated on its body, we use the instantaneous SRB
model, to capture the main features. Since the spine joints
are fully actuated, it is reasonable to assume that the spine
joints can track the desired state plan for a short period in the
future. Therefore, we use the pre-defined spine joints’ state
sequence to complement the neglected spinal dynamics time
evolution of the SRB model.

A. System Design

As Fig. 2 shows, because the floating-base model [21]
is used, the robot has 15 active entity DoFs and 6 virtual
DoFs. The robot is composed of 3 spine joints and 12 leg
joints. These three spine joints are called chest, forelimb, and
hindlimb, respectively. The robot base frame is fixed on the
rigid body 5, on which the inertial measuring unit (IMU) is
placed.

B. Full Dynamic Model

The joint-space dynamics equations depicted in Fig. 2 can
be constructed as follow:

H(q)q̈ +C(q, q̇) +G(q) = ξjτ + JT
c fr, (1)

ξj =

[
06×6 0
0 1n×n

]
, (2)

where H ∈ R(n+6)×(n+6), C ∈ Rn+6, G ∈ Rn+6,
τ ∈ Rn+6, fr ∈ R3nc , Jc ∈ R3nc×(n+6) are the joint-space
inertia matrix, bias force, gravitational term, joint generalized
force, GRF, and contact Jacobian, respectively. q ∈ Rn+6,
q̇ ∈ Rn+6, and q̈ ∈ Rn+6 are vectors of joint generalized
positions, velocities, and accelerations. q = (qu, qa), where
the superscripts u and a correspond to the unactuated and ac-
tuated parts, respectively. n represents the DoFs of the actual
joint, which is 15 in our robot. Since the virtual joints do not
provide any torque, the selection matrix ξj ∈ R(n+6)×(n+6)

is used to remove all torque provided by virtual joints.

C. Single Body Dynamics Model

As Fig. 3 shows, by decoupling Eq. (1), the robot can be
modelled as an unactuated SRB which has a fully-actuated
spine (The leg masses are light compared to the body and so
can be ignored). It is assumed that the actuators in the fully
actuated spine have the bandwidth and torque necessary to
track a desired state plan independent of the forces in the
legs. Therefore, We can plan desired joint states for a short
period in the future.

trajaq = {qa
1 , ..., q

a
t , ...} , traj

a
q̇ = {q̇a

1 , ..., q̇
a
t , ...} , (3)

where trajaq , trajaq̇ respectively represent the pre-defined
sequence of actuated joint positions and velocities. The sub-
script t is the discrete-time index within the predict horizon.
Then we can obtain the corresponding inertia Īt ∈ R3×3 by

Ī = MI (q
a) , (4)

where MI represents a mapping that maps the joint states to
the standard inertia Ī . The dynamics of the unactuated SRB
are as follows :

mP̈
c
=

nc∑
i=1

f i −G, (5)

d

dt
(Ī ωb) =

nc∑
i=1

(ri − P c)× f i, (6)

where ωb ∈ R3, P c ∈ R3, and G ∈ R3 represent the
angular velocity of the robot base frame, the CoM position,
and gravity, respectively. f i ∈ R3 and ri ∈ R3 represent the
GRF and position of i-th contact point, respectively. m and
nc represent the robot’s body mass and the number of feet
in contact with the ground.

The system states is defined as follows:

x =
[
ΘbT P cT ωbT Ṗ

cT
]T
, (7)

where Θb =
[
ϕ θ ψ

]T ∈ R3 is the Z-Y-X Euler angles
[22] of the robot base frame. ϕ, θ, and ψ represent the
roll, pitch, and yaw, respectively. The rotational centroidal
orientation frame of a multibody system is an open issue [23]
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(a) (b) (c)

Fig. 2. Kinematic tree (a) and connectivity graph (b) of Yat-sen Lion. For (b), the orange and blue circles represent the rigid body of the trunk and limbs,
respectively. The numbers next to the circles correspond to the numbers in (a) one-to-one. Dotted lines represent virtual connections. (c) shows the DoFs
configuration of Yat-sen Lion. The inertial frame 0 connects to the base frame b of the robot through 6 unactuated virtual DoFs.

Fig. 3. The whole quadruped is regarded as an SRB at each instant. For
example, when the quadruped’s spine is arched, the SRB is the pink area,
and the CoM is the pink point. When the spine is concaved, they are the blue
parts. The yellow arrows indicate the GRFs, and the pink or blue arrows
point to the CoM from the feet are the force arms of the GRFs.

[24]. Due to the assumption of instantaneous SRB, we simply
adopt the floating base frame. According to the simplification
in [17] that the roll and pitch angles are small, the angular
velocity can be written as:

Θ̇
b ≈ Rz(ψ)ω

b, (8)

where Rz(ψ) represents a rotation of yaw about the Z-axis.
To accurately describe the instantaneous motion of the

entire robot using the SRB model, besides calculating the
real-time inertia in Eq. (4), we also capture the effect of the
actuated joints’ rate of change on the system states.

x = Mx (q, q̇) , (9)

where Mx maps the joint states to system states. We will
detail the mappings, Eq. (4) and Eq. (9), in III-B.

III. CALCULATION OF SYSTEM STATES AND INERTIA

We use spatial notations [25] to give the mapping between
the joint space state and the system state. This mapping will
be used for the following two aspects.

1) Reference trajectory: Unlike the ordinary quadruped
robot, its CoM is located at the geometric center of the
robot body. For the spined quadruped robot, we plan
the trajectories in the joint space first and then map
them into the corresponding system state.

2) State estimation: The results of state estimation are
the states of each joint, and a mapping is also needed
to convert them into the system states.

A. Spatial Inertia

Spatial inertia can be used to extract the CoM position
and standard inertia and calculate the average velocity of
the whole robot. So we describe it separately at first. The
definition of the body i spatial inertia [25] is as follows:

Ii =

[
Īi −mi[ci]×[ci]× mi[ci]×

−mi[ci]× mi13×3

]
, (10)

where Ii ∈ R6×6 is the spatial inertia of given rigid body i
in Plücker coordinate systems. Īi ∈ R3×3 is the standard
inertia having origins at the CoM of body i. ci ∈ R3 is the
body i CoM position expressed in frame i. mi is the mass
of body i. [a]× ∈ R3 represents the kew-symmetric matrix,
such that [a]×b = a×b, for all a, b ∈ R3. 0m×n and 1m×n

respectively represent m by n zero matrix and identity matrix.
In Fig. 2(b), the subtree rooted at rigid body i is treated

as a single composite rigid body whose spatial inertia, Ic
i ∈

R6×6, is expressed as

Ic
i = Ii +

∑
j∈µ(i)

iX−T
j Ic

j
jXi, (11)

iXj =

[
iRj 0[

ipj

]
×

iRj
iRj

]
, (12)

where µ(i) is the set of children of body i. iXj transforms
spatial vectors from frame j to frame i. iRj transforms a
vector in coordinate j to a vector expressed in coordinate i.
ipj represents the position vector from the origin of frame i
to the origin of frame j. In Eq. (11), since every rigid body’s
spatial inertia Ii is constant, the composite rigid body Ic

i is
the function of joint configuration q.

B. Mapping from Joint Space to System State Space

The subtree rooted at rigid body 5 includes all rigid bodies
of the spined quadruped robot, and the frame of rigid body
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Fig. 4. Control framework. The robot operator sends commands to the robot (pic 1). According to the commands, the reference trajectory planner calculates
a long-term reference trajectories of the robot joint states trajrefq , trajrefq̇ (pic 2). The long-term reference trajectories are mapped to the system states
trajrefx (pic 3) and sent to MPC. The state estimator estimates the current joint states (pic 5) and maps them to the system states xcur. Based on the
SRB dynamics model, MPC solves QP and finds the optimal GRFs (pic 4). Finally, according to the desired joint states and GRFs u0, we calculate the
feedforward torques τ ff based on the full dynamic model. Adding the feedback torques produced by a PD controller, the desired torques τ des can be
obtained.

5 is the robot base frame. Therefore, Ic
5 is the spatial inertia

of the whole robot in the robot base frame. Substituting the
Ic
5 into Eq. 10, we can obtain the CoM position and standard

inertia of the whole robot.

[ca]× =
[

13×3

m 03×3

]
Ic
5

[
03×3
13×3

m

]
, (13)

[
Θb

P c

]
=

[
03×1

ca

]
+ Sbq, (14)

Ī =
[
13×3 [ca]

T
×

]
Ic
5

[
13×3

[ca]
T
×

]
, (15)

where ca represents the robot’s CoM position expressed in
the robot base frame. Ī is the standard inertia of the whole
robot. Sb = [16×6 06×n] is a selection matrix that selects the
robot base frame.

To allow the SRB model to capture the motion character-
istics of the real multibody system, we adopt the mapping
introduced in [26], using the centroid momentum matrix
(CMM), AG ∈ R6×(n+6), to obtain the average spatial
velocity by considering the total momentum of the motion
of each link.[

ωb

Ṗ
c

]
=

(
bXT

0 I
c
5
bX0

)−1

AG(q)q̇, (16)

where bX0 transforms spatial vectors from inertia frame 0
to robot base frame b.

According to Eq. (14) and Eq. (16), we can obtain the
mapping Mx between the joint states and the system states.
According to Eq. (15), we can obtain the mapping MI

between the joint configuration and corresponding inertia.

IV. MODEL PREDICTIVE CONTROL

The whole control framework is shown in Fig. 4. At
each sampling time, MPC solves a finite horizon Optimal
Control Problem (OCP). Given a current state estimated
by the state estimator, reference trajectory planned by the
reference trajectory planner, and the pre-defined inertia, MPC
performs a forward rollout of the dynamics, minimizes the
cost function, and finds the optional GRF sequence. The
control signal for the first time step of the sequence is applied
during the following sampling interval. Based on the full
dynamic model, the joint torques are calculated according to
GRFs. Adding the output of the PD controller, we can obtain
the joint desire control torques.

A. Optimal Control Problem

The MPC control law could be obtained by solving the
following OCP, and details will be described later.

min
{u}

T∑
t=0

ℓt (xk,uk) + ℓcone (uk) + ℓend (xT )

s.t. xk+1 = f
(
xk,uk, Īk

)
Īk = MI(q

a
k)

x0 = Mx(qcur, q̇cur),

(17)

where T , f , and qa
k represent the length of MPC horizon,

dynamics evolution, and pre-defined actuated joint positions
at the k th step, respectively. qcur and q̇cur represent the
current joint positions and velocities. ℓend is the terminal
cost. ℓcone is a penalty cost used to replace the friction
cone inequality constraints [27]. ℓt is the stage cost set as a
quadratic function that penalizes the deviation between the
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system states xk and the reference states xref
k , as well as the

control uk at the k th prediction step.

ℓt (xk,uk) =
∥∥∥xk − xref

k

∥∥∥2
Q
+ ∥uk∥2R, (18)

where Q and R are matrices of weights.
Rewriting Eq. (17) in the form of quadratic program

(QP) [17], we use the open-source solvers qpOASES [28] to
solve it and obtain the optional control sequence traju =
{u0,u1, ...,uT−1}.

B. Reference Trajectory

Given the remote controller commands, including the robot
base frame’s desired velocity V base

des , angular velocity ωbase
des ,

and the angular velocity of the trunk motors ωtrunk
des , the

reference trajectory planner calculates the reference state
trajectories of joints by integrating these velocities.

trajrefq = {q1, ..., qT } , traj
ref
q̇ = {q̇1, ..., q̇T } , (19)

where trajrefq and trajrefq̇ respectively represent the tra-
jectories of joint generalized positions and velocities. trajaq
and trajaq̇ in Eq. (3) are the actuated parts of them.

According to Eq. (9), by mapping the joint states to system
states, we can get reference trajectories of system states
trajrefx = {x1, ...,xT }.

trajrefx = Mx

(
trajrefq , trajrefq̇

)
. (20)

C. Discrete-Time Dynamics

We calculate the pre-defined trajectory of the inertia
trajref

Ī
=

{
Ī0, Ī1, ..., ĪT

}
throughout the MPC horizon at

first.
trajref

Ī
= MI

(
trajrefq

)
. (21)

By assembling the pre-defined inertia sequence trajref
Ī

and the SRB dynamics, Eq. (5) and Eq. (6), the discrete-
time dynamics can be expressed in the following form:

xk+1 = f
(
xk,uk, Īk

)
= Akxk +Bkuk +G,

(22)

where

Ak =


13×3 03×3 Rz (ψk)∆t 03×3

03×3 13×3 03×3 13×3∆t
03×3 03×3 13×3 03×3

03×3 03×3 03×3 13×3

 ,

Bk =


03×3 · · · 03×3

03×3 · · · 03×3

∆tĪ
−1
k [r1 − P c

k]× · · · ∆tĪ
−1
k [rnc − P c

k]×
13×3∆t/m · · · 13×3∆t/m

 ,
G =

[
01×3 01×3 01×3 g⊤∆t

]⊤
.

(23)
g ∈ R3 represents the gravity acceleration. Īk, P c

k, and uk =[
f1 · · · fnc

]⊤
represent the whole robot’s inertia and

CoM position and the control input at time step k.

Fig. 5. The blue line CD is obtained by connecting the shoulders at both
ends. The red line, AB, represents the middle part of the trunk, which is
needed to remain parallel to the horizontal plane. The green lines, AC and
BD. The angle between the blue line and red is called θ1 and θ2, and the
angle between green and red is called θ3. The front and rear motor’s rotation
angles are the same, so θ1 = θ2.

D. Swing Legs Control
The leg planner plans the trajectories of feet based on a

periodic phase-based gait scheduler [17]. By applying the
first time-step control input of traju during the following
sampling interval, we calculate the feedforward torque τ ff

based on the full dynamic model Eq. (1).

τ ff = ξj
(
JT
c u0 −Hq̈des −C −G

)
. (24)

By adding the feedback torque which created by a PD
controller, we obtain the desired joint torques τ des.

τ des = τff +Kp (qdes − qcur) +Kd (q̇des − q̇cur) , (25)

where Kp and Kd are the joint position and velocity gain
matrices for the feedback term. qdes, q̇des, q̈des are the
desired position, velocities, and accelerations, respectively.

V. EXPERIMENTAL RESULTS

Yat-sen Lion is 0.53 meters long, 0.38 meters wide, and
weighs 18 kg. The spine joints can rotate ± 30 degrees,
and the max joint torque is 35 N.m. The electronic system
consists of an onboard computer Intel NUC and an IMU
MTI-630. We conduct experiments on both simulation and
physical platforms, including keeping balance on a moving
platform, freely changing spine posture during moving, and
bounding gait.

A. Balancing Control
As shown in Fig. 5, due to the hardware structure, Yat-sen

Lion can actively keep the middle part of the trunk parallel
to the horizontal plane in different terrain. Assuming that the
length of A0 and B0 are L1. AC and BD are L2. CO and DO
are L3. The formulas could be conducted as follow:

L3 = L1 cos θ3 +
√
L2
1 cos

2 θ3 − L2
1 + L2

2, (26)

θ1 = π − acos

(
L2
1 + L2

2 − L2
3

2L1L2

)
, (27)

where θ3 is the estimated angle of the ground. θ1 is the angle
that the forelimb and hindlimb joints should maintain. As Fig.
7 shows, the pitch angle deviation of the robot base frame is
within ± 0.05 rad.
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(a) Snap shots
(b) Data

Fig. 6. The first set is that the robot freely changes the spine posture during trotting, and the second set is the robot’s bounding gait based on the synergistic
movement of the spine and limbs. The four images in part (b) are arranged as follows: the top left image shows the spine joint angles, the top right image
shows the CoM position in the robot base frame. Note that the robot base frame also changes with the spine posture, which affects the relative position
of CoM. The bottom left image shows the robot base frame’s velocity tracking in the x-axis, and the bottom right image shows the orientation.

B. Bounding

The most classic gait of the spined quadruped robots
is bounding. To demonstrate that our algorithm frame can
inherit previous works, we presented a bounding gait simu-
lation and actuated the spine joint angles with a minimalistic
control input, the forelimb joint θ1 = Af sin (2πfrt) and the
hindlimb joint θ3 = −θ1, where Af = 0.21 and fr = 2.5 are
the amplitude and frequency, respectively. As shown in the
second set of Fig. 6, the robot accelerates in the x-direction
until it reaches the final velocity of 4 m/s.

C. Changing spine posture while trotting

To demonstrate the capability of the robot to freely change
spine posture during motion, we arbitrarily control the spine
motion and give the desired velocity. In the simulation
experiments, as shown in the first set of Fig. 6, the robot
accelerates in the x-direction to the max velocity of 3.8
m/s while concaving and arching its spine. And then slow
down to 3 m/s while turning its spine. Although the CoM
position and inertia change significantly during the process,
the velocity deviation is within ± 0.7 m/s, and orientation
deviations are all within ± 0.05rad. We conducted two
hardware experiments shown in Fig. 8. In the first set, the
robot achieves the max velocity of 0.5 m/s while concaving
and arching its spine. In the second set, the robot achieves
the max Yaw angular velocity of 0.5 rad/s while bending its
spine. The result indicates that the robot can track the desired
velocity when its spine is arbitrarily moving.

VI. CONCLUSION

This paper proposes an MPC approach for torque-
controlled spined quadruped robots. The robot was modeled
as a SRB with a fully actuated spine. Based on the pre-
defined actuated joint states and inertia, the reduced model
can accurately describe the dynamics evolution of the original
high DoF multi-body system and meet the real-time require-
ments of embedded platforms. Furthermore, we develop the

St
an

di
ng

(a) Snap shots
(b) Spine joint angles and pitch

Fig. 7. We place the robot on a tiltable platform and lift the platform back
and forth. The maximum lifting angle is about 15 degrees. (b) presents the
angles of the robot’s spine joints and the pitch angles of the base frame.

M
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g

Tu
rn

in
g

(a) Snap shots
(b) Velocities and spine joint angles

Fig. 8. Velocity tracking of trotting when changing spine posture. The two
sets present the robot trotting in the x direction and turning, respectively.
(b) shows the robot base frame’s velocity tracking and spine joint angles.

Yat-sen Lion spined quadruped robot as a new legged robot
platform consisting of three active spine joints. Yat-sen Lion
can freely change its spine posture during motion. In the
simulation, Yat-sen Lion transforms its trunk when trotting
at a speed of 3.8 m/s or an angular velocity of 3 rad/s. In
the physical platform experiment, it can achieve 0.5 m/s and
0.5 rad/s. In the future work, we will improve the hardware
performance and increase its energy efficiency.
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