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Abstract— Tracking control of underactuated balance robots
needs to estimate balance profiles, that is, balance equilibrium
manifold (BEM) of the unactuated subsystems. We present a
learning-based approach to obtain the balance manifold for un-
deractuated balance robots. We first establish the relationship
between the BEM and the zero dynamics of the underactuated
balance robots. The analysis shows that the BEM is a close
approximation of the equilibria of the zero dynamics under
perfectly tracking control. A Gaussian process learning-based
method is proposed to estimate and obtain the BEM and
zero dynamics, avoiding the direct inversion of the physics-
based robot dynamic model. We demonstrate the analysis and
applications experimentally on a rotary inverted pendulum and
a bipedal robot.

I. INTRODUCTION

Motion control of underactuated balance robots requires
trajectory tracking of an actuated subsystem and balance of
an unactuated subsystem [1]–[3]. For example, trajectory
tracking of the actuated base link of a rotary inverted
pendulum requires the unactuated pendulum link to be
balanced around the upright position [2]. Another example
of underactuated balance robots is the autonomous bicycle
(i.e., bikebot) [4], [5]. The output trajectory is the bikebot
position, while the roll dynamics is unactuated that needs to
be balanced. The desired trajectory of the actuated subsystem
is given but the required balance profile, or balance manifold,
for the unactuated subsystem needs to be estimated in real-
time. Due to the non-minimum phase property of the un-
actuated subsystem, obtaining the balance manifold requires
inverting the unstable dynamics and often results in non-
causal control design [6].

Robot controllers need to fulfill both the trajectory tracking
task and balance task. The stability and balance of the
unactuated subsystem determine the robot output tracking
performance. For instance, a large pitch motion of a torso
or trunk causes the bipedal walker unstable and diverging
from desired gait [7], [8]. One critical challenge in the
control of underactuated balance robots is to determine the
balance manifold, that is, the desired profile of the unactuated
subsystem for a given trajectory. In [1], the researcher
presented the external and internal convertible (EIC)-based
control framework, and balance equilibrium manifold (BEM)
is introduced to account for the coupling effects between
the actuated and unactuated subsystems [1], [9]. The BEM
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defines the instantaneous equilibrium of the unactuated sub-
systems given the current tracking performance. The closed-
loop system is shown to be exponentially stable under
EIC-based control. Although serving as the desired balance
manifold, the BEM does not satisfy the system dynamics.
Instead, zero dynamics capture the motion of the unactuated
subsystem when output follows the given trajectory or the
designed virtual constraints [10]. For periodical motion, the
orbital stabilization method can be used for bipedal walker
gait design [11], [12]. For underactuated balance robots,
analysis of zero dynamics helps reveal the ultimate response
of the unactuated subsystem. For example, the existence of
the stable, periodic solutions of zero dynamics of a bipedal
walker indicates the feasibility of gait design, which is
usually formulated as an optimization problem [13]–[15].

All of the above-discussed works are based on known
robot dynamic models. For high-dimensional robotic sys-
tems, it is challenging to obtain an accurate physical dynamic
model, and this is particularly difficult when robots interact
with dynamic and complex environments. Machine learning
techniques, on the other hand, provide an alternative means
to construct data-driven dynamic models and control [16],
[17]. In [2], [3], Gaussian process (GP) regression models
were used to obtain the robot dynamics of underactuated
balance robots. The BEMs were estimated by direct inversion
of the GP model in the design. However, no relationship
was discussed between the learned balance manifold and
the zero dynamics of robotic systems [2], [3]. In [18], the
researchers showed that the zero dynamics of bipedal walkers
are equivalent to the learned GP dynamics model (GPDM).
The GPDM is obtained by using training data set that are
generated under perfect tracking conditions [18]. However,
it is unclear how to obtain BEM from the GPDM and to
further build a relationship with the zero dynamics.

We present a learning-based balance manifold estimation
method for underactuated balance robots. We first show
that the BEM is closely related to the zero dynamics of
underactuated balance robots. One attractive feature by re-
vealing this relationship is to understand the behavior and
property of the zero dynamics without solving the differential
equations. We propose to use a GP model to simultaneously
capture the unactuated system dynamics and calculate the
BEM. Using the GP model, we avoid inversion strategies to
obtain the balance manifold and therefore, approximate the
dynamic behavior of the zero dynamics. We demonstrate the
analysis and BEM calculation with applications through two
experimental platforms: a rotary inverted (Furata) pendulum
and a biped robotic walker.

The main contributions of this work are twofold. First, the
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analytical relationship between the zero dynamics and the
BEM of the underactuated balance robots is new. Second,
we build a machine learning method to estimate the BEM
and therefore, provide a connection between the learning-
based and physics-based robot dynamics. This is particu-
larly useful for constructing data-driven robot dynamics and
control, when physical models are unavailable. The results
further show the complementary properties among the zero
dynamics, the BEM and GPDM for underactuated balance
robots.

II. UNDERACTUATED BALANCE ROBOTS AND PROBLEM
STATEMENT

Fig. 1 shows two examples of underactuated balance
robots. The rotary inverted pendulum shown in Fig. 1(a) has
two degrees of freedom (DOFs): the base link joint α (ac-
tuated) and the inverted pendulum link joint θ (unactuated).
The bipedal robotic walker shown in Fig. 1(b) has five DOFs:
torso joint (q1) is unactuated, and hip (q2 and q4) and knee
(q3 and q5) joints are actuated. The knees joints are actuated
through chains with two motors installed at the hip position.

(a) (b)
Fig. 1. (a) A Furuta pendulum. The base link angle α is actuated and the
pendulum link θ is unactuated. (b) A bipedal robot.

We consider a general underactuated balance robot with n
DOFs, n ∈ N, and the generalized coordinates are denoted
as q = [q1 · · · qn]T . For simplicity and without loss of gen-
erality, we assume that the number of unactuated coordinate
is one, which appears in most underactuated robots system,
such as cart-pendulum [19], bipedal walker [7], and au-
tonomous bikebot [4]. Then, the generalized coordinates are
partitioned as q = [qT

a qu]
T , with actuated joint coordinate

vector qa ∈ Rn−1 and unactuated joint qu ∈ R. The robot
dynamics are written into a standard form as

S : D(q)q̈ +C(q, q̇)q̇ +G(q) = Bu, (1)

where D(q), C(q, q̇) and G(q) are the inertia, Coriolis and
gravitational matrices, respectively. u ∈ Rn−1 is the control
torque vector, and the input matrix B = diag(In−1, 0) ∈
Rn×(n−1) is constant, where In−1 denotes the identity
matrix of dimension n − 1. Note that for robot dynamics
that experiences impact and other discontinuous effects (e.g.,
bipedal walkers), model (1) is still applied to the continuous
moving phase (e.g., single- or double-stance phases).

The dynamic model (1) is then written into the form

Sa : Daaq̈a +Dauq̈u +Caaq̇a +Cauq̇u +Ga = u, (2a)
Su : Duaq̈a +Duuq̈u +Cuaq̇a + Cuuq̇u +Gu = 0, (2b)

where the subscripts aa (uu) and ua/au indicate the variables
related to the actuated (unactuated) joints and coupling ef-
fects, respectively. From now on, the dependence of matrices
D, C, and G on q and q̇ is dropped for presentation clarity.
By the robot dynamics properties [20], we have Dau = DT

au.
Since the ith principal moment of inertia does not depend
on the ith motion coordinate, we obtain ∂Dii

∂qi
= 0, i =

1, · · · , n, where Dii denotes the ith diagonal element of D.
The (i, j)th element of matrix C is constructed as Cij =∑n

k=1 cijkq̇k, where cijk is the Christoffel symbols [20].
Letting qd

a denote desired actuated trajectory, the output
of the robotic system (1) is y = qa − qd

a. Output y can also
be viewed as a virtual constraint. To drive the output to zero,
the feedback linearization controller is designed as

u = Daav
ext
a +Dauq̈u +Caaq̇a +Cauq̇u +Ga, (3)

where vext
a is the auxiliary control such that the closed-loop

system becomes q̈a = va. Under a proper design of vext
a ,

we obtain y → 0 exponentially. The leftover of the system
dynamics is the zero dynamics. The zero dynamics (in term
of qu) is given as

S0 : Duuq̈u +Duaq̈
d
a + Cuuq̇u +Cuaq̇

d
a +Gu = 0. (4)

The profile of the unactuated joint motion from zero dy-
namics under qa = qd

a is denoted as qdu. For presentation
convenience, from (4), we define function

Γ(qu; qa) = Duuq̈u +Duaq̈a + Cuuq̇u +Cuaq̇a +Gu, (5)

Stability of the unactuated subsystem Su given in (4) is
related to desired actuated joint qd

a [7].
Under control (3) with q̈a = vext

a , the BEM is defined as
element qu of the equilibrium for the closed-loop dynamics,
that is,

E = {qeu : Γ0(qu; qa) = 0}, (6)

where
Γ0(qu; qa) = Γ(qu; qa)|q̇u=0,q̈u=0, (7)

and Cua(q̇a) is the term Cua evaluated at q̇u = 0. The
expression Γ (qu; qa) is to account for the dependence on the
profile qa and a similar form is used throughout this paper.
As shown in (6), the BEM is an instantaneous equilibrium
point under the current control u (and vext

a ). For example,
the base link of the rotary inverted pendulum following a
constant rotation angle (constant θ) would result in a BEM of
a zero angle for the inverted pendulum (i.e., α = 0), whereas
following a constant acceleration trajectory (constant θ̈), the
BEM is a constant angle of the inverted pendulum (constant
α) whose value depends on the base rotational acceleration.
The unactuated coordinates are stabilized to the BEM and
the control is updated as

vint
a = −D+

ua(Duuvu + Cuuq̇u +Cuaq̇a +Gu), (8)
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where the superscript ”+” denotes the pseudo-inverse op-
erator and vu is the auxiliary control that drives qu →
qeu exponentially. The design in (3) and (8) is the EIC
control [1], [3].

Problem Statement: With the above description of the zero
dynamics S0 and BEM E for underactuated balance robot,
the goal of this work is to build a learning-based approach
to estimate and obtain BEM and zero dynamics without
knowing the robot dynamic model (1).

III. MAIN RESULTS

A. Zero Dynamics and BEM

In this subsection, we build the connection between the
BEM and the zero dynamics of underactuated balance robot.
Solving and analyzing the unactuated coordinate profile qu of
the zero dynamics S0 is challenging since it is a nonlinear
differential equation. Considering the ideal case when the
actuated joint qa follows the desired trajectory qd

a, the BEM
can be solved by imposing the condition qa = qd

a to (6). The
BEM for the desired trajectory becomes

E = {qeu : Γ0(qu; q
d
a) = 0}. (9)

Instead of solving the nonlinear differential equation (4), we
approximate the solution by using the BEM given by (9). We
consider the approach given the observation that unactuated
joint is moving around the BEM. By recognizing the robot
in a quasi-static motion, the BME is the expected trajectory
of the unactuated joint to guarantee the system balance. The
control can be designed to drive unactuated system following
the BEM to guarantee stability [1], [2].

Denoting the solution of S0 as qdu when qa following qd
a

perfectly, that is Γ(qdu; q
d
a) = 0. We obtain the following

results between the BEM qeu given by (9) and qdu. The proof
is given in appendix.

Lemma 1: Given the robot dynamics (1), when qa follow-
ing qd

a perfectly under control (3), the unactuated coordinate
is qdu and the associated BEM is qeu given by (9). The
difference between Γ(qdu; q

d
a) and Γ(qeu; q

d
a) by (5) is the rate

of momentum Hu = Duuq̇
e
u, namely,

∆Γ = Γ(qeu; q
d
a)− Γ(qdu; q

d
a) =

d
dt (Duuq̇

e
u) = Ḣu. (10)

Moreover, the difference between qdu and qeu is bounded.
It is not a coincidence that (10) holds. When qa → qd

a,
the unactuated coordinate qu moves in a quasi-static mode,
which possesses zero angular momentum [1]. Therefore,
the difference between Γ(qeu; q

d
a) and Γ(qdu; q

d
a) is just the

angular momentum change. When the unactuated subsystem
converges to a state with constant momentum, i.e., ∆Γ =
Ḣu = 0, there is no difference of the vector field of zero
dynamics under pairs (qd

a, q
d
u) and (qd

a, q
e
u). Such a state is

commonly observed in underactuated balance robot control.
For instance, when tracking a circle with constant velocity,
the roll angle of the autonomous bicycle finally converges
to a constant and the roll motion possesses zero angular
momentum [5]. A similar case is found when a rotary
inverted pendulum system moves with a constant angular

acceleration of the base link. For those actuated subsystem
trajectories, Γ

(
qdu; q

d
a

)
= 0 automatically degenerates to

Γ
(
qeu; q

d
a

)
= 0, with q̇du = 0 and therefore, qdu = qeu holds.

B. Learning-Based BEM and Zero Dynamics Estimation

Without knowing the physical model, we use a learning-
based data-driven model to estimate the BEM. Note that the
BEM is obtained by using the unactuated subsystem dynam-
ics rather than the entire robotic system dynamics. BEM
estimation requires function inversion and the learning model
should capture the coupling effects between the actuated and
unactuated subsystems.

We consider using the GP model to capture the unactuated
subsystem dynamics Su in (2b) as

qu = fGP (x) + w, (11)

where w ∼ N (0,Σ) is the zero-mean Gaussian noise with
variance Σ, and x = [q̈T

a q̇T
a qT

a q̈u q̇u]
T ∈ R3n−1 is

the dependent variable. The GP model (11) takes qu as the
output, rather than velocity field q̇u, q̈u that is commonly
used for dynamic estimation [2], [3]. Denote the training data
set as D = {X,Y } = {xi, qui}Ni=1, where X = {xi}Ni=1,
Y = {qui}Ni=1, and N ∈ N is the number of the data point.
We also use X,Y to represent the matrices composed of all
xi and qui. The GP model is obtained by maximizing the
likelihood function

log(Y ;X,θ) = − 1
2Y

TK−1Y − 1
2 log det(K),

where K = (Kij), Kij = k(xi,xj) = σ2
f exp(− 1

2 (xi −
xj)

TW (xi −xj))+σ2
0δij , W = diag{W1, · · · ,Wm} > 0,

δij = 1 for i = j only, and θ = {W , σf , σ0}. Given the
new measurement data x∗, the GP model predicts the mean
value and the standard deviation of the unmodeled dynamics

µ(x∗) = kTK−1Y , Σ(x∗) = k∗ − kTK−1k, (12)

where k = k(x∗,X) and k∗ = k(x∗,x∗). The unactuated
joint motion is then approximated by using prediction µ(x∗).
The GP prediction error is bounded by the following Lemma.

Lemma 2 ([21, Theorem 6]): Given the training dataset
D, if the kernel function k(xi,xj) is chosen such that qu has
a finite reproducing kernel Hilbert space norm ∥qu∥k < ∞,
for given 0 < η < 1,

Pr{∥qu − µ(x)∥ ≤ ∥Σ 1
2 (x)κ∥} ≥ η, (13)

where Pr{·} denotes the probability of an event, η ∈ (0, 1),
κ =

√
2|qu|2k + 300ς ln3 N

1−η
1
m
, ς = maxx,x′∈X

1
2 ln |1 +

σ−2k (x,x′) |.
With known physical robot dynamics, the BEM is obtained

by inversion, that is, qeu = Γ−1(qa) and estimation of
the BEM from the GP model (11) does not need to take
inversion. The instantaneous BEM (depending on q̈a) is
computed as reference by enforcing q̇u = q̈u = 0, that is,

El = {qeu : qeu = µ(xe
0)}, xe

0 = {q̈a, q̇a, qa, 0, 0}. (14)
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The learning-based BEM estimate El can be evaluated in real
time. Using the results in Lemma 1 and (15), we obtain that
for given trajectory qd

a

Pr{∥qdu − µ(xe
0)∥ ≤ ∥Σ 1

2 (xe
0)κ∥+ ∆Γmax

Fmin
} ≥ η, (15)

where xe
0 = {q̈d

a, q̇
d
a, q

d
a, 0, 0} and ∆Γmax and Fmin are

given in appendix.

C. BEM and GPDM

We further investigate the relationship between learned
BEM and the zero dynamics. For underactuated balance
robots with a large number of DOFs, a learning-based
dimensionality-reduction model such as GPDM is an effec-
tive method to obtain the robot dynamics.

GPDM is a nonlinear dimensionality reduction method
to obtain the motion dynamics in a latent space. We build
a GPDM for underactuated balance robots. We denote the
latent state variable as χ and here we assume χ ∈ R for
one-dimensional zero dynamics. The latent dynamics Sl are
based on the GPDM [18], [22] as

Sl : χ̇ = f(χ,α) + wf , q = g(χ,β) +wg, (16)

where α and β are hyperparameter vectors, and wf and
wg are zero-mean Gaussian noises. In latent dynamics Sl,
f(χ,α) builds the dynamics relationship in latent space,
while GP model g(χ,β) maps from the latent space to
the high-dimension joint space. The Gaussian kernel is
used in those GP models. Solving the hyperparameters and
latent variables is equivalent to maximizing the posterior
probability distribution

maxX ,α,β p(X ,α,β|Q), (17)

where X = {χi} is the corresponding latent data set for
high-dimension data set Q = {qi}.

In [18], the relationship between the zero dynamics and
GPDM-based latent model was established. The GPDM
model is proven to be equivalent to zero dynamics under a
coordinate transformation and perfectly tracking conditions.
The maximization problem is converted as a minimization
problem by taking the negative logarithm. Moreover, (17)
was modified as the following

minX ,α,β,c − log p(Q|X ,β)−log p(X|alpha)+∥X − cQ∥2 .

In solving the above optimization problem, we enforce χ =
cq (and then X = cQ), where the vector cT ∈ Rn is used
to capture the desired out trajectory for (1). For example,
for bipedal robots, it is commonly defined ϑ = cq as gait
phase variable, and the desired output is then obtained as
yd = qa − qd

a = qa − h(ϑ) = 0, where function h(·)
is obtained by a Bézier polynomial. The output yd = 0
then serves as a virtual holonomic constraint connecting the
actuated and unactuated joints [11], [12].

We approximate the unactuated coordinate qdu ≈ qeu ≈
µ(xe

0). Meanwhile, from the latent dynamics Sl, we obtain
the parameter c and investigate the relationship between the
BEM and zero dynamics in the latent space. Considering the

following form χ̂ = c[qT
a µ(xe

0)]
T , we re-construct the latent

variable using the BEM to replace the qdu. The difference χ−
χ̂ further informs the error between BEM and zero dynamics.

To illustrate the application of the above-revealed relation-
ship between the BEM and the zero dynamics, we consider
the bipedal robot control. One of the challenges in bipedal
walker control is to construct the desired gait profile [7]. We
can use machine learning techniques to construct the gait
profile. Considering using a human subject’s gait profile to
construct a gait profile for the bipedal robot, a learning-based
model (14) is trained to obtain the BEM estimation µ(xe

0)
for the bipedal robot. We then obtain the gait parameter
c for human walking gait data and construct the latent
variable χ̂ (similar to gait phase variable ϑ) using the
GPDM. Comparing χ and χ̂, we evaluate the gait pattern
estimation performance in latent space and further modify
the gait profile for the bipedal robot. We will illustrate and
demonstrate examples in the next section.

IV. EXPERIMENTS

In this section, we present the experimental results using
the rotary inverted pendulum and the bipedal robot walker
to illustrate and validate the proposed analysis.

A. Rotary Pendulum Example

We first use the rotary inverted pendulum to illustrate
the analysis. Fig. 1(a) shows the 2-DOF rotary inverted
pendulum in experiments. The base joint θ is actuated by a
DC motor and the inverted pendulum joint α is unactuated.
For α, the zero position is vertically upwards. The dynamics
model for the rotary pendulum is expressed in the form of (1)
with qa = θ and qu = α. The model parameters are B =
[1 0]T , matrix D and H = [ha hu]

T = C(q, q̇)q̇ +G(q)
have the elements

Daa = C(mpl
2
r + 0.25mpl

2
p s

2
qu +Jr),

Dau = −0.5Cmplplr cqu , Duu = C(Jp + 0.25mpl
2
p),

ha = C(0.5mpl
2
pq̇aq̇u squ cqu +0.5mplplr q̇

2
u squ +

dr q̇a + k2gktkmq̇a/Rm) +Kgktq̇u,

hu = C(dpq̇u − 0.25mpl
2
p cqu squ q̇2a − 0.5mplpg squ),

where sx := sinx and cx := cosx for angle x, lr, Jr
and dr are the length, mass inertia and viscous damping
coefficient of the base link, lp, Jp and dp are corresponding
parameters of the pendulum, mp is the pendulum mass, g is
the gravitational constant, and C is a constant. The values of
these parameters can be found in [23]. The control input is
the applied DC voltage, u = Vm. The control implementation
was at 400 Hz in Matlab/Simulink with Quanser’s hardware-
in-the-loop real-time system.

The training data are obtained by using a controller to
excite the system. The controller is u = kTe, where
k = [2 2 − 10 10]T and e = [θ − θt α θ̇ − θ̇t α̇]T

and θt is the combination of sine waves with different
amplitudes and frequencies for training data collection. The
control parameter k is selected arbitrarily without the need

12257



(a) (b) (c)
Fig. 2. Example results of the rotary pendulum motion. (a) Rotary arm angle θ. (b) Pendulum link angle α. (c) Comparison of the zero dynamics
estimation difference ∆Γ.

to guarantee stability and performance. The actual trajectory
of the pendulum did not follow the reference. We trained a
GP regression model (14) to estimate the BEM and a total
of 500 training data points were randomly selected from a
large dataset including unsuccessful balancing trails.

Fig. 2 shows the experimental results. Fig. 2(a) shows the
base link joint θ tracking performance with the reference tra-
jectory θd. We chose the reference trajectory as a composite
sinusoidal curve [2]. Fig. 2(b) shows the inverted pendulum
joint α profile. The GP-predicted BEM and the model-based
calculation demonstrate a similar trend and the pendulum
joint follows the BEM closely. The angular measurements
were sampled at high frequency and a numerical derivative
was used for control design, which resulted in noisy signals
in the GP-based BEM prediction as shown in the figure. To
illustrate and validate the result in Lemma 1, we first note
that the output θ perfectly follows the given trajectory θd.
Fig. 2(c) further shows the rate of angular momentum change
Ḣu(α) and the GP-based prediction of ∆Γ. Both curves
follow the same trend closely. The error between them is
due to both the measurement (and its numerical derivatives)
and GP prediction errors.

B. Bipedal Walker Gait Design
Fig. 1(b) shows the experimental platform of the bipedal

walker that was fabricated and used in the experiments. The
robot has five links (i.e., 5 DOFs) and the torso joint is
unactuated. Fig.3(a) shows the schematics of the robotic
walker. Table I shows the values of the model parameters
such as the lengths and the masses of the base link (i.e.,
the torso), thigh links, and shank links that are labeled
with subscripts “b”, “t”, and “s”, respectively. The analytical
model can be found in [24]. The experiment was conducted
at 115 Hz real-time control frequency. For the bipedal robot,
qu = q1 and qa = [q2 q3 q4 q5]

T .

TABLE I
PHYSICAL PARAMETERS OF THE BIPEDAL ROBOT

Lb(m) Lt(m) Ls(m) mb (kg) mt(kg) ms(kg)

0.025 0.2 0.22 3.60 1.07 0.19

We first show the bipedal robot control experiment results.
Fig. 4 shows the gait profile results. The hip and knee angles

1
q

2
q

4
q

3
q 5

q

,
b b
m l

,
tt

m l

,
s s
m l

(a)

Optical 

Marker

(b)

Fig. 3. (a) Schematic of the 5-link bipedal robotic walker. (b) Human
walking experiments to collect gait profile data.

Fig. 4. Bipedal robot walking experiments. From the upper to lower plots:
torso angle q1, hip angles q2 and q4, knee angles q3 and q5, and the latent
variable χ and its estimate χ̂.

display a repeated pattern. While the torso angle maintains
a small oscillation around the vertical position. Using the
experiment data, we trained the GPDM latent dynamics Sl

and used a GP model to estimate the BEM. The top plot of
Fig. 4 shows the GP prediction of the torso joint angle q1
and the corresponding BEM, that is, qe1. The actual joint q1
follows the profile of qe1 except large difference at t = 0.2 s
and t = 3 s. This is due to the hip angles (q2 and q4) having
a large variation from the previous step as shown in the
figure. The gait parameter vector c of the robot’s current
gait is obtained as c = [−0.82 0.97 − 0.72 − 4.09 5.91] in
the GPDM estimation. As shown in the bottom plot in the
figure, we re-constructed the latent variable using the BEM
prediction. Since q1 is close to qe1, χ̂ closely follows χ.
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Fig. 5. Learning human gait to construct bipedal robot gait profile. From
the upper to lower plots: trunk, hip, and knee angles, and the latent variable
χ and its estimate χ̂. Human joint angles are defined in the same manner
as the bipedal robot shown in Fig. 1(b).

We next demonstrate the application of transferring a
human gait profile to the robotic walker. Since the torso
joint of the robotic walker is unactuated, not all human-
demonstrated gait can be transferred to the bipedal robot.
We can use the BEM estimation as a criterion to validate the
robotic walker’s torso motion. Meanwhile, the bipedal robot
and human subjects have different mass distributions and
link lengths. We first apply a linear transformation to modify
the human demonstrated gait so that the joint angle range
satisfies the bipedal walker physical constraint. Fig. 3(b)
shows the human walking experiment to collect human gait
profiles. A motion capture system was used to obtain human
gait profiles. Fig. 5 shows the hip and knee angles of human
walking gait. From the human gait profile, we obtained the
gait parameter vector c = [−1.47 1.75 1.86 − 1.75 1.95]
by the GPDM estimation. We tried to use the human gait
profile to create the desired gait for the robotic walker and
therefore, we obtained the estimated BEM µ(xe

0). When the
bipedal robot followed the human gait y = qa−qd

a = 0, the
torso displays a stable and periodic motion response around
−0.05 rad as shown in the top plot of Fig. 5, whereas the
latent variable of the robot χ̂ followed the human gait pattern
χ closely. The human-inspired gait can be further used as the
targeted gait profile and vector c can be used to capture the
progress of each step to design the gait controller.

V. CONCLUSION

We presented a learning-based approach to obtain the
balance manifold profile estimation and its relationship with
the zero dynamics for underactuated balance robots. Based
on the analytical model, we first showed that the balance
manifold is an accurate estimate of the equilibria of the zero
dynamics. To extend the results when robot dynamics are
unavailable, we built a GP regression model to estimate the
balance manifold. The estimation of the balance manifold
was further extended to the GPDM, which was proven
equivalent to the zero dynamics. The use of the learning-
based balance manifold estimation was demonstrated for
both robot control and desired trajectory design. The analysis

was illustrated experimentally through a rotary inverted pen-
dulum control and a human-inspired gait design for a bipedal
robot.

APPENDIX

PROOF OF LEMMA 1
Proof: When qa perfectly follows qd

a, (qd
a, q

d
u) satisfies

zero dynamics (4) and therefore, we obtain Γ(qdu; q
d
a) = 0.

Thus, we need to show that ∆Γ = Ḣu(q
e
u). Noting that

Γ(qeu; q
d
a) = 0, plugging this relationship into (10) results in

∆Γ = Duq̈
e
u +Duaq̈

d
a +Cuaq̇

d
a + Cuuq̇

e
u +Gu

= Γ(qd
a, q

e
u) +Duq̈

e
u +Cua(q̇

e
u)q̇

d
a + Cuuq̇

e
u

= Duq̈
e
u +Cua(q̇

e
u)q̇

d
a + Cuuq̇

e
u, (18)

where Cua(q̇
e
u) = Cua − Cua(q̇

d
a) denotes the items con-

taining q̇eu.
Noting that Cnj =

∑n
k=1 cnjkq̇k, j = 1, · · · , n − 1, we

collect the terms related with q̇eu, that is, k = n, and obtain

cnjn = 1
2 (

∂Dnj

∂qn
+ ∂Dnn

∂qj
− ∂Djn

∂qn
) = 1

2
∂Duu

∂qj
,

where symmetric property Dnj = Djn is used. Therefore,
each element in matrix Cua is expressed as

Cnj =
1
2
∂Dnn

∂qj
q̇n + 1

2

∑n−1
k=1 cnjkq̇k, j = 1, · · · , n− 1.

The explicit forms of Cua(q̇
e
u) and Cua(q̇

d
a) become

Cua(q̇
e
u) = (12

∂Dnn

∂qj
q̇eu), Cua(q̇

d
a) = (12

∑n−1
k=1 cnjkq̇k)

for j = 1, · · · , n−1. Similarly we obtain that Cuu = Cnn =
1
2

∑n
k=1

∂Dnn

∂qk
q̇k. Given above relationships, (18) becomes

∆Γ = Duuq̈
e
u + 1

2

∑n−1
j=1

∂Dnn

∂qj
q̇euq̇j +

1
2

∑n
k=1

∂Dnn

∂qk
q̇kq̇

e
u

= Duuq̈
e
u + Ḋuuq̇

e
u = d

dt (Duuq̇
e
u) = Ḣu, (19)

where momentum Hu = Duuq̇
e
u. In the last two steps in (19),

we use the fact that 1
2

∑n−1
j=1

∂Dnn

∂qj
q̇j =

1
2

∑n
j=1

∂Dnn

∂qj
q̇j and

qn = qeu.
Defining Hu(q

e
u) as the angular momentum of the unac-

tuated subsystem, from (19), we obtain

Hu(q
e
u) = ∫ t0 ∆Γdτ = Duuq̇

e
u. (20)

Because the profile qd
a is bounded, the BEM qeu and q̇eu are

bounded, that is, |q̇eu| ≤ veu,max with finite veu,max > 0. Let
Duu,max be the upper bound Duu, and for Hu, we have

|Hu(q
e
u)| = |Duuq̇

e
u| ≤ Hu,max := Duu,maxv

e
u,max.

Expanding Γ(qd
u; q

d
a) around the profile pe

u = [qeu q̇eu q̈eu]
T

and neglecting the higher order terms, we have

∆Γ =
∂Γ(qd

u;q
d
a)

∂pd
u

|pd
u=pe

u
(pd

u − pe
u) := F (pd

u − pe
u) (21)

where pd
u = [qdu q̇du q̈du]

T . The boundedness of the angular
momentum Hu indicates the boundedness of ∆Γ and same
for the difference between the profile pd

u and pe
u. Thus we

obtain |pe
u − pd

u| ≤ ∆Γmax

Fmin
, where Fmin = infpe

u
∥F ∥ > 0

and ∆Γmax > |∆Γ| is the upper bound. This completes the
proof.
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