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Abstract— Autonomous driving has attracted lots of attention
in recent years. For some tasks, e.g., trajectory prediction,
motion planning, and trajectory tracking, an accurate vehicle
model can reduce the difficulty of these tasks and improve task
completion performance. Prior works focused on parameter
estimation of physical models or modeling nonlinear dynamics
using neural networks. Still, these methods rely on internal
parameters of vehicles or are not friendly for control due to
the strong nonlinearity of models. This paper proposes a data-
driven method to approximate vehicle dynamics based on the
Koopman operator. The resulting model is an interpretable
linear time-invariant model, facilitating controller design and
solving related optimization problems. In the proposed ap-
proach, the state transition matrix is constructed based on
the learned Koopman eigenvalues, while the input matrix is
trained as a tensor. Based on the resulting model, a linear
model predictive controller is designed to implement coupled
longitudinal and lateral trajectory tracking. Simulations and
experiments, including vehicle dynamics modeling and coupled
longitudinal and lateral trajectory tracking, are performed in a
high-fidelity CarSim environment and a real vehicle platform.
An oil-driven D-Class SUYV is selected in the simulation, while a
real electric SUV is utilized in the experiment. Simulation and
experiment results illustrate that the model of the nonlinear
vehicle dynamics can be identified effectively via the proposed
method, and high-quality trajectory tracking performance can
be obtained with the resulting model.

I. INTRODUCTION

Vehicle dynamics modeling and control are two important
parts of autonomous driving. For vehicle dynamics, classic
kinematics models are usually adopted for low-speed scenes
[1]. On the contrary, dynamics models are suitable for high-
speed scenarios and even high-maneuvering situations, such
as drifting [2]. Time-varying and nonlinear vehicle dynamics
are too complicated to obtain precise approximation models,
so that some decent analytical models are established, e.g.,
14-DOF dynamic model [3], separated longitudinal or lateral
dynamics [4], Pacejka tire model [5], and linear time-varying
dynamics [6].

Vicente et al. [7] adopted a least-squares method to
approximate vehicle dynamics in a linear data-driven manner,
but the resulting model showed a large prediction error.
Recurrent neural networks were adopted to estimate the side-
slip angle for a simplified analytic kinematics [8]. Spielberg
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et al. [9] constructed a vehicle dynamics with a multi-layer
perception (MLP), and a complex nonlinear controller was
designed to validate the identified model. Da et al. [10]
studied the influences of different neural network structures
on the identification performances of the longitudinal vehicle
dynamics. Besides, some works estimated vehicle internal
parameters to obtain the physical model, such as estimating
vehicle sideslip, tire force, and cornering stiffness [11]—
[13]. These estimation approaches rely on physical vehicle
models [14].

The Koopman operator has received lots of attention as a
tool for identifying and analyzing nonlinear systems. Gen-
erally, it is a linear operator in infinite dimensional Hilbert
space unless the state space is a finite set [15]. Therefore,
many approaches have been proposed and developed to
approximate the Koopman operator in an acceptable finite
dimension in which dynamic mode decomposition (DMD)
[16] and extended DMD (EDMD) [17]-[20]. EDMD and
kernel-based DMD [21] usually perform better than DMD
since they lift states to an appropriate higher-dimension space
by kernel functions. Appropriate kernel functions critically
decide the approximating effectiveness, but they are arduous
to be designed, especially for complicated nonlinear systems.
As a result, neural networks are naturally introduced into
taking the place of kernel functions [22] [23] [24]. In [25],
the nonlinearity in the control input was encoded by an MLP.

There are several works based on the Koopman opera-
tor for modeling, controlling, or planning of autonomous
vehicles [26]-[29]. Cibulka et al. [26] adopt EDMD to
model a bicycle model. Based on the model, a linear model
predictive control (MPC) was designed to track velocity
profiles [30]. However, the simulation environment was not
realistic enough and showed large tracking errors. Similar to
[26] and [30], a bicycle model was modeled with EDMD and
controlled by an MPC [31]. The aforementioned three works
are based on the modeling and control methods in [32].
The above methods are validated based on models described
by analytic equations, but real vehicle dynamics are much
more complex. Xiao et al. [27] modeled a vehicle dynamics
from a high-fidelity simulator CarSim using an autoencoder
architecture based on EDMD. Meanwhile, a linear MPC was
designed for longitudinal and lateral velocities and yaw rate
profile tracking.

The approaches mentioned above have been well explored
in vehicle dynamics modeling and velocity profile tracking
control, but two aspects are still worth studying. One is to
improve the modeling precision of the latent dynamics. The
other is that the previous models only include the longitu-



dinal and lateral velocities and yaw rate as the state [27],
[33], which make the trajectory tracking task a nonlinear
optimization problem since the mapping from the latent state
(velocities) to vehicle position is nonlinear.

Motivated by the above two requirements and inspired
by Deep EDMD [27], and Deep Koopman [23], this paper
proposes a deep direct Koopman (DDK) approach for ap-
proximating the Koopman operator of vehicle dynamics. The
direct reflects in several aspects. One is that DDK directly
learns the Koopman eigenvalues. The identified vehicle dy-
namics is described in linear time-invariant (LTI) form with
a block-diagonal state transition matrix constructed by the
eigenvalues. In addition, DDK directly handles the original
state as the former several elements of the Koopman eigen-
functions so that an interpretable subsystem can be extracted
from the identified dynamics to improve the interpretability.
Finally, the vehicle pose in the vehicle coordinate is directly
added to be a part of the vehicle state. Consequently, the
coupled longitudinal and lateral trajectory tracking task can
be formed as a liner optimization problem and be met using
linear optimal controllers. Note that we cannot concatenate
the original state with the features outputted by the encoder
for systems with unknown states, such as systems [34], [35]
with pixel-level measurements.

The main contributions of this work are as follows.

o A deep learning approach called DDK is proposed to
learn the Koopman eigenvalues and input matrix for ap-
proximating the Koopman operator of vehicle dynamics.
The resulting vehicle dynamics is an interpretable LTI
system with good prediction capability.

The resulting model includes vehicle poses and veloci-
ties information. A linear MPC is implemented for cou-
pled longitudinal and lateral trajectory tracking based on
the resulting model. Simulations and experiments are
implemented in a high-fidelity CarSim platform and a
real electronic SUV to verify the proposed approach.

II. DDK FOR MODELING VEHICLE DYNAMICS

In this work, a four-wheel vehicle dynamics model is
utilized to carry out the simulation and analysis [27], which
is given as follows:

(1

where s € R™ denotes the vehicle state vector consisting
of poses (x,y,%), and the associated velocities (v, vy, ).
Poses include the longitudinal and lateral position, and yaw
angle in the vehicle coordinate system, and the associated
velocities including the longitudinal and lateral velocities,
and yaw rate. u; € R™ is the control inputs including
the steering and the engine. f(-,-) : R™ x R™ — R”" is
the nonlinear vehicle state transition function. In this paper,
steering and engine denote the steering wheel angle and
accelerator for the real electric vehicle. As for the oil-driven
vehicle in CarSim, the steering represents the front-wheel
angle, and the engine consists of the throttle opening and
brake pressure.

Sep1 = f (st ut),
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Construction of DDK: For discrete-time vehicle dynam-
ics of (1), the Koopman operator can be described as follows:

2

where KC is the Koopman operator, which is usually an
infinite-dimensional linear operator in Hilbert space H, ¢
is the observable functions. Therefore, it is essential to
approximate the Koopman operator in an appropriate finite-
dimensional state space. In DDK, the resulting K -order
approximated vehicle dynamics is described as

P(sk+1) = (Kp) (58, ur),

@(sk+1) = Ap(sr) + Buy, 3)

where A € REXK and B € REX™ are system matrices,
©(sg) refers to the state of the identified dynamics at time
k. Let T = [A B], @(sx) = [¢ (sx) u.]", then T is the
former K rows of the approximation of Koopman operator.
We only focus on the former K rows of @(sgy1) since the
prediction of the future control uy4; is not used in controller
design [32].

As described above, our purpose is to approximate the
Koopman operator, which includes the observable function ¢
and the system matrices 7' of the latent dynamics. The neural
network framework of DDK is depicted in Fig. 1. DDK
adopts an auto-encoder structure, where the encoder and
the decoder play the roles of the observable function ¢ and
the Koopman modes. The Koopman eigenvalues are learned
and used to parameterize block matrices for establishing the
block-diagonal state transition matrix A.

To approximate the Koopman operator in a finite dimen-
sion, the Koopman eigenfunctions are approximated with
features consisting of the original state followed by char-
acteristics extracted by the encoder,

(sk) = [si 300 (sx,0e)]

where ¢, denotes the encoder parameterized with 6.

“4)

System evolution in the latent state space actually is
scaling in the directions of the eigenfunctions in which
the scaling magnitude equals the eigenvalues [36]. DDK
parameterizes the state transition matrix by learning the
Koopman eigenvalues directly. For situations only with real
eigenvalues, A = {Ry, Ro, -+ , Rk}, A is constructed as a
diagonal matrix A = diag{R1, Rs,--- , Ri}, where R; de-
notes the i-th eigenvalue. Generally, nonlinear systems have
conjugate complex pairs. The eigenvalues are described as
A= {al,bl,~ e ,(lg,bg,Rl, s ,Rh}, where Cj = aj; ibji
denotes the j-th conjugate complex pair, g is the number of
conjugate complex pairs of eigenvalues, and h represents the
number of real eigenvalues. Consequently, A is constructed
into a block-diagonal matrix as follows:

A = b-diag{B1,--- , B4, R1,---, Ry}, S

where B; € R?*? is the matrix corresponding to the j-th
conjugate complex pair, and it is built as

5[4 4]
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Fig. 1.

The neural network framework of DDK. This framework adopts the structure of auto-encoder (AE), and the original state is concatenated to the

outputted features by the encoder. ¢(sg) is an approximation of the Koopman eigenfunctions, and it is also the latent state of the approximated linear
vehicle dynamics. Especially, the state transition matrix is constructed with the learned Koopman eigenvalues via structuring a block-diagonal matrix. Red
dashed wireframes express the interpretable subsystem described by the n-th leading principal submatrix of A and B. This framework is also suitable
for unforced dynamics while uy equals 0,1 constantly. Ry denotes the k-th real eigenvalue while C; denotes the j-th conjugate complex pair, and c
indicates that adjacent c frames of vehicle states are concatenated as a new state.

where a; and b; denote the real and imaginary parts of C);.
A is the K-order approximation of the Koopman operator
and K = 2g + h. Determining K, g, and h remains an open
issue. In DDK, ¢g and h are allocated according to K as

follows:
h=K mod 2,

K—-h

9=

In DDK, the system matrices A and B are learned as con-
stant matrices after training. That is, the resulting dynamics
(3) is a linear time-invariant system. It can be easily extended
to p steps linear evolution:

)

P
O(Sktp) = AP (si) + Z A" Bugypi. (8)

i=1

The Koopman modes implement full-state observable in
eigenfunctions basis, and the performance can be improved
by representing them with neural networks [24],

5k = palp(sk)),

where ¢4 represents the decoder parameterized by 6.
Since A is block-diagonal, the former n elements of p(xy)
match the physical vehicle state. As a result, when n is an
even number, a subsystem can be extracted from (3) shown in
Fig. 1 with red dashed frames. This subsystem is represented
as Sg+1 = Ansk + Bpug, where A, and B,, are the n-th
leading principal submatrix of A and B, respectively. When
n is not an even number, we can adjust the order of real
eigenvalues and complex conjugate pairs of eigenvalues to
extract the subsystem.
Loss functions: In this work, the designed loss functions
refer to prior works [23], [24], [27]. These loss functions
include reconstruction loss, linear loss, multi-step recon-
struction loss, and regularization loss. They constrain the

(€))
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reconstruction, linearity, multi-step prediction performances,
and avoid over-fitting, respectively,

1< 2
Lr== lskyi = Skill3),
p 1=1

1< 2
‘C - - S 1) — D S 7 )
=5 ; lo(skri) — @(skri)lla 10)

P
Lonr =3 Nskri — 6a(@(sis0))ll3,
=1

2 2 2 2
by = [10ellz + [l6ally + lIAll; + 1Bl -

The approximation process of the Koopman operator is
built as an optimization problem to minimize the following
weighted loss,

L=aoa1L, + a3l + a3l + auls. (11

where «; is the corresponding weight to different losses that
expresses the importance of each loss. Implementation steps
are outlined in algorithm 1.

MPC based on DDK vehicle model (DDK-MPC): Based
on the learned DDK vehicle dynamics (3), a linear MPC
is designed for coupled longitudinal and lateral trajectory
tracking of autonomous vehicles. That is, it demands the au-
tonomous vehicle to follow the reference trajectory, including
poses and associated velocities along the time sequence. The
design of DDK-MPC is similar to [27], and the main differ-
ence is that we need to transform the reference trajectory to
the vehicle coordinate at each time step. To account for the
limits of space, please refer to [27] for more details of the
linear MPC design.

III. SIMULATION VALIDATION

In this section, the CarSim environment provides training,
validation, and testing datasets. DDK is validated in two



Algorithm 1 Implementation steps for DDK

1: Initialize 0., 64, A, B, time step p, o;, i = 1,--- 4,
batch size by, learning rate [.

2: repeat

3: Sample a batch of sequences and transform them to

randomly selected vehicle coordinate systems.
Obtain the Koopman eigenfunctions ¢(so.,) with (4)
and reconstruction states 3., with (9).
Construct A based on the eigenvalues A with (5).
Perform p steps Koopman operator with (8) and
reconstruct them with (9) to get ¢(s1.,) and g (P(s1:p))-
Calculate the weigted loss with (11).
Update 6., 04, A, B with an Adam optimizer.
9: until The epoch terminated

aspects, i.e. multi-step prediction and coupled longitudinal
and lateral trajectory tracking combining CarSim.

A. Datasets collection and preprocessing

The datasets consist of 38 episodes and are collected
by combining CarSim 2019 with MATLAB/Simulink using
sampling time ¢; = 50ms. The length of each episode is
about 9100 time steps. As shown in Fig. 2, an oil-driven D-
Class SUV was adopted to collect the datasets. Each episode
is a trajectory with different velocities in which trajectories
were generated by a proportional controller for longitudinal
velocity control and a pure pursuit (PP) controller for lateral
steering control. Values of the front wheel angle are in the
range of ( € [—25°,25°], and values of the engine 7 consists
of the brake pressure [0, 1]M Pa and throttle opening [0, 1].
Note that positive values of the engine denote the throttle
opening while negative values indicate the brake pressure
and vice versa.

200 ¢

~

100 -

-100 -

Longitudinal velocity (km/h)

-200 &

@

(b)
Fig. 2. The vehicle for data collecting and reference trajectory. (a) The
oil-driven D-Class SUV in CarSim. (b) An example reference trajectory.

The preprocessing contains two stages. The first stage
merges the throttle opening and brake into a single variable.
It normalizes the longitudinal and lateral velocities, and the
yaw rate to the range of [—2, 2], while the control variables
are normalized into the range of [—1,1]. The second stage
transforms trajectories to the local coordinate so that the
trajectory tracking task is still a linear optimization problem
based on (3) and normalizes them to [—2, 2].
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TABLE I
HYPERPARAMETERS IN DDK.

H-param Value H-param Value H-param Value
Learning rate  10™*  Batch size 512 c 1
K 16 p 60 ay 1.0
Qo 1.0 as 1.0 Qy 10-6

Main hyperparameters are outlined in Table I. The dimen-
sion of latent states K is an important hyperparameter that
too small values lead to poor identification performance, but
too big values cost a large calculation resulting in the trouble
of real-time requirements in control on the contrary.

The encoder and decoder are implemented with two
MLPs that have the structure of [n - ¢,64,128,64, K] and
[K, 128,64, 64, n|, respectively. This work was trained using
the Python API in PyTorch-Lightning framework with an
Adam optimizer based on an NVIDIA GeForce GTX 2080
Ti GPU. The corresponding MPC algorithm is implemented
in MATLAB/Simulink 2020a combining CarSim 2019 envi-
ronment with an Intel i7-11700KF@3.6GHz.

B. Model prediction

In this subsection, the identifying capability of DDK and
the trajectory tracking performance DDK-MPC are verified
separately. MLP and LSTM used in [37], Deep EDMD
[27], EDMD [26], [32], and LS approaches are adopted to
identify the same vehicle dynamics and to compare with the
proposed DDK. We did not choose Deep Koopman [23] as a
comparison since we did not achieve good performance for
modeling the vehicle dynamics using Deep Koopman. LT V-
MPC [6], [38] and PP [39] are selected for comparisons in
the aspect of trajectory tracking control.

Deep EDMD: Deep EDMD was implemented with the same
hyperparameters with DDK, such as the structure of the
autoencoder, p, and K.

EDMD: As the same in [26], we adopted thin-plate spline
radial basis functions to span the observable space. The
kernel centers « were selected randomly in the uniform
distribution U (-2, 2).

LS: The purpose of adopting LS as a comparison is to show
the effectiveness of EDMD, since EDMD is also a least-
square method.

LSTM: LSTM takes [#;] u,]" as the input to predict the
next state, where &; is the prediction state based on Z;_1,
and we have &y = xg. The structure of LSTM consists of
three vanilla LSTM cells and an MLP. The structure of the
MLP in LSTM was designed as [n 128 128 n]. LSTM also
adopts multi-step loss function as the proposed DDK,

P P
71 ~n2 . 2 .
Listm =— T, — T3 + — T — T
Istm » ;:1 |2 ill2 D ;:1 [ illoo (12)

+7sll0 13,

where ~y; for i = 1,2, 3 are weighting scalars. 7, denotes all
the weights and biases of LSTM. DDK, LSTM, and MLP



TABLE II
RMSES OF 60 PREDICTION STEPS (3S) FOR DIFFERENT METHODS

oy v w v b

Method (v () (rad) (m/s) (m[s) (rad/s)
DDK 0385 0.59 0013 0.167 0.007  0.005
DeepEDMD 1.067 0.631 0.035 0.377 0.012 0.009
EDMD 1532 0833 0043 0424 0044 0032
LS 7.838 0.573 0.049 0.506 0.048 0.037
MLP 7216 0.512 0.059 1.146 0.051 0.030
LSTM 0832 0297 0031 0560 0016 0013

adopt the same learning rate and the step p in loss functions.
MLP: In MLP, we also take [ u,]T as the in-
put and the structure of MLP was designed as [n +
m 32 64 128 128 64 32 n]. Besides, MLP adopt the same
p-step loss functions as LSTM in (12).

As outlined in Table II, root-mean-square error (RMSE)
of 60 prediction steps is adopted to evaluate the prediction
performance of different methods. Each method predicts
and calculates its RMSE using the whole testing dataset
containing about 5000 sequences. The results show that DDK

obtains the best prediction performance.

C. Coupled longitudinal and lateral trajectory tracking

To further validate the proposed DDK method, coupled
longitudinal and lateral trajectory tracking simulation was
implemented based on Simulink/CarSim environment. Be-
sides, an MPC based on LTV vehicle dynamics was imple-
mented as a comparison. Pure-pursuit was also implemented
in this section. MPCs based on EDMD and Deep EDMD
did not select for comparisons since their lateral errors at
curves on the road are too large to complete the whole
trajectory tracking task. Diagonal penalty matrices of states
and controls for DDK-MPC and LTV-MPC was chosen as
Q = diag{q1,...,qn}, R = diag{ry, 72} where ¢; = 20 for
i = {1,5,6}, ¢; = 1000 for j = {2,3,4}, r1 = 5, and
ro = 10000. For LTV-MPC, it has the same parameter tuning
way as DDK-MPC and the best performance is chosen. PP
only tracks the lateral direction with the preview distance
04 = kqvg + bqp, where kg = 0.4 and d4¢ = 4m. For the PP
controller, there is a proportional feedback rule for tracking
longitudinal velocity. Other hyperparameters are shown in
Table III. It is worth noting that the engine is piecewise to
represent the brake pressure and throttle opening according
to the sign then anti-normalize them to the original range for
applying to the CarSim car.

The testing reference trajectory is shown in Fig. 2 (c).
The maximum and mean absolute errors of coupled longi-
tudinal and lateral trajectory tracking results with different
controllers are given in Table IV, where £; denotes the lateral
tracking error. The results show that our method can obtain
the best tracking performance, and the average lateral error
is only 6.5cm. The simulation results of all trajectories in the
training, testing, and validation datasets can be gained and
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TABLE III
MPC HYPERPARAMETERS IN THE SIMULATION.

H-param Value H-param Value
Emin 0 Emazx 100
Umin  [—1.0,=1.0]7  wpe,  [1.0,1.0]T

Atmin — [0.5,=0.5]"  Aupay  [0.5,0.5]"
p 10 ts 50ms
N, 30 N, 30
TABLE IV

MAXIMUM AND MEAN ABSOLUTE ERRORS FOR COUPLED
LONGITUDINAL AND LATERAL TRACKING IN CARSIM SIMULATION

Ea X Y [} Vg v, P
Method Y '
(m) (m) (m) (rad) (m/s) (m[s) (rad/s)
e DDK-MPC 0.065 0.033 0.046 0.003 0.247 0.006  0.005
é) LTV-MPC  1.134 0596 0.769 0.034 0443 0.008  0.007
PP 0.380 0.227 0.252 0.012 0308 0.010 0.008
. DDK-MPC 0.375 0283 0.276 0.027 1.032 0.049 0.040
§ LTV-MPC  7.836 5.087 7.797 0.439 9.653 0.213 0.174
PP 1.706 1496 1.643 0.123 1.951 0.171 0.148

recovered using our control code'.

The average one-step solving time of DDK-MPC, LTV-
MPC, and PP are 7.31ms, 13.85ms, and 0.36ms, respectively.
PP had the shortest solving time since PP is a forward
controller and does not deal with constraints. Compared
with LTV-MPC, DDK-MPC spent less solving time since
the DDK vehicle dynamics is linear time-invariant.

IV. EXPERIMENT

In this section, a real vehicle is utilized to collect datasets
for validating the capabilities of modeling and tracking
control. As shown in Fig. 3, road scenes include straight
roads, U-turns, roundabouts, left and right turns. In experi-
ments, except the hyper-parameters given in Table V, other
hyper-parameters are the same as the simulation. Besides,
DDK-MPC was implemented using C++ with an Intel i7-
11800H@2.3GHz.

2 o \ A\

Fig. 3. HongQi EHS3 SUV and one example trajectory. Differences with
CarSim data include sampling interval is 20ms and the engine is represented
by acceleration instead of the throttle opening and brake pressure.

As outlined in Table VI, RMSEs of prediction with differ-
ent prediction horizons are calculated by the whole testing

IThe CarSim datasets, CarSim config file, control code, DDK model, and
all tracking results can be obtained: https://github.com/yonggianxiao/DDK



TABLE V
HYPERPARAMETERS IN THE EXPERIMENT.

H-param Value H-param Value
K 12 80
Atpin [~0.05, —0.05] T Atpae  [0.05,0.05]T
N, 50 N, 20
R diag{10000,10000} ts 20ms
TABLE VI

RMSES OF PREDICTION WITH DIFFERENT HORIZONS

Steps x Y P Vg Vy Y
(20ms) (m) (m) (rad) (m/s) (m/s) (rad/s)
80(1.6s) 0.299 0.169 0.027 0.027 0.023 0.030
180(3.6s) 0.467 0472 0.064 0.055 0.033 0.041
240(4.8s) 0.726 0.666 0.080 0.073 0.034 0.041

dataset. Prediction results demonstrate that DDK receives
acceptable RMSE even for prediction more than 3s.

We focus more on coupled longitudinal and lateral trajec-
tory tracking control in the experiment. As shown in Fig.
4, we adopt five urban scenes in the experiment, and the
largest longitudinal velocity is about 50km/h. Maximum and
mean absolute errors are given in Table VII, where AT
denotes the time error between the reference time and the
spent tracking control time. We can know that the vehicle
controlled by DDK-MPC was basically synchronized with
the reference trajectories in the longitudinal direction. The
results show a small mean lateral tracking error, though
the maximum errors are slightly larger when the vehicle
turns. Besides, the average one-step solving time is only
about 0.98ms. Fig. 5 shows that DDK-MPC is tracking
the reference trajectory collected by the human driver. Full
videos of more experiment scenes are publicly available .

Longitudinal velocity (km/h)

400 600
(m)

X
(a) Lane change

locity (kmih)
Longitudinal velocity (km/h)

800 300
X(m)

(c) Urban road

(b) roundabout

Fig. 4. Five experiment scenes. Satellite imagery did not update, leading
to differences in the experiment video.

Zhttps://yonggianxiao.github.io/2022/09/12/Experiment-videos-of-DDK/
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TABLE VII
MAXIMUM AND MEAN ABSOLUTE ERRORS FOR COUPLED
LONGITUDINAL AND LATERAL TRACKING IN HONGQI1 EHS3

Scene &4 X Y ) Uy vy ) AT
Fig. 4  (m) (m) (m)  (rad) (m/s) (m/s) (rad/s) (s)
g (@ 0.144 0.112 0.077 0.005 0.043 0063 0011 0.04
ﬁ (b) 0.175 0.128 0.092 0.011 0.054 0.054 0.011 0.52
(c) 0.103 0.057 0.071 0.005 0.051 0.030 0.006 0.56
% (a) 0.341 0.290 0.230 0.035 0.240 0.215 0.043 -
s (b) 0.745 0.740 0.380 0.052 0.227 0.239 0.048 -
(c) 0.792 0350 0.710 0.035 0308 0.144 0.025 -

Human driving

DDK=MPC

Fig. 5. Experiment video screenshot. The left picture shows the reference
trajectory collected by the human driver, while the right picture shows the
synchronicity of DDK-MPC for tracking the reference trajectory.

V. CONCLUSION

A pure data-driven deep learning approach called DDK is
proposed to approximate the Koopman operator of vehicle
dynamics for coupled longitudinal and lateral trajectory
tracking. DDK directly learns the time-invariant Koopman
eigenvalues to construct a block-diagonal state transition
matrix. In addition, the vehicle state matches the former
n elements of the latent state. An interpretable subsystem
can be extracted from the identified latent dynamics and
utilized to be the prediction model for control. An MPC
is designed to implement coupled longitudinal and lateral
trajectory tracking in a high-fidelity vehicle dynamics envi-
ronment. Simulation results validate the feasibility of DDK-
MPC for trajectory tracking under the condition of real-
time requirements. Finally, DDK is utilized to model the
dynamics of a real electric SUV, and corresponding coupled
longitudinal and lateral trajectory tracking experiments are
implemented. Future research will focus on high-efficiency
motion planning based on the identified vehicle dynamics.
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