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Abstract—We investigate and develop algorithms for social
fairness in coverage control problems. Existing coverage control
methods are efficient, optimizing the average expected distance
from any event to the nearest robot. However, in societal
applications like disaster response or transportation, these
conventional objectives lead to disparate coverage costs with
respect to different groups within a population. We formulate
social fairness for coverage control as the minimization of
the maximum coverage cost among a set of groups within
a population. Our approach uses Voronoi iteration to solve
this novel problem by approximating the non-differentiable
objective with the log-sum-exp and defining a gradient based
controller that prioritizes fairness while also optimizing average
performance when disparities between groups are low. We
show convergence properties of this proposed control law and
demonstrate the approach in simulations of randomly generated
population densities as well as environments generated from
U.S. census data on population rates and demographics. Our
approach provides greater fairness than existing methods while
maintaining similar computational time and convergence prop-
erties.

Index Terms—Fairness, Distributed Robot Systems, Multi
Robot Systems, Robustness, Ethics and philosophy

I. INTRODUCTION

Multi robot systems are becoming increasingly present in
society. Future robotics systems will exist not only in our
factories, but in our cities and our daily lives. Because these
systems will be applied within social contexts, fairness is a
crucial consideration to ensure that the robotics systems are
both trusted and legal.

A common application of multi robot systems is distributed
mobile sensing, or coverage control, where a team of robots
are distributed over a region to detect events of interest.
Coverage control is used in environmental monitoring and
sensing [1], surveillance [2], and urban transportation [3].
The objective of coverage control is to position a robotic
sensor network to maximize the likelihood of detecting events
[4].

Many of the applications of coverage control are societal,
like surveillance and transportation, where events are directly
tied to people, e.g., those hailing a ride, or natural disaster
victims seeking help. Therefore, fairness is a necessary
characteristic for these systems to be trusted by those being
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served. To highlight how such systems can create disparate
outcomes, consider the natural disaster scenario in Exam-
ple 1, as depicted in Figure 1.

Example 1 (Surveillance). An emergency response team is
deployed to Philadelphia County, Pennsylvania, USA, after
a natural disaster. First responders can use a team of
quadrotors to surveil the area for people in need of help. The
robots use a population density map to collectively optimize
the likelihood of detecting those in need of help. Naturally,
the robots stay in densely populated areas. However, groups
within a population (e.g., racial groups) are not uniformly
distributed among the population. Therefore, the likelihood
of missing someone can vary drastically between groups.
Clearly, this approach is unfair with respect to the groups.
Ideally, the likelihood of detection should be independent of
group status such as socio-economic status, age, or sensitive
characteristics like race, religion, and ethnicity.

Contributions. We define for the first time social fairness
with respect to sensitive characteristics for coverage control
applications. Our proposed solution approximates the socially
fair coverage objective and defines a gradient based controller
for Voronoi iteration. Our main contributions are:

e We show the disparate impact that can occur with
respect to groups within a population when deploying
multi robot systems using traditional coverage control
techniques.

o We define the Socially Fair Coverage Problem as the
minimization of the maximum coverage cost among a
set of groups within a population.

« We propose a gradient based controller for Voronoi
iteration using a smooth approximation of the objective
function and solve the Socially Fair Coverage Problem
with convergence guarantees.

We provide empirical analysis of our approach using
simulations of random environments and of real U.S. census
data. We show that our approach provides fair coverage
irrespective of disparate population rates between majority
and minority groups. Lastly, our approach improves fairness
on real population data with no increase in computation or
convergence time compared to traditional approaches.

II. BACKGROUND

A. Coverage Control Preliminaries

Coverage control seeks to distribute a team of robots over
a compact and convex spatial region D C R? to detect events,
e.g., people in need of help (Example 1), where the density
function ¢ : D — R™ represents event likelihood.
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(a) The population density ¢ in Philadelphia
from U.S. census data, and positions of a 3

robot team using Lloyd’s algorithm. among the different groups.

(b) The population densities ¢4 by race as reported in the U.S. census,
showing drastically different population sizes and spatial distributions

(c) The coverage cost per group based on the
deployment of robots in 1a, showing up to a
2.3x difference in costs between groups.

Fig. 1: Population density functions are spatially complex. Additionally, 1b shows that the density functions of groups differ drastically, as do their population
rates. 1c shows that Lloyd’s algorithm can result in unfair outcomes: the worst off group has poor coverage, with a cost that is 2.3x higher than the cost
of the best off group. Fair coverage would result in a lower worst-off group cost and less disparity in costs among the groups.

This formulation is common in literature including for
societal applications like disaster response [4]-[7].

Consider a team of N robots N = {1,..., N} whose
positions and velocities at time t are p;; € R? and
u;; € U C R2, respectively, with dynamics given by
P;: = Wis,4 € N. The robots are equipped with sensors
that can detect events; sensor performance degrades over
distance [8], represented by f(||q—p]|) : Rt — R*,q € D,
which can also be interpreted as “the cost of moving to
service an event” [4]. The function f is continuously differen-
tiable, strictly positive, and strictly increasing [8]. Commonly
f(lla = pl|) :== |la — p||?, which we use for evaluation in
Section V.

The typical coverage control approach uses Voronoi it-
eration, also known as Lloyd’s algorithm, which partitions
the environment and then defines the control input for each
robot as the gradient of a coverage cost function [4]-[7].
To calculate the Voronoi partitions, it is assumed that robots
know the relative locations of their neighbors. To determine
control inputs, each robot uses the density function within
its partition; while some works investigate unknown ¢, we
assume the robot team has prior knowledge of the density
function.

Voronoi cells are all points closest to each robot: V;; =
{a€D:|lpir —dll < [lpje —all . Vj € N}. The coverage
cost function measures the average sensing quality or cost
to move, f, weighted by the density ¢ from each robot to all
points in its Voronoi cell. For f = ||q — p||?, the coverage
cost function is interpreted as the weighted-average distance.
The coverage cost is formally defined as:

To(prspw) =Y [ (i -l élaida
ieN Vit
Coverage control seek to minimize 7, (pr) at time horizon

T. Therefore, Lloyd’s algorithm defines a gradient descent
law for the control inputs of the robots:

AT
Pit = Opis

This control law is guaranteed to converge to a local
optimum where each robot is located at the weighted center

2

of mass of its Voronoi cell, known as a centroidal Voronoi
tessellation [9]. For the remainder of this paper, we will use
“Lloyd’s algorithm” to refer to this traditional approach.

B. Related Work

Fairness has been studied extensively in the artificial intel-
ligence community [10], [11] with a strong focus on fairness
in classification [12]-[14]. Definitions of group fairness such
as demographic parity [11] and conditional statistical parity
[15] leverage notions of independence between sensitive
characteristics and predictions. Similarly, social fair cluster-
ing has been defined as achieving independence between
sensitive characteristics and clustering cost [16], [17]. In this
work, we similarly leverage the independence criterion of
fairness, minimizing the maximum coverage cost among a
set of groups, such as socio-economic, age, or racial groups.

Recently, the robotics community has begun investigating
fairness, translating definitions of distributional fairness to
multi robot applications such as task allocation [18], cooper-
ative target tracking [19], and coverage path planning [20].
Note that coverage path planning seeks paths that visit all
points in a region [21], as opposed to coverage control, where
robots spread out to stationary points to monitor for events
[22]. Lastly, researchers have highlighted the importance of
fairness and ethics in robotics application like search and
rescue [23]-[25]. To the best of our knowledge, we are the
first to investigate fairness in coverage control.

Coverage control has been studied extensively, generally
investigating one of three categories: (1) heterogeneity, con-
sidering differing robot sizes [26], mobility constraints [1],
and sensing capabilities [7] ; (2) time-varying scenarios,
where the density function ¢ is not static [27], [28]; and
(3) learning based methods, where ¢ is unknown a priori
[29], [30]. In this work, we consider a homogeneous team
of robots covering static, known density functions. The
dimensions of coverage control listed above add complexity
to fairness and will be considerations of future work.

Lastly, for practitioners in coverage control, note that many
definitions of fairness, including that presented in this pa-
per, use min-max approaches. Mathematically, these fairness
methods can be akin to providing robustness against worst
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Fig. 2: The normalized density functions of two groups. (Left) The final
coverage positions of two robots using Lloyd’s algorithm. (Right) The posi-
tions resulting from our approach. While the traditional coverage approach
achieves a better average, there is a 3x difference in costs between the groups,
despite normalizing for differing group population rates.

case outcomes [18]. While existing work has considered
coverage for multiple event types [31], methods have not been
presented in the literature that provide worst case robustness
over a set of objectives. Our contributions not only investigate
fairness, but also provide approaches for studying robust
coverage control.

III. PROBLEM FORMULATION

Consider coverage control applications like Example 1
where the events described by the density function ¢ are
people in a social context. Therefore, these events intrinsi-
cally have the same sensitive characteristics that describe the
population (e.g., race, age, sex, religion). Given a set G of
possible groups, every possible event belongs to one group
g € G.! While ¢ describes the likelihood of any event, ¢, is
the likelihood of an event from group g.

Our goal is to develop coverage control algorithms that
provide fair coverage with respect to sensitive characteristics
in the population, namely, that the coverage cost is inde-
pendent of the group label g. The remainder of this section
investigates the disparate impact of the existing methods
described in Section II-A and then presents a novel problem
formulation that is the first to define fairness in coverage
control.

A. Disparate Impact of Existing Methods

To investigate the coverage performance of groups within
a population, we use Lloyd’s algorithm for coverage control
(as described in Section II-A) on real population data for
Philadelphia County, Pennsylvania, USA (details on the data
and simulations in Section V). The density function ¢ is
defined as the population density, as seen in Figure la. The
group density functions ¢, are defined using census data
on population rates of racial groups, as seen in Figure 1b.
Lloyd’s algorithm is run until convergence using ¢. Then,
the coverage cost is calculated for ¢ and for all groups
¢g, Yg € G. Figure 1 provides a clear example of the
disparate costs that result from the classical coverage control

't is common in the fairness literature to assume each event can only
belong to one group g € G [16], [17].

approach. Figure lc shows that coverage costs vary drasti-
cally among the groups, with a 2.3z difference between the
best-off and worst-off groups.

Two factors that impact disparate outcomes are differing
population rates and differing spatial distributions among
the groups. Since the density functions are known a priori,
normalized group density functions could compensate for
differing population rates, i.e., ¢ = ﬁ > geg $g Where each
¢4 has a total probability mass of 1. However, the clustering
literature shows that, for the discrete Lloyd’s algorithm,
reweighting to compensate for group rates does not achieve
fairness [16], [17]. Additionally, our counterexample in Fig-
ure 2 shows that normalization does not achieve fairness; the
resulting group costs of Lloyd’s algorithm differ by a factor of
3. Our approach yields nearly equal cost for the two groups.

Even though ¢ can be designed to cater to different
scenarios or applications, it cannot be designed to capture
fairness with respect to sensitive characteristics in a popula-
tion. Therefore, we define a new objective function in place
of Equation (1) to capture the notion of fair coverage cost.

B. Socially Fair Coverage Problem Definition

Many definitions of algorithmic fairness are based on a
notion of independence between an algorithm’s outputs and
the sensitive characteristics of the inputs [10]. As such,
our goal is to develop coverage control algorithms whose
coverage cost is independent of sensitive characteristics.
Ultimately, we strive to provide more equitable coverage to
groups while maintaining usefulness of the coverage control.

Optimizing strictly for equal coverage cost among the
groups can yield poor performance for all groups; trivially,
robots infinitely far away from the population produces
equitable, though arbitrarily poor, outcomes for all groups.
Instead, we use a min-max approach, optimizing the worst-
off group’s coverage cost. This objective drives the system
towards improved coverage for all groups while reducing
disparate outcomes by focusing on improving the coverage
for the group with the highest coverage cost.

Problem 1 (Socially Fair Coverage). Given a spatial region
D C R? and a set of density functions corresponding to
the set of groups within a population ¢, : D — RT Vg €
G, distribute a team of N robots in order to minimize the
coverage cost of the group g with the worst coverage quality.
Formally, Socially Fair Coverage minimizes the following
objective:

7= maxZ/ f(lpu —al) d(@da  3)

IV. APPROACH

Similar to the methods in Section II-A, we use Voronoi
iteration to solve Problem 1. This approach requires a gra-
dient descent law for defining the control inputs of the
robots in order to minimize the coverage objective. However,
the objective function J in Equation (3) does not readily
afford a gradient based controller because the maximum
function is non-differentiable. The remainder of this section
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approximates Equation (3), defines a gradient descent control
law, and examines controller properties.

A. Gradient Controller of Approximate Objective Function

We define a gradient descent law for Voronoi iteration by
using a smooth approximation of the objective function J
in Equation (3). By combining Equations (1) and (3), we
see that J = maxgyeg Jg,. Similar maximum function are
often approximated in the machine learning literature by the
LogSumExp (LSE) [32]-[34], yielding the smooth function:

jzj:logZexpj% 4)
geg

The partial derivative of J with respect to a robot’s
location p;;, is the weighted sum of the partial derivatives
of j¢g with respect to the robot’s location:

o0J
Opi

B exp Js,
ZQEQ exp ‘7¢g

Details on the derivation of Equation (5) can be found in
Appendix A. To solve Problem 1 using Voronoi iteration, we
define the following a gradient based controller:

®)

. 0J
pz,t api,t ( )

B. Controller Properties

We examine the impact of the approximation made in
Equation (4) on both J and the respective gradient based
controller, the global information needed for our approach,
and the convergence properties of the controller.

Approximation. The LogSumExp (LSE) over approximates
the maximum function with a known bound of log|g|.
Because this error bound is fixed, the relative error is greater
for small values of J¢g. However, the functions can be
scaled to achieve tighter bounds: % log > geg €XP M J¢g has
a bound of %.

The approximation of 7 impacts the controller through
the values of d,. For a group go such that J, ~ <
> 9eG\go Jo,» the value of dg4, tends toward zero. When
Ts49 > 2geg\go o, the value of g, tends toward one.
This behavior aligns with the expected output for a hypo-
thetical controller of the exact objective J; the J, weights
would be binary values indicating whether a group had the
worst coverage cost.

We see that Equation (6) derived from our approximation
of J deviates from the hypothetical exact controller when
j¢g values are similar. E.g., when all j¢g values are the
same, 0, = ‘?IIVQ € §. Therefore, similarly valued J,
yield a controller that improves the average coverage cost
across the groups. Despite deviating from the strict min-
max definition of fairness in Problem 1, this behavior is
beneficial: the controller improves fairness when groups have
highly disparate costs, and when group costs are similar, the
controller prevents instability and optimizes average overall
performance.

Population
° - . 0

o » .

Fig. 3: An example of the random Gaussian Mixture Model environments
where the ratio between group A and B is 3:1, meaning the minority is 25%
of the population.

Group A Group B

Global Information. Traditional Voronoi iteration ap-
proaches to the coverage control problem are distributed;
the control input for a robot 7 at any time ¢ is calculated
using only the information in that robot’s partition V;, i.e.,
Ppir ¢ depends only on the locations of a robots neighboring
teammates.

In our approach, the control input with respect to a
group, , depends only on neighbor locations and can
therefore be calculated in a distributed manner. However, the
entire control input ‘2;7 does not depend only on neighbor
locations; the weights J, depend on the global coverage cost
of all groups which is a function of the location of all N
robots on the team.

Convergence. An important property of Voronoi iteration
is that the robots converge to a stationary configuration. We
show that the control law induced by Equation (6) converges.

oJ .
Z@pl ZT *Z

€N
The time derivative of J is the negative sum over all robots

07

p; (N

,‘fi‘tj—()lfandonly1f|| -[|=0VieN.

Therefore, J monotonically decreases until all robots reach
a stationary point. Therefore, the control law induced by
Equation (6) converges to a local minimum as ¢ — oco.

non-positive. Also

V. EVALUATION

We create two simulated environments: random Gaussian
mixture models, and kernel-density estimates of U.S. census
data. The first studies performance across differing group
sizes; larger relative size between groups increases the group
disparity for traditional methods but does not impact our
approach. The latter set of experiments validates our approach
on real data; our method generally decreases disparity of
coverage costs between groups compared to Lloyds while
maintaining a similar computation and convergence time.

A. Randomized Environments

We use Gaussian mixture models (GMMs) to generate
random environments to test our methods against traditional
coverage control (referred to as “Lloyds”). Each environment
has two groups represented by a finite number of Gaussian
distributions. We vary the relative number of distributions
between the two groups to create different majority:minority
ratios. We test ratios ranging from minority group sizes of
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Fig. 4: The average and group coverage costs as a function of the majority
to minority size ratio (mean and 95% confidence). As the size difference
between the groups grow, the disparate impact of Lloyd’s algorithm grows.
Our method achieves less disparate costs independent of size ratio.

33% down to 5%. To generate the GMMSs, we choose random
means for each group (the number of means corresponding
to the majority:minority ratio). For each mean, we generate
a random covariance. An example environment is seen in
Figure 3.

We generate 500 random environments and run Lloyds
and our approach until convergence for a team of 5 robots.
We report the average cost and the cost per group as a
function of the ratio of group sizes in Figure 4. We found
that larger differences in the size of the groups leads to larger
disparate coverage cost when using the traditional method.
Additionally, Lloyds algorithm yields a decreasing average
cost as the size ratio between groups increases at the expense
of the minority group: the average cost and the majority
group cost decrease slightly while the minority group cost
increases drastically. In contrast, our method provides lower
disparity between the groups, regardless of the size difference
of the groups.

B. Census Data Experiments

We validate our method using data from census.gov on
population and demographics for U.S. counties. We generate
test environments by defining a convex spatial region D
that encompasses county shapes.?> To generate the density
functions ¢ and ¢4, we use demographics and population
data.* The density functions ¢4 and ¢p represent the white
and non-white’ populations, respectively. Census data is
reported per census tract (a small subdivisions of counties).
Therefore, we uniformly sample census tracts to estimate
the population across the entire county. We use this set of
samples to create a kernel density estimate, yielding a smooth
density function.

We generate environments of the 20 most populous coun-
ties in the country, omitting non-continuous counties. For
each county, we implement Lloyd’s algorithm and our ap-
proach for N = 3 robots. We run the algorithms until
convergence and measure the groups costs, total population

cost, number steps to converge, and total computation time.
2 census.gov/geographies/mapping-files/time-series/geo/tiger-line-file.html

3Non-compact counties are ommitted.

4census.gov/programs-surveys/acs/data. html

SNon-white includes all races reported by the census other than white.
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Fig. 5: The distribution of computation time and number of steps until
convergence shows that our method has similar runtime and convergence
performance as the traditional Lloyd’s approaches.

Because the Voronoi iteration converges to local minima,
we conduct 5 trials with different random starting locations.
Reported values are aggregated means over the 5 trials.

For each of the 20 counties, Figure 6 reports three costs
per approach: the worst-off group cost, population wide cost,
and best-off group cost. The worst and best-off costs are
max{Jy,, Js, } and min{J,,, T4 } because neither group
received worse costs for all counties. Our approach is group
agnostic, optimizing for whichever group is worst off. The
average population cost J, is not equivalent to the average
of Jy, and Jy, because the size of A and B differ.

Our approach outperforms Lloyds with respect to fairness
for the majority of counties tested: the worst-off group’s
cost is lower as is the cost disparity between groups. No-
tably, some counties like San Bernardino County and Harris
County have a large disparity in group costs. In both cases,
our approach significantly reduces the worst-off group cost.
In the former, our approach yields slightly worse average cost
compared to Lloyds. However, in the latter, our approach
achieves a better average cost in addition to the improved
maximum cost.

Figure 6 also shows cases where our approach and Lloyd’s
algorithm produce similar costs, and our approach leads to
slightly worse outcomes. This negative result is likely be-
cause Voronoi iteration (which is used in both approaches) is
a gradient based solution to an NP-hard problem which con-
verges to a local minimum. Further investigation is needed to
determine whether aspects of the spatial distributions are cor-
related with the different levels of performance (Section VI).
Lastly, we report the number of steps until convergences®
and the average computation time per step. In Figure 5,
we see that our approach has a similar convergence time
and computation time compared to the traditional approach.’
Therefore, we achieve increased fairness without additional
computational cost.

VI. DISCUSSION

Scenarios like Example 1 demonstrate the need to consider
fairness. Conversely, for applications like scientific explo-
ration, fairness may seem irrelevant. However, these scenarios
often have multiple stakeholders, such as scientific teams of
different disciplines conducting a joint oceanic exploration

®Experiments are implemented in a discrete time simulation.
7Omitted trials that reached the simulation limit, with robots bouncing
around a minimum (less than 5% of trials for both approaches).
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Fig. 6: Evaluation of Lloyd’s algorithm (blue) and our fair approach (orange) for the 20 most populous counties in U.S. For each city and approach, the
three plotted points represent: the worst-off group cost max{Jy , , 7o }- the population cost 7y, and the best-off group cost min{Jy , , Ty - For most
counties, our approach reduces the worst-off cost and reduces cost disparity between the groups, with little impact on the overall population cost J.

mission. The different needs of these stakeholders can be
modeled by a set of importance functions ¢,, Vg € G.
Therefore, the methods we presented above can be used to
balance the needs of these stakeholders in a fair manner.

Robustness. The methods developed in this work can be
used to provide worst case robustness over a set of objectives.
This type of robustness has not yet been studied in the
coverage control literature. While there is some mathematical
overlap between the methods of fairness and robustness,
further research is needed on both fronts. For example,
population and demographics data has embedded in it biases
from policies such as redlining which may not apply in
situations studying robustness. Further investigation is needed
to discern the causes of unfairness in coverage control
beyond differing population rates and spatial distributions.
Integral to the future work of fairness in coverage control
is the investigation of different fairness definitions for these
contexts.

Approximation. Future work will develop new methods
for solving Problem 1. First, approximations other than
LogSumExp or gradient based methods for non-differentiable
function may be developed. Also, future work can develop
controllers for heterogeneous teams, such as for robots with
heterogeneous mobility constraints. Lastly, many applica-
tions, like disaster response, have dynamic or unknown
density functions. This partial observability adds additional
complexity to considerations of fairness and to the design of
controllers.

VII. CONCLUSION

We show that existing coverage control methods can cause
disparate coverage costs with respect to sensitive character-
istics in a population in societal applications such as disaster
response. Therefore, fairness is an important consideration
that the coverage control community must investigate.

In this work, we propose the first definition of social
fairness for coverage control as the minimization of the

maximum coverage cost over a set of density functions and
we solve for this objective using Voronoi iteration. To derive
a controller, we approximate this non-differentiable objective
function using the LogSumExp. Our resulting controller is
the weighted sum of control inputs with respect to each
group; the weights depend on the relative global coverage
cost of each group. When group costs are highly disparate,
our approach decrease the cost of the worst-off groups, im-
proving fairness. When group costs are similar, our approach
decreases the average cost amongst the group, thus improving
efficiency.

We demonstrate our approach in simulated environments
of randomly generated GMMs and kernel-density estimates
of U.S. census data. We show that our method: (1) retains
similar computational cost and convergence properties as ex-
isting methods, (2) provides fairness irrespective of disparate
population rates among groups, and (3) improves fairness on
real population data.

APPENDIX

The following is the derivation of Equation (5), which
uses the derivative of the log function E%log[f(a:)]
f(1$) J'(z) and of the exponential function - exp[f(z)]

exp[f(z)]f'(x)

= log Z exp Jy,
geg
oF 1
= exp J.
it Dgeg P T, 8pzt zezg i
-7¢
e — Z exp j¢ g
ZQGQ exp J¢y geG !
Z(s aj% _ exp j¢g
= g §g= =2+ —
geg ap” deg exp ‘-76/39
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