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Abstract— One of the recent developments in physical reser-
voir computing, which uses the complex dynamics of a physical
system as a computational resource, is the use of a pneumatic
pipeline system as a computational resource. This uses the
dynamics of air for computation, and because it is lightweight
and power-saving, it is used for gait-assist control using a
soft exoskeleton with pneumatic rubber artificial muscles. In
this study, we verified that by feeding back the estimated
information to a pneumatic pipeline system, the pneumatic
physical reservoir computing can generate periodic pressure
changes as a stable limit cycle, such as those seen in walking.
A pneumatic reservoir with feedback loops was modeled to
generate limit cycles in the simulation, and it was confirmed
that the system could generate limit cycles with high accuracy
even from initial positions far from the target limit cycle. This
system is expected to be applied to assist walking movements
with a soft exoskeleton with a lightweight computational device.

I. INTRODUCTION

In advanced robots and exoskeletons, the realization of
lightweight computational devices is an important challenge.
In recent years, large-scale machine learning frameworks,
such as deep learning, have enabled pattern recognition that
was previously unattainable. However, training large-scale
models often requires optimization of hundreds of millions
of parameters, which takes an enormous amount of time and
computational resources. They require not only hardware for
computation, but also batteries to supply power. Therefore,
lighter and more power-efficient computational methods are
needed for controlling robots that need to be lightweight,
especially those worn on the body, such as prosthetic limbs
and exoskeletons.

Reservoir computing exists as an effective machine learn-
ing method that efficiently handles time series data with
a relatively small computational complexity [1]. Reservoir
computing is one of the neural network methods that were
originally proposed as the echo state network [2] and liquid
state machine [3]. In feed-forward neural networks, which
have been widely used in recent years, the connections be-
tween neurons in multiple layers are all updated in training.
On the other hand, reservoir computing consists of an input
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Fig. 1. Reservoir computing (a), physical reservoir computing (b) and a
soft exoskeleton using pneumatic reservoir computing (c). Details of the
pneumatic reservoir computing and exoskeleton can be found in [11].

Fig. 2. Pneumatic reservoir computing with no feedback (a) and with
feedback (b).

layer, a reservoir layer, and an output layer, as shown in
Fig. 1(a). The connections between the input and reservoir
layers and within the reservoir layer, as well as their weights,
are first randomly determined and thereafter fixed. Only the
weights of the connections between the reservoir and output
layers are updated during training. This makes it possible
to perform training with a lower computational cost than
a neural network that updates all parameters. Furthermore,
since the reservoir layer has recurrent connections, it is
effective for time series data where the state depends not
only on the current input but also on the past input history.
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Since the connections between the input and reservoir
layers and within the reservoir layer are randomly determined
and then fixed, this part does not necessarily need to be
a neuron with artificially specified nonlinear functions and
connections. Therefore, it is possible to replace the reservoir
layer with a physical system that exhibits complex dynamics
(Fig. 1(b)). This is called physical reservoir computing, and
the physical systems that can be used here are spring-mass
systems [4], [5], optical systems [6], analog circuits [7], soft
robots [8], spintronics systems [9], etc.

Recently, a method using a pneumatic pipeline system as a
physical reservoir (hereinafter referred to as pneumatic reser-
voir computing) was proposed. Kawase et al. [10] showed
through simulations that it is possible to predict nonlinear
time series data by using a single pneumatic pipeline system
as a physical reservoir and using the pressure values in the
pipeline as input/output to the physical reservoir, as shown
in Fig．2(a). An example of an application of pneumatic
reservoir computing is a walking assist. This is because the
compressed air used as part of the computation can also
be used to drive the pneumatic artificial muscles on the
walking assist device. These have been implemented in actual
assistive suits, which use pneumatic reservoir computing to
recognize walking movements and control the assistive suit
online [11] (Fig. 1(c)).

In the physical reservoir computing, it is known that the
output can be fed back to the physical reservoir to improve
its computational power. Hauser et al. [5] reported that in a
system using a spring-mass system as a physical reservoir,
a feedback loop is constructed in which the output is part
of the input to the reservoir and the physical reservoir. They
reported that the computational power can be dramatically
improved. As a computational example, the generation of
periodic oscillations by limit cycles was shown.

This study shows that when a pneumatic pipeline system is
used as a physical reservoir, it is possible to generate limit
cycles by incorporating a feedback loop as shown in Fig.
2(b). The generation of limit cycles is of great importance in
gait assistance. This is because if a self-excited motion can be
generated by the assistive suits, it is possible to assist the user
to return to the original gait even when the gait is disturbed.
In this study, the simulation of a single pneumatic pipeline
system used to validate the pneumatic reservoir computing
was first modified to accommodate the case with confluence
of two flows. Using this, we implemented an algorithm for
pneumatic reservoir computing that incorporates feedback
loops. By learning the weights of the output layer of the
reservoir, it is possible to generate limit cycles that follow
the pre-determined Van der Pol equation, and it was shown
that limit cycles can be generated with high accuracy even
from initial conditions far from the target.

Section 2 describes the details of the conventional pneu-
matic pipeline system simulation; Section 3 describes the
proposed method, which extends the simulations of the
previous studies and incorporates feedback loops; Section
4 presents the results of the limit cycle generation. Finally,
Section 5 summarizes the paper and discusses future work.

Fig. 3. Staggered grid system for the simulation.

II. SIMULATION MODEL FOR PNEUMATIC RESERVOIR
COMPUTING

This section describes the model used by Kawase et
al. [10] to simulate pneumatic reservoir computing. This
simulation is based on Li et al. [12], which numerically
computes the pressure, temperature, density, velocity, etc. at
each lattice in a tube, assuming a one-dimensional flow in
the tube.

A. Governing equation

Let D be the inner diameter L be the length of the tube, u
be the flow velocity at a point in the tube, ρ be the density,
P be the pressure, x be the displacement from the origin,
and t be the time, the equations of motion are as follows:

∂u

∂t
+ u

∂u

∂x
= −1

ρ

∂P

∂x
− λ

2D
u2, (1)

where λ is the friction coefficient of the tube.
The equation of continuity then becomes

∂ρ

∂t
+

∂(ρu)

∂x
= 0. (2)

Let θ be the temperature at a certain point in the tube, and
the equation of energy conservation becomes

∂θ

∂t
= −4h(θ − θa)

ρCvD
− u

∂θ

∂x
− Rθ

Cv

∂u

∂x
+

1

Cv

λ|u|u2

2D
, (3)

where θa is the atmospheric temperature, h is the heat
transfer coefficient, R is the gas constant, and Cv is the
specific heat of the gas at a constant volume.

Finally, the equation of state becomes

P = ρRθ. (4)

From these four equations, the pressure, temperature,
density, and velocity at any point in the tube can be obtained.

When actually performing numerical calculations using
(1),(2) and (3), the equations are discretized using the stag-
gered grid shown in Fig. 3. The resulting difference equations
are described in [10].

The Reynolds number Re is expressed as (5), from which
the friction coefficient λ can be obtained. For laminar flow,
(6) is used, and for turbulent flow, (7) (Blasius’ equation) is
used, where µ is the viscosity of air.

Re =
ρ̄|u|D
µ

. (5)
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λlaminar =
64

Re
. (6)

λturbulence = 0.3164Re−0.25. (7)

In our simulations, we assumed laminar flow when Re <
3000 and turbulent flow otherwise. When Re = 0, λ = 0 was
assumed. However, when Re is very small (which happens
when the flow velocity u is very small), λ diverges, so in
this study, λ is set to 0 in the case of Re < 10−10.

B. Boundary conditions

First, we consider the boundary conditions at the inlet of
the tube. In this simulation, we assume a situation where
the pressure Ps at the inlet fluctuates at a specified sequence
(Fig. 2(a)), and we consider a combined element of a orifice
and a tube lattice. The formula for the mass flow G through
the orifice varies depending on the ratio of the upstream
pressure to the downstream pressure. The threshold value is
called the critical pressure ratio and is obtained as follows:

P

Ps
=

(
2

κ+ 1

) κ
κ−1

≈ 0.5283, (8)

where κ is the specific heat ratio of air, which is about 1.4. If
the ratio of the downstream pressure to the upstream pressure
is less than the critical pressure ratio, the flow velocity just
after the orifice reaches the speed of sound, resulting in a
sonic flow where the flow cannot go any faster. On the other
hand, if the pressure ratio is greater than the critical pressure
ratio, G becomes smaller as the pressure ratio approaches 1.
This part of the flow is called subsonic flow. The mass flow
rate G in each flow situation is expressed as follows.

G =



SePs

√
2κ

Rθ(κ−1)

[(
P
Ps

) 2
κ −

(
P
Ps

)κ+1
κ

]
(

P
Ps
≤ 0.5283

)
,

SePs

√
κ
Rθ

(
2

κ+1

) κ+1
κ−1(

P
Ps

> 0.5283
)
.

(9)

Dividing this by the cross-sectional area and density ρ yields
the flow velocity u:

u =
G(

D
2

)2 · π · ρ . (10)

where Se is the cross-sectional area of constricted flow that
occurs immediately after the orifice.

Next, we consider the boundary conditions at the outlet.
In this simulation, the outlet section consists of an orifice
and an isothermally isotropic tank, as shown in Fig. 2(a).
The total mass m of air in the tank at the next time is

m = ρ · V + ρ ·
(
D

2

)2

· π · u · dt, (11)

where V is the volume of the tank. Thus, the density ρnew
at the next time is

ρnew =
m

V
. (12)

From the equation of state, the pressure Pnew at the next time
is

Pnext = ρnewRθ. (13)

From the pressure ratio between this and the pressure PN in
the previous tube lattice, the flow velocity unext at the next
time can be calculated as in (9) and (10).

III. PNEUMATIC RESERVOIR COMPUTING WITH
FEEDBACK LOOPS

A. Feedback loops for physical reservoir

Hauser et al. showed that, theoretically, a nonlinear time-
invariant system with arbitrary fading memory can be em-
ulated by constructing a network of connected nonlinear
spring-mass systems and using them as physical reservoirs
[4]. Here, fading memory is the property that the state of
the current reservoir is more strongly affected by inputs
in the near past than by inputs in the far past. However,
for learning periodic locomotion such as walking, not only
fading memory but also persistent memory, in which the
influence does not disappear over time, is an important
factor. For example, in gait assistance, the average speed
and foot swing generally remain unchanged over time. If
this information can be retained in the reservoir, the risk that
predicted speeds, angles and their associated state quantities
deviate significantly from actual values can be reduced.

Maass et al. showed that any nonlinear dynamic system
can be emulated by attaching appropriate static nonlinear
feedback and readouts to nonlinear dynamic systems that
can be feedback linearized [13]. Using this argument, Hauser
et al. proposed to attach feedback loops and readouts to
the physical reservoir [5]. Maass’s argument assumed the
installation of appropriate static, nonlinear feedback and
readouts, whereas Hauser et al. argued that if the reservoir is
sufficiently complex, the proper nonlinearization has already
been done and a static linear feedback loop and readout
alone can reproduce a dynamic nonlinear system. They have
indeed successfully generated several limit cycles by linearly
feeding back estimated information to a network consisting
of a nonlinear spring-mass system, and have shown its
robustness.

This study examined the possibility of improving reser-
voir performance by attaching linear feedback loops to the
pneumatic physical reservoir.

B. Simulation design including confluence

In general, there is more than one output to be fed back.
In this study, in order to feed back two outputs used in the
generation of limit cycles, the tubes were branched as shown
in Fig. 2(b), and the outputs were fed back to the two inlets.

The state at each point in the tube at a given time
can basically be calculated numerically by the simulation
described in Section 2, but special boundary conditions
must be considered where the flows from the two inlets
merge. This section describes these boundary conditions. The
derivation of the boundary conditions is based on Sakamoto
et al. [14]. In the study, the boundary conditions at branching
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Fig. 4. Model of confluence at branching point of pipeline.

point of pipeline were limited to flow in one direction.
In the present study, we consider flow in both directions
so that both branching and confluence of flows can be
handled. In order to consider the boundary conditions at the
confluence, we consider a situation such as that shown in
Fig. 4. For simplicity, the energy loss due to confluence is
not considered.

First, we consider the update equation for the flow velocity
u1. Since u1 is expressed by (14), it is sufficient to know
the update equations for uaout and ubout.

u1,j+1 = uaout,j+1 + ubout,j+1. (14)

For uaout, the following holds:

uaout,j+1 = uaout,j −
∆t

∆x
uconv −

1

ρ̄

∆t

∆x
(P1,j − Pan,j)

− λ∆t

2D
|uaout,j |uaout,j . (15)

The convective term uconv is expressed as follows:

uconv =
uaout,j + |uaout,j |

2
(uaout,j − un,j)

+
uaout,j − |uaout,j |

2
(u2,j − uaout,j) . (16)

Note that u2,j , not u1,j , is downwind of the second term.
Similarly, since ubout,j+1 is also obtained, u1,j+1 is obtained
from (14). In the case of uan and ubn, the same equations
as in the normal case without confluence can be used, but
the downwind values are assumed to be uaout,j and ubout,j

before confluence, respectively.
Next, we consider the update equation for the density

ρ1. Basically, it is the same as [10] described in Section
2, but when considering the upwind of the first term of the
convective term ρconv, we should consider two sides, a and
b. In this study, after calculating ρ1,j+1 with a as upwind,
ρ1,j+1 is calculated with b as upwind, and ρ1,j+1 is set to
the average of the two.

ρaconv =
ū1,j + |ū1,j |

2
(ρ1,j − ρan,j)

+
ū1,j − |ū1,j |

2
(ρ2,j − ρ1,j) , (17)

ρa1,j+1 = ρi,j −
∆t

∆x
ρ1,j (u2,j − u1,j)−

∆t

∆x
ρaconv. (18)

ρbconv =
ū1,j + |ū1,j |

2
(ρ1,j − ρbn,j)

+
ū1,j − |ū1,j |

2
(ρ2,j − ρ1,j) , (19)

ρb1,j+1 = ρi,j −
∆t

∆x
ρ1,j (u2,j − u1,j)−

∆t

∆x
ρbconv. (20)

ρ1,j+1 =
ρa1,j+1 + ρb1,j+1

2
. (21)

Finally, we consider the update equation for the tempera-
ture θ1. This is basically the same as in [10], but as in the
case of density ρ1, there are two patterns, one on the a side
and the other on the b side. we first calculate θ1,j+1 for each
pattern, and then average the two values to obtain the final
θ1,j+1. Note that not only the convective term θconv, but also
the mean value of density ρ̄, Reynolds number Re, friction
coefficient λ, Nusselt number Nu, thermal conductivity h,
etc. must be considered separately for a side and b side.

IV. GENERATION OF LIMIT CYCLE

Following the method in the previous section, feedback
loops attached to a pneumatic physical reservoir was simu-
lated to generate a limit cycle.

A. Limit cycle

This study deals with the Van der Pol equation. This is the
governing equation for an oscillator with nonlinear damping
as follows:

d2x

dt2
− µ

(
1− x2

) dx
dt

+ x = 0. (22)

where x is the position, t is the time, and µ is the magnitude
of damping. Oscillators following the Van der Pol equation
have limit cycles in phase space. If we let x1 denote the
position and x2 denote the velocity, then (22) is rewritten
as follows and converges to a closed orbit shown in Fig. 5.
In this study, µ was set to 1. The limit cycle expressed by
the Van der Pol equation is also treated in the limit cycle
generation by the physical reservoir using the spring-mass
system by Hauser et al. [5].

x′
1 = x2, (23)

x′
2 = −x1 + (1− x2

1)x2. (24)

B. Generation algorithm

Limit cycles were generated by learning the weights of the
output layer of the reservoir with pre-computed data, similar
to Hauser et al. [5]. First, {x1(k), x2(k)}k=1680

k=1 was prepared
as training data. For the limit cycle study, about 50 cycles
were prepared. Before learning, x1 and x2 were normalized
to have the same range of values (Fig. 5). The model of the
pneumatic pipeline system used as the pneumatic reservoir
was in the form of Fig. 6, where Ps was varied according to
x1(k) and Pf according to x2(k) as follows:

Ps = P0(1 + 6× x1(k)) = f(x1(k)), (25)
Pf = P0(1 + 6× x2(k)) = g(x2(k)). (26)
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Fig. 5. Limit cycle of the Van der Pol equation. x1 and x2 are normalized
to have the same range (see Section IV-B).

Fig. 6. Simulation model of pneumatic pipeline system used to generate
limit cycles.

Here, P0 is atmospheric pressure, which was set to 1.073×
105 Pa. Values for other parameters are shown in Table I.

The algorithm is shown in Algorithm 1. The weights
of the output layer were obtained by the recursive least
squares method used by Caluwaerts et al. in their control of
a tensegrity robot by reservoir computing [15]. The details
of the algorithm is described below.

First, the prediction of the values of x1(k), x2(k)
was done by multiplying the pressure values P (k) =
[P1(k), P2(k), · · · , P100(k)]

T, whose elements were 10
points in the tube at 10 different times by the weight w1,w2

(n-dimensional row vectors), respectively. This is the mul-
tiplexing technique used in a physical reservoir computing
[8]. In learning using the recursive least squares method, the
output was computed by a weighted average of the correct
and predicted data. The weight of the correct data is assumed
to decrease with learning. In this experiment, the weight αrls

of the correct data at time k was calculated as follows.

αrls = 1− k

1680
. (27)

The estimated output x̃1(k) at each time during learning was
computed by a weighted average of the correct and predicted
data as follows:

x̃1(k) = αrlsx1(k) + (1− αrls)w1(k)P (k), (28)
x̃2(k) = αrlsx2(k) + (1− αrls)w2(k)P (k). (29)

Based on the x̃1(k), x̃2(k) calculated in this way, the inlet

TABLE I
PARAMETERS FOR THE SIMULATION

Parameter Value
Sampling time ∆t 0.00025 s

Length of each grid ∆x 4 m
Inner diameter of the tube D 4 mm

Volume of the tank V 60 ml
Effective orifice area of the inlets 1.8 mm2

Effective orifice area of the outlet 2 mm2

pressures Ps, Pf were varied according to (25) and (26) and
the weights were updated as follows. Here, only the update
of w1 is shown, but w2 was updated as well.

Lrls(k) =
Srls(k)P (k)

1 + P (k)TSrls(t)P (k)
, (30)

Srls(k + 1) = Srls(k)− Srls(k)P (k)P T (k)Srls(k)

1 + P T (k)Srls(k)P (k)
, (31)

erls(k) = x1(k)−w1(k − 1)P (k), (32)

w1(k) = w1(k − 1) +Lrls(k)erls(k). (33)

where Srls is the covariance matrix and the initial value
was an n-dimensional identity matrix. The evaluation was
performed by stopping the update of the weights w1,w2

and feeding back only the predictions with αrls = 0.

Algorithm 1 Generating Limit Cycles Using Recursive Least
Squares

%% Learning %%
Let P be mN × 1 vector. Let Srls

1 ,Srls
2 be n dimensional

identity matrix.
for k = 1, 2, · · · , T do
Ps ← f(x̃1(k − 1))
Pf ← g(x̃2(k − 1))
for i = 1, 2, · · · ,m do

Wait for
0.125

m
seconds

P ((i− 1)N + 1 : iN)← [P1, P2, · · · , PN ]
end for
α← 1− k

T
x̃1(k)← αrlsx1(k) +

(
1− αrls

)
w1(k)P

x̃2(k)← αrlsx2(k) +
(
1− αrls

)
w2(k)P

Update w1,w2,S
rls
1 ,Srls

2 using RLS.
end for
%% Evaluation %%
for k = Ttest, Ttest + 1, · · · , Ttest + τ do
Ps ← f(x̃1(k − 1))
Pf ← g(x̃2(k − 1))
for i = 1, 2, · · · ,m do

Wait for
0.125

m
seconds

P ((i− 1)N + 1 : iN)← [P1, P2, · · · , PN ]
end for
x̃1(k)← w1(k)P
x̃2(k)← w2(k)P

end for
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Fig. 7. Generated limit cycle after learning.

C. Generation from different initial states

In the previous section, we discussed the case where, after
learning by the recursive least squares method, we stopped
learning and started evaluation as is. This means that the
evaluation was started from a point (x1, x2) near the target
limit cycle. In this study, we also examined the trajectory
generated when the evaluation was started from a point
far from the target limit cycle. A total of nine cases were
validated, starting with initial conditions of x1 = −0.1, 0 or
0.1 and x2 = −0.1, 0 or 0.1.

V. RESULTS

First, the 25 cycles generated by feeding back only the
prediction data, which started from a point near the target
limit cycle at the time of evaluation, are shown in Fig 7.
Although there was some variation in the trajectory due
to prediction errors, it can be seen that the overall motion
generally generated the target limit cycle.

Then, the cycles generated starting from states outside the
limit cycle are shown in Fig. 8. Except for the case starting
from (x1, x2) = (0.1, 0.1), the limit cycles were inaccurate
right at the start, but began to produce highly accurate limit
cycles within approximately 10 seconds. When starting from
(x1, x2) = (0.1, 0.1), the state diverged.

VI. DISCUSSION

From Fig. 7, we confirmed that the limit cycle can be
generated without deviating significantly from the target limit
cycle. Furthermore, Fig. 8 show that even when starting from
a point far from the target limit cycle, in many cases the
state approached the target limit cycle and generated limit
cycles with high accuracy. In the process, the output of the
pneumatic physical reservoir returned to the target trajectory
even though it passes through a point further away from the
target limit cycle, suggesting that it can return to its original
trajectory even when a large disturbance is introduced. This
is an important property for applying this method to actual
equipment that is constantly subjected to disturbances. One

Fig. 8. Output trajectories generated from states outside of the limit cycle.
The red dots indicate the starting states.

way to reduce cases of divergence is to add noise to the
training data to obtain more robust parameters.

The limit cycle generation in this study has the following
four significance.

• A limit cycle was generated using only the pressure
information in a relatively simple pneumatic tube.

• Predictions of two different output x1, x2 were used.
This can be said to take advantage of the multitasking
nature of the physical reservoir [8].

• The time-dependent input-output relationship was
learned with static parameters that do not change with
time, as expressed in (22).

• Limit cycles robust to large disturbances were gener-
ated.

The generated limit cycle generally follows the target
limit cycle, but there are some areas where the trajectory
is disrupted, such as in the region where x2 is near its
maximum value. The complexity of the pneumatic pipeline
system is expected to be able to generate these parts with
higher accuracy. For example, the number of inlets on the
feedback side can be increased and the distance between
the inlets can be increased as a method of increasing the
complexity of the pipeline system. As a future prospect, it is
hoped that a reservoir incorporating feedback loops will be
applied in soft exoskeleton control using pneumatic reservoir
computing to provide stable assistance that is resistant to
external disturbances.
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