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Abstract— The ability to generate robust walking gaits on
bipedal robots is key to their successful realization on hard-
ware. To this end, this work extends the method of Hybrid
Zero Dynamics (HZD) – which traditionally only accounts for
locomotive stability via periodicity constraints under perfect
impact events – through the inclusion of the saltation matrix
with a view toward synthesizing robust walking gaits. By jointly
minimizing the norm of the extended saltation matrix and the
torque of the robot directly in the gait generation process, we
demonstrate that the synthesized gaits are more robust than
gaits generated with either term alone; these results are shown
in simulation and on hardware for the AMBER-3M planar
biped and the Atalante lower-body exoskeleton (both with and
without a human subject). The end result is experimental
validation that combining saltation matrices with HZD methods
produces more robust bipedal walking in practice.

I. INTRODUCTION

Achieving stable and robust locomotion on legged systems
is a challenging control task due to underactuation, power
limitations, and ground impacts. Two main approaches that
have proven successful towards mitigating these challenges
in the real world include: 1) generating stable reference
trajectories [1]–[4] and modifying these behaviors online
using regulators (such as modifying the swing foot loca-
tion based on lateral velocity [5], [6]); and 2) determin-
ing the desired behavior of the robot in real time using
online planning via model predictive control [7]–[10] or
reinforcement learning [11]–[14]. In this work, we aim to
improve these existing approaches by synthesizing robust
reference trajectories. This is motivated by previous work,
which has shown that optimizing the robustness of nominal
trajectories improves overall performance regardless of the
chosen method of online stabilization [15], [16], and that
online planning strategies can have unpredictable behavior
without the use of a reference trajectory [17], [18].

It is important to note that there exists previous work
towards generating robust limit cycles [16]. However, these
existing methods can be computationally expensive and do
not scale easily to high-dimensional systems. Thus, the goal
of this work is to develop a method of generating robust
limit cycles in a way that is scalable to high-dimensional
systems (such as the 18 degree-of-freedom (DOF) Atalante
lower-body exoskeleton shown in Fig. 1).

This research was supported by NSF Graduate Research Fellowship No.
DGE-1745301 and the Zeitlin Family Fund. Research involving human
subjects was conducted under IRB No. 21-0693

1 Authors are with the Department of Mechanical and Civil Engineering,
California Institute of Technology, Pasadena, CA 91125.

2 Authors are with the Department of Control and Dynamical Systems,
California Institute of Technology, Pasadena, CA 91125.
mtucker@caltech.edu

Fig. 1. This work improves the robustness of nominal reference trajectories
(gaits) by evaluating the extended saltation matrix directly in the gait
generation framework. The approach is demonstrated in simulation and on
hardware for both the 7-DOF AMBER-3M planar biped (left) and the 18-
DOF Atalante lower-body exoskeleton (right).

Our approach for generating robust walking gaits builds
upon the Hybrid Zero Dynamics (HZD) method [19], [20].
Importantly, this approach has been successfully deployed on
several high-dimensional real-world legged robots [3], [21]–
[25]. The HZD framework encodes walking via nontrivial
periodic orbits and directly accounts for discrete impact
events. One advantage of this approach is that the stability of
the walking can be analyzed using the method of Poincaré
sections for systems with impulse effects [26]. However, in
practice, it can be difficult to synthesize and control these
periodic orbits since 1) it can be computationally expensive
to evaluate the Poincaré section for high-dimensional systems
and 2) the timing of impact events for real-world systems is
noisy, throwing the system off the nominal periodic orbit.
For these reasons, the existing approach towards generating
robust gaits necessitates extensive user tuning [27].

This paper proposes a robust HZD framework that lever-
ages saltation matrices – first-order approximations of a
system’s sensitivity to discrete events – to directly synthe-
size robust nominal walking trajectories. These matrices,
originally used in the field of non-smooth analysis, have
been receiving growing attention and have been recently
demonstrated towards state estimation for hybrid systems
[28], [29] and hybrid event shaping [30]. Inspired by this
recent research, our work similarly utilizes saltation matrices
to generate stable periodic walking gaits that lead to robust
behavior in the real world, even for high-dimensional sys-
tems; specifically, we propose including the induced norm
of the extended saltation matrix in the HZD optimization
cost function. As previewed in Fig. 1, we demonstrate the
proposed framework in simulation and on hardware for the
7-DOF AMBER-3M planar biped and the 18-DOF Atalante
lower-body exoskeleton with and without a human subject.
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II. PRELIMINARIES ON GAIT GENERATION VIA THE
HYBRID ZERO DYNAMICS METHOD

As walking is comprised of alternating sequences of con-
tinuous dynamics followed by intermittent discrete impact
events, it is naturally modeled as a hybrid system [31]–[33].
Consider a robotic system with coordinates q ∈ Q ⊂ Rn

and system state x = (q, q̇) ∈ TQ, where TQ denotes the
tangent bundle of the configuration manifold Q. To define
the hybrid dynamics, we begin by introducing the admissible
domain D ⊂ TQ on which the system evolves, i.e. the set of
states with swing foot above the floor, which respecting joint
limits, etc. During the continuous domain, the dynamics can
be derived from the Euler-Lagrange equations as:

ẋ =

[
q̇

−D(q)−1H(q, q̇)

]
︸ ︷︷ ︸

f(x)

+

[
0

D(q)−1B

]
︸ ︷︷ ︸

g(x)

u. (1)

where D : Q → Rn×n is the mass-inertia matrix, H : TQ →
Rn contains the Coriolis and gravity terms, B ∈ Rn×m is
the actuation matrix, and u ∈ Rm is the control input.

Next, we define the guard, the set of states where a discrete
impact event will occur. Letting pzsw : Q → R return the
vertical position of the swing foot, the guard for the systems
investigated in this work (assuming a known and constant
ground height of zero) is defined as:

S = {x ∈ D | pzsw(q) = 0, ṗzsw(x) < 0}, (2)

or the set of states when the swing foot strikes the ground
with a negative velocity. As the system flows into the guard,
nc ∈ N holonomic constraints c : Q → Rnc are enforced in
the continuous domain succeeding the impact event, and the
system undergoes a discrete jump in the state as captured by
the momentum transfer equation [34]:

D(q−)(q̇+ − q̇−) = Jc(q
−)⊤δF (3)

where q−, q+ ∈ Q, and q̇−, q̇+ ∈ Rn represent the robot
configuration and velocity just before and after impact,
respectively, δF ∈ Rnc is the impulse force of the impact
event, and Jc : Q → Rnc×n is the Jacobian of the holonomic
constraints.

Enforcing the holonomic constraints through impacts can
equivalently be represented as Jc(q

−)q̇+ = 0. With this, we
can rewrite the impact equation [35] as:[

D(q−) −Jc(q
−)⊤

Jc(q
−) 0

] [
q̇+

δF

]
=

[
D(q−)q̇−

0

]
. (4)

Noting that the configuration is continuous through impact,
solving for q̇+ in (4) allows us to define the reset map
∆ : S → D, i.e. the map describing the discrete event at
footstrike [36], as:

x+ = ∆(x−) :=

[
Rq−

R(−D−1J⊤
c (JcD

−1J⊤
c )−1Jc + I)q̇−

]
(5)

where the dependence of D and Jc on q− is suppressed and
R ∈ Rn×n denotes the relabeling matrix which is used to

maintain state consistency between domains. We are now
fully equipped to define the hybrid system of walking as:

HC =

{
ẋ = f(x) + g(x)u, x ∈ D\S,
x+ = ∆(x−), x ∈ S.

(6)

Note that hybrid systems with a more diverse collection of
contact sequences can be modeled via the same framework
[3], [37], [38], at the cost of introducing a directed graph
describing how the continuous and discrete domains are
related – this is omitted in this work for the sake of simplicity.

Trajectory Optimization. The hybrid zero dynamics (HZD)
method of gait generation leverages trajectory optimization
in the context of the aforementioned hybrid control system
to synthesize provably stable walking trajectories (gaits),
encoded as nontrivial limit cycles [20].

We begin by defining a collection of k ∈ N outputs or
virtual constraints yα : Q → Rk which we would like to
converge to zero. These virtual constraints encode the desired
behavior of the system via:

yα(q) = ya(q)− ydα(τ(q)), (7)

where ya : Q → Rk represents the actual (measured) outputs
of the system, ydα : R → Rk represents the desired outputs
commonly parameterized via a pth-order Bézier polynomial
with Bézier coefficients α ∈ Rk×p+1, and τ : Q → [0, 1]
is a monotonically increasing variable over the gait cycle,
termed a phasing variable. The HZD framework reduces the
stability analysis of the system HC to a lower-dimensional
manifold, the zero dynamics surface:

Zα := {x ∈ D | yα(q) = 0, ẏα(x) = 0}, (8)

which can be rendered impact-invariant by enforcing the
HZD condition:

∆(S ∩ Zα) ⊂ Zα. (9)

Driving the outputs to zero using a stabilizing controller
u∗ : D → Rm, for example a feedback linearizing or control
Lyapunov function based controller, results in a closed loop
dynamical system: ẋ = fcl(x) := f(x) + g(x)u∗(x). This
stabilizing controller, paired with the HZD condition and an
orbit which is stable on the zero dynamics surface renders the
closed loop hybrid dynamical system stable. Importantly, the
stability of the zero dynamics on Zα can be shaped through
the choice of outputs and Bézier coefficients α. Therefore,
an optimization problem is constructed to synthesize trajec-
tories with desired outputs such that (9) is enforced. This
optimization problem takes the form:

{α∗, X∗} = argmin
α,X

Φ(X) (10)

s.t. ẋ = fcl(x) (Closed-loop Dynamics)
∆(S ∩ Zα) ⊂ Zα (HZD Condition)
Xmin ⪯ X ⪯ Xmax (Decision Variables)
amin ⪯ a(X) ⪯ amax (Physical Constraints)

In this NLP, X = (x0, . . . , xN , T ) ∈ X is the collection
of all decision variables with xi ∈ R2n being the state at
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the ith collocation point and T ∈ R the total duration, Φ :
X → R denotes the cost function (such as torque-squared
or mechanical cost of transport [3]), and a(X) is the set of
physical constraints which includes holonomic constraints,
workspace limits, power limits, etc. The solution of (10) is a
limit cycle which encodes stable walking, described by some
static set of Bézier coefficients α∗ ∈ Rk×p+1.

III. PRELIMINARIES ON SALTATION MATRICES

In preparation for introducing the proposed robust HZD
method, we will first present some preliminary information
on saltation matrices. The saltation matrix is a standard
tool used in the field of non-smooth analysis that describes
a systems sensitivity to discontinuities (otherwise called
‘saltations’ or ‘jumps’) [39]. Typically, the saltation matrix
S(ti, x(ti)) ∈ R2n×2n is defined at time ti ∈ R+ for states
in the guard x(ti) ∈ S, by the relationship:

δx(ti+1) = S(ti, x(ti))δx(ti), (11)

where x(ti+1) ∈ ∆(S) denotes the post-transition state.
Since we are interested in evaluating the saltation matrix for
pre-computed gaits with a known impact time TI ∈ R+, we
will specifically derive the saltation matrix S := S(TI , x

−)
for the relationship:

δx+ = Sδx−, (12)

where δx−, δx+ ∈ R2n define the variation in the pre- and
post- impact states, respectively, at the time of impact TI .
A visualization of these variations are provided in Fig. 2.
Explicitly, these state variations are defined as:

δx+ := x̃+ − x+, δx− := x̃− − x−, (13)

where x̃−, x̃+ ∈ R2n denote the perturbed states. Let
F−, F+ ∈ R2n respectively denote the vector fields of the
linearized closed-loop dynamics evaluated at the pre-impact
state x− and post-impact state x+, defined as:

F− := fcl(x
−), F+ := fcl(x

+). (14)

As explained in [39], the derivation of the saltation matrix
approximates the perturbed states by flowing the system
along F−, F+ for some duration of time δt ∈ R. Specifically,
without loss of generality, the post-impact state can be
represented as:

x+ = ∆(x−) + F+δt, (15)

and the perturbed states as:

x̃+ := ∆(x̃−), (16)
x̃− := x− + δx− + F−δt. (17)

By substituting these approximations into (13) and taking the
first-order Taylor series expansion, we obtain:

δx+ = ∆(x− + δx− + F−δt)−∆(x−)− F+δt, (18)
≈ J∆δx

− + J∆F
−δt− F+δt. (19)

Here, J∆ := ∂
∂x∆(x−) ∈ R2n×2n denotes the Jacobian of

the reset map evaluated at the pre-impact state x−. Note that

Guard Uncertainty

Fig. 2. Illustration of a perturbed flow (blue) with uncertain guard
conditions (illustrated by the grey region) compared to a nominal periodic
orbit (red) which assumes a known guard (illustrated by the black vertical
line). The perturbed initial condition x̃0 ∈ ∆(S) results in pre-impact state
error δx− and post-impact state error δx+. In general, saltation matrices
capture the relationship between these errors: δx+ = Sδx−.

because this work exclusively utilizes the reset map shown
in (5), we continue the derivation using the assumption that
the reset map has no dependence on time, i.e. ∂∆

∂t = 02n×2n.
Lastly, we can represent δt in terms of the pre-impact state

error δx− by observing the perturbed guard condition. For
generality, we will denote the guard condition as h : R2n →
R, but note that in our work we specifically define h(x) :=
pzsw(q). Applying a first-order Taylor series expansion to the
perturbed guard condition, we obtain:

0 = h(x̃−), (20)

≈ h(x−)︸ ︷︷ ︸
=0

+J⊤
h (δx− + F−δt). (21)

Here, Jh := ∂
∂xh(x

−) ∈ R2n denotes the Jacobian of the
guard condition with respect to x−. Similar to before, we
assume that the guard condition has no dependence on time,
i.e. ∂h

∂t = 0; such reset maps are termed autonomous switch-
ing boundary functions. For information on deriving the
saltation matrix for non-autonomous switching boundaries
(i.e. h(x, t)) refer to [39]. Through the manipulation of (21),
we arrive at our expression of δt in terms of δx−:

δt =
−J⊤

h δx−

J⊤
h F− . (22)

Using this relationship, we can substitute (22) into (19) to
obtain the “traditional saltation matrix”, S ∈ R2n×2n:

δx+ :=

(
J∆ +

(F+ − J∆F
−)J⊤

h

J⊤
h F− ,

)
︸ ︷︷ ︸

S

δx−. (23)

Accounting for Guard Uncertainty. Recently, Payne et al.
[29] extended the traditional saltation matrix to also account
for guard uncertainty. This is accomplished by adapting (20)
to also account for perturbations in the guard location along
the normal direction, denoted as δh ∈ R (shown in Fig. 2):

δh = h(x̃−) (24)

δh ≈ J⊤
h (δx− + F−δt) (25)

δt =
−J⊤

h δx− + δh
J⊤
h F− . (26)
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Then, substituting (26) into (19), we arrive at the expression:

δx+ = Sδx− +

(
J∆F

− − F+

J⊤
h F−

)
︸ ︷︷ ︸

Sg

δh, (27)

where S is the same as in (23), and Sg ∈ R2n×1 is termed
the guard saltation matrix. Together, these matrices can be
combined together to obtain the extended saltation matrix,
Se ∈ R2n+1×2n+1, which is defined by the expression:[

δx+

δh

]
=

[
S Sg

0 1

]
︸ ︷︷ ︸

Se

[
δx−

δh

]
. (28)

IV. ROBUST GAIT GENERATION

Now that we have presented the preliminaries on the
Hybrid Zero Dynamics (HZD) method and saltation matrices,
we will discuss how and why we incorporate the saltation
matrix evaluation in the HZD framework. First, to address
the question of why evaluating the saltation matrix improves
the robustness of generated gaits, we refer to the field of
contraction theory. As first noted by Lohmiller in 1988,
discussing stability alone does not capture the behavior of a
system relative to a nominal motion [40]. Instead, Lohmiller
proposed a new field of analysis – contraction analysis –
which explores how trajectories evolve relative to nearby
trajectories. Specifically, a system is defined as contractive
if all trajectories converge to some nominal trajectory. In
this work, we leverage the notion of contractivity to define
robust walking behaviors as those that are more contractive.
In other words, when disturbed, a robust gait will converge
to a nontrivial periodic orbit faster than a non-robust gait.

Moreover, Burden et al. [41] recently leveraged saltation
matrices to induce contractivity of a hybrid system through
discrete events. Motivated by this, we propose optimizing the
contractivity of discrete events by minimizing the induced
matrix norm of the extended saltation matrix; the induced
matrix norm is equivalent to the largest singular value of the
extended saltation matrix (i.e. ∥Se∥2 :=

√
λmax(S⊤

e Se) ∈
R). Lastly, since the HZD gait generation framework relies
heavily on the cost function, we propose adding the induced
norm of the extended saltation matrix directly to the cost.

To investigate the influence of including the saltation
matrix in the optimization problem, the remainder of this
paper compares gaits generated with different weightings
of the commonly used cost function torque-squared and the
induced matrix norm of the extended saltation matrix:

Φ(X) = w1∥U∥22 + w2∥Se∥22. (29)

Here, w1, w2 ∈ R≥0 denote constant weighting terms,
U ∈ Rm×N denotes the vectorized torques throughout the
nominal gait (assuming a decision variable with N ∈ R
discretizations) and Se ∈ R2n+1×2n+1 denotes the extended
saltation matrix evaluated at the pre-impact state of the
generated nominal gait. The extended saltation matrix is

Fig. 3. This figure illustrates the simulated behavior of three gaits for
AMBER-3M, where each gait was generated with different weighting terms
w1 and w2. The behavior is illustrated using the zero dynamics coordinates
of the linearized hip position and velocity (phip, ṗhip ∈ R), across three
different environment conditions: flat ground as captured by the nominal
guard (left); 1 degree slope (middle); and 2cm step height (right). The phase
portraits show that the robustness of the walking behavior increases as w2

increases relative to w1, but the gait with w1 = 0 results in significantly
increased torque.

again computed as in (28), with the traditional saltation
matrix and guard saltation matrix explicitly computed as:

S = J∆ +
(ẋ+ − J∆ẋ

−)J⊤
h

J⊤
h ẋ− , Sg =

J∆ẋ
− − ẋ+

J⊤
h ẋ− .

To preview the results presented in Sec. V, it was found that
increasing w2 in (29) relative to w1 improves robustness of
the generated gaits, but also results in increased torque (this
is illustrated in Fig. 3). This trade-off between performance
(characterized by successful implementation on hardware)
and robustness (characterized by a systems ability to return
to nominal periodic orbits in the presence of disturbances)
is further explored in the experimental results.

Lastly, we would like to note that computing the Jacobian
of the reset map, J∆, can be computationally expensive for
high-dimensional systems because the reset map (5) requires
several matrix inversions. Thus, for implementation purposes,
we numerically approximate the Jacobian of the reset map.
However, future work could more efficiently obtain these
terms using autodiff or other tools for computing efficient
analytical derivatives [42].

V. RESULTS

We demonstrate the application of saltation matrices to-
wards robust gait generation on two robotic platforms: the
AMBER-3M planar biped, and the Atalante exoskeleton. As
illustrated in Fig. 3, three gaits were generated for each
robotic platform: 1) a nominal gait with the cost function
equal to torque squared; 2) a gait with the cost function
being a weighting of both torque squared and the induced
matrix norm of the extended saltation matrix at impact;
and 3) a gait with the cost function only including the

12221



Fig. 4. Gait tiles demonstrating the experimental performance of all three gaits on the AMBER-3M planar biped (left), and the empty Atalante exoskeleton
(right). For both platforms, only the gait generated with both torque and the saltation matrix in the cost function (w1, w2 > 0) was able to sustain stable
locomotion. The experimental data is also visualized via phase diagrams of the linearized hip position and velocity (phip, ṗhip ∈ R) for AMBER-3M and
the forward position and velocity of the floating-base frame (ptorso, ṗtorso ∈ R) relative to the stance foot for the exoskeleton. The black line shows the
average zero dynamics across a single step, with the blue region illustrating the 1-sigma tube.

saltation matrix. For AMBER-3M, the three compared gaits
were generated with weight values of1: w1 = 1, w2 = 0;
w1 = 1, w2 = 1; w1 = 0, w2 = 1. For Atalante, the
weights were selected as: w1 = 1e−6, w2 = 0; w1 =
1e−6, w2 = 1e6; w1 = 0, w2 = 1e6. Note that for each
robotic platform, the remaining constraints and bounds of the
HZD gait generation framework were held constant; only the
weights w1 and w2 varied. All gaits were generated using
the FROST toolbox [43]. The presented experimental results
are best demonstrated via the supplemental video [44].

AMBER-3M Results. The AMBER-3M planar biped2 is a
custom planar robot [45] with four motorized joints (left hip,
left knee, right hip, right knee). The measured joint positions
are denoted as qa ∈ R4 and are selected as the outputs of
the generated gaits, i.e ya(q) := qa ∈ R4. The phasing
variable τ(q) ∈ R is selected to be the linearized forward
hip position, and the desired outputs are described using
a 5th-order Bézier polynomial (α ∈ R4×6). The generated
joint-level trajectories are enforced using PD control.

AMBER-3M Simulation Results. The three gaits were first
demonstrated in a planar RaiSim [46] simulation environ-
ment with randomly generated terrain. As shown in Fig. 3,
both gaits generated with the inclusion of the saltation matrix
(w2 = 1) were able to walk on rough terrain, while the gait
generated with only torque-squared (w2 = 0) failed. The
figure also compares three environmental guard conditions:
flat ground (as captured by the nominal guard condition),
a 1deg slope, and a 2cm step. As illustrated by the phase
portraits of the zero dynamics (selected as linearized forward

1The purpose of scaling w1 and w2 is to ensure that the platform-specific
torque-squared term ∥U∥22 has a similar magnitude to that of ∥Se∥22, thus
preventing either term from heavily dominating the NLP objective.

2In this work, we specifically utilize the point-foot configuration of
AMBER-3M, termed AMBER3M-PF.

hip position and velocity), the gaits with w2 = 1 again show
improved robustness. However, it is interesting to note that
the gait with w1 = 0 suffers from significantly increased
torque while the gait with both terms (w1, w2 = 1) only has
a moderate increase in required torque.

AMBER-3M Experimental Results. Once demonstrated in
simulation, the three gaits were also demonstrated on hard-
ware, as shown in Fig. 4. The generated joint-level trajecto-
ries are enforced on AMBER-3M using an off-board joint-
level PD controller that computes desired torques and sends
them to the on-board motor controllers via UDP communi-
cation. The motor driver communication and control logic
run at approximately 1kHz. As shown in Fig. 4, the gait
generated using only torque-squared (w2 = 0), and the gait
generated using only the extended saltation matrix (w1 = 0)
were unstable, while the gait generated with the inclusion
of both torque-squared and the extended saltation matrix
(w1, w2 > 0) in the cost function was independently stable.

To further demonstrate the performance of the gait gen-
erated with w1, w2 > 0, several robustness tests were also
performed, as shown in Fig. 5. For these experiments, ran-
dom wooden objects were placed on the treadmill in front of
AMBER-3M. These experiments highlight the robustness of
the gait generated with the inclusion of both torque-squared
and the extended saltation matrix in the cost function.

Exoskeleton Results. The second robotic platform used in
this work is the Atalante lower-body exoskeleton – a 3D
bipedal platform capable of realizing crutch-less exoskeleton
locomotion for people with complete motor paraplegia [24].
In these experiments, sets of three gaits were generated
for the exoskeleton with various human-subject models, as
well as for the empty exoskeleton. As before, all constraints
and bounds of the gait generation framework were held
constant except for w1 and w2, and the generated joint-level
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Fig. 5. Gait tiles demonstrating robustness of the gaits generated with both torque and the extended saltation matrix in the cost function (w1, w2 > 0).

Fig. 6. Simulation results on the Atalante exoskeleton for 6 random
exoskeleton subject models. Each marker indicates an individual simulation
with the corresponding time until failure (defined as the COM height falling
below 0.4 meters) and nominal torque-squared evaluation. Each simulation
was limited to 20 seconds total. The results for each gait condition are
highlighted by ellipses constructed using 2-sigma fits to the data.

trajectories were enforced using PD control.
The Atalante exoskeleton has 12 motorized joints (3

controlling the spherical position of each hip, 1 for each
knee, and 2 in each ankle). As with AMBER, the outputs are
again selected as the positions of the motorized joints, i.e.
ya(q) := qa ∈ R12. Since the Atalante exoskeleton is fully-
actuated when one foot is constrained to remain flat against
the ground, gaits are generated using the Partial Hybrid Zero
Dynamics method [47], an extension of the HZD method.
These gaits are described using 7th-order Bézier polynomials
(α ∈ R12×8) and are parameterized using time as the phasing
variable. It is important to note that by using time as a phase-
variable, the theoretical guarantees of stability are no longer
valid. For this reason, many results using periodic orbits on
3D robots also incorporate regulators to stabilize the walking
[3]. However, in this work, since we are interested in how
robust the periodic gaits are independent of regulators, no
additional regulators were used (aside from desired output
filtering to prevent discontinuities caused by early impacts).
The generated joint-level trajectories are enforced on the
Atalante exoskeleton using an on-board PD controller which
sends current commands to the low-level motor drivers.

Atalante Simulation Results. First, sets of three gaits were
generated and deployed for six human models in a 3D
simulation environment. As with prior work [48]–[51], a
human-exoskeleton model is synthesized by collecting the
human’s height, mass, thigh length, and shank length and
using this information to approximate the remaining human
segment inertias and remaining segment lengths based on
anthropomorphic models from [52].

The simulation results, illustrated in Fig. 6, found that
the gaits with w2 > 0 resulted in more stable steps being
taken before the exoskeleton fell (characterized by the COM
vertical height falling below 0.4 meters). However, the gait
generated with only the saltation matrix resulted in signifi-
cantly increased torque. In contrast, using both the saltation
matrix and torque-squared in the cost function resulted in
increased robustness with only a small increase in torque.

Atalante Experimental Results. Once demonstrated in sim-
ulation, a set of three gaits was also generated for the empty
Atalante exoskeleton and deployed on hardware. The motiva-
tion for conducting experiments with the empty exoskeleton
is to isolate the effects of the generated gaits independent of
the human-subject’s motion inside of the exoskeleton. The
performance of the generated gaits was evaluated by whether
or not the exoskeleton could locomote without operator
interference for 3 meters. As shown in Fig. 4, only the gait
generated with both torque-squared and the saltation matrix
(w1, w2 > 0) was able to successfully and independently
walk for the full 3-meter test.

Lastly, a set of gaits was also generated and deployed on
the Atalante exoskeleton for a human subject. Again, only
the gait generated with the inclusion of both cost function
terms (w1, w2 > 0) was able to successfully complete the
3-meter walk test. These results are shown in Fig. 5 and in
the supplemental video [44].

VI. CONCLUSION

This work explored the application of saltation matrices for
the generation of robust periodic walking gaits. The results
found that by jointly minimizing the norm of the extended
saltation matrix and torque, nominal gaits generated using
the HZD framework successfully yielded robust locomotion.
It is interesting to note that on both platforms (AMBER-3M
and the Atalante exoskeleton), gaits generated using only the
saltation matrix performed well in simulation, but failed on
hardware. This is most likely due to the fact that the saltation
only gait result in much higher commanded torques, which
leads to undesirable performance on hardware. Thus, future
work includes exploring how to systematically balance this
performance-robustness trade-off. Ultimately, the results of
our work further expands our understanding of the metrics
underlying robust robotic walking such that in the future,
stable and robust nominal gaits can be successfully generated
without the need for extensive constraint tuning.
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