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Computational Modeling in System with Non-Circular Timing Pulleys

Renzo Caballerof, Angelica Coronado, and Eric Feron®

Abstract— We analyze and model a belt transmission system
with non-circular timing pulleys. Using a 3D printer as a proof-
of-concept device, experiments consisting of tracking the pose
data of a printer nozzle and its pulleys are conducted. A
computational model from our previous work is validated with
the experimental data and expanded to model more complex
systems with multiple non-circular timing pulleys as well as
slippage and non-ideal tensions. Finally, an example with two
non-circular timing pulleys is presented and simulated utilizing
the proposed method.

I. INTRODUCTION

Timing belt transmission systems are widely used in
industrial robots and systems that require accurate power
and motion transmission. Timing belt drives, which are of
great importance for many fields, have many advantages such
as small weight, low noise, high power transmission, high
velocity, and high efficiency [1], [2]. However, they have a
tendency to wear out due to intrinsic and external factors,
affecting the reliability of the system [3]. Thus, a number
of studies have investigated the diagnosis and detection of
failures on timing belt drives [3]-[6]. These failures can
occur due to the wear of their components [7], including
timing pulleys [8] that can cause slippage and reduction of
the precision of the system.

Although traditional ideal timing pulleys are circular, the
literature describes systems that use non-circular pulleys for
a range of applications. Some of the assumptions that are
generally made for circular pulleys need to be re-considered
for non-circular pulleys [9]. For instance, the use of non-
circular pulleys might lead to a lack of proper belt tension
due to the geometry of the pulley itself. In [10], methods are
proposed in which elastic idlers are added to maintain the
timing belt tension. Research efforts in the study of systems
with non-circular pulleys include fabrication [11], weight
compensation mechanisms [4], [12], [13], robotic joints [10],
[14], and modeling of timing belt drives with non-circular
pulleys [9].

To build upon our previous work [15], in which we con-
structed a computational model—and a formal mathematical
model in [16]—to analyze the effect of a non-circular timing
pulley on the z-axis of a 3D printer, here, we conduct a
high-precision experiment to have a finer validation of the
computational model in [15], and we generalize our model to
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a system with multiple non-circular timing pulleys. Our main
contributions are (i) to validate with experimental data and
consider teeth misalignment on the model proposed in [15],
(i) to provide a mathematical model for non-ideal tensions
and slippage on the timing belt, and (iii) to combine both, the
mathematical model from (ii) and the computational model
proposed in [15], to simulate systems with multiple non-
circular timing pulleys.

We conduct a set of experiments to capture 6 degrees-
of-freedom (6-DoF) data from a belt drive system of a 3D
printer when the printer z-axis motor has a non-ideal timing
pulley. Traditional methods used to track the motion of 3D
printer components include encoders, optical sensors, and
motion capture systems [17], [18]. The experiments in this
paper are performed using the motion capture system Opti-
track, a real-time tracking system that offers high precision
(0.01 mm), low system latency, and high resolution due to
its data collection frequency of up to 360 frames per second.
This tracking system is widely used for different applica-
tions; capturing face and body data [19], [20], tracking the
position of drones [21], [22], robots [23]-[25], and mobile
3D printers [25]-[27] are among the most popular.

The paper is organized as follows: Section II contains
the details of the performed experiment. Section III has the
observations of the experimental data. Section IV describes
the proposed models. Section V presents the validation and
simulation of the proposed models. Section VI presents the
closing conclusion.

II. EXPERIMENT DESCRIPTION

A. Goal of the Experiment and Notation

In this experiment, we aim to measure empirically the re-
lationship between the rotation on the x-axis timing pulley—
for any shape the timing pulley might have, circular or
non-circular—, and the z-axis displacement of the printing
nozzle. As we detailed in [15], for an ideal system with a
circular z-axis timing pulley with radius , when the pulley
experiences an angular rotation A6, the nozzle experiences a
change of position Az in the x-axis direction of magnitude
Az = Az(Af) = Abr—see Fig. 1—. In such case, for
infinitesimal rotations, the limit

. Ax(A6)

A A9 0
is well-defined and independent of the angular position of
the timing pulley.

An ideal pulley is defined as a circular pulley of the ideal
radius r given by the design specifications, and it is the pulley
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Fig. 1. Basic diagram of the pulley-belt system.

that the 3D printer utilizes by default. Thus, we define a non-
ideal pulley as a pulley with any geometric shape or radius
different from the ideal pulley.

In the case where the 3D printer has a non-ideal timing
pulley on the x-axis, the relation between Ax and A6 might
not only depend on the angular rotation A#, but also on
the angular position of the pulley 6 € [0,27). Given a
timing pulley C, we call the instant displacement of C to
the function fc : [0,27) — RT (with RT denoting the non-
negative real numbers) resulting from computing the limit (1)
with the timing pulley C on the printer z-axis for all possible
initial positions from 0 to 27. Then, for a timing pulley C
with initial angular position 6y and an angular displacement
A0, the relation between the x-axis nozzle displacement Ax
and A# is given by

0o+A6
Ax :/ fe(s)ds. 2)
0o
The goal of the experiment is, for a non-ideal timing pulley
C' on the z-axis, to obtain the needed data to validate the
computational evaluation from [15] of the instant displace-
ment of C, fe.

B. Experimental Steps

The utilized 3D printer in the experiment is an Ender-5 3D
printer [28]—see Fig. 2-i)—. The 3D printer is composed of
one stepper motor for material extrusion and three stepper
motors that control the x, y, and z positions respectively.
The z-axis and y-axis on the 3D printer use a belt-pulley
transmission system for linear motion and positioning of the
nozzle.

We utilize a room equipped with an Optitrack system
composed of twenty Primel7w cameras with infrared LEDs
for tracking. Opitrack tracks millimeter-scale movements
with reliable precision using reflective markers.

Prior to the experiment, we design and 3D print six timing
pulleys {C1,Co,...,Cs} (see Fig. 5) and two bases for
the reflective markers (see Fig. 2-ii) and 2-iii)) with four
attachment points each. One marker base is placed over the
nozzle and the other on top of the timing pulley located on
the x-axis motor, as shown in Fig. 2-i).

For each one of the six timing pulleys {C7,C5,...,Cs}
with different shapes, we command the 3D printer to print
lines parallel to the x-axis at three different printing speeds:
40mms~1, 80 mms~!, and 120 mm s—!. We track the carte-
sian position over time of the markers placed on top of
the nozzle, and we track the cartesian position and angular

position over time of the marker placed on top of the timing
pulley.

Fig. 2. Ender-5 3D Printer [28]: i)-a y-axis stepper motor, i)-b x-axis
stepper motor, i)-c extruder stepper motor, i)-d z-axis stepper motor, i)-e
nozzle marker base, and i)-f z-axis timing pulley marker base. CAD design:
ii) nozzle marker base, and iii) z-axis timing pulley marker base.

A timing pulley identical to the ideal one, C, is utilized as
one of the six subjects. The experiment with the ideal circular
pulley C provides the reference values to be utilized in the
normalization of the other timing pulleys {Cs,...,Cg}.

The raw data from the experiments, the CAD designs of
the non-ideal pulleys, and the CAD design of the marker
bases can be found on GitHub [29]. The recorded data is
then processed and smoothed in MATLAB using the function
smoothdata. Finally, the location of the nozzle is calculated
with respect to the position where the nozzle starts the
displacement parallel to the x-axis. A summary of the steps
taken during the experiment can be seen in Fig. 3.

a) b) o) h)
Computational Computational
Model

Empirical Data
Bounds P

Tracking
Rotation of
Pulley and
Movement of
Nozzle

O oo~ i ) f) 9)

Printing Adding Printed
Non-Ideal Non-ldeal Pulley
Pulley to the 3D Printer

Fig. 3.  Block representation of the steps taken during the simulation
(a,b,c) and the experiment (d,e,f,g,h). Simulation blocks: a) two-dimensional
design of a timing pulley C, b) simulation of the instant displacement fc
of the timing pulley C, ¢) simulation of bounds fg, and fg,, which
depend on the misalignment between the pulley and belt teeth. Experiment
blocks: d) CAD design of non-ideal timing pulley, e) printing of non-
ideal timing pulley, f) replacing non-ideal pulley on the printer x-axis, g)
performing tracking of the non-ideal pulley and nozzle dynamics, h) storing
and smoothing experimental data.
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III. OBSERVATIONS

Fig. 4 shows pictures of the timing pulley with an oval
shape C'5 on the printer x-axis for the angular positions
{0,7/2,7,3m/2}. We observe a misalignment between the
teeth of the belt and the teeth of the pulley in b), c), and d).
Such misalignment occurs for all pulleys, except the ideal
one (.

Fig. 4. Photo sequence of a 27 rotation (clockwise direction) of the oval
pulley. The red outline marks the misalignment of the timing belt teeth with
the teeth of the pulley.

Fig. 5 shows an example of normalized experimental
instant displacement for each one of the six timing pulleys
evaluated during the experiment. Each experimental instant
displacement is calculated as the finite differences with
respect to the timing pulley angular position of the vector
position of the nozzle. The normalization value is calculated
as the mean experimental instant displacement of the ideal
timing pulley C. We observe oscillations within the interval
[0,27) depending on the number of symmetry angles on the
timing pulley, e.g., the triangular pulley presents oscillations
with period 27 /3, and the squared pulley with period 7 /2.

A total of 108 rotations are recorded for each timing
pulley. No significant differences are observed in the exper-
imental data from different printing speeds, and all experi-
mental data on the paper corresponds to a printing speed of

40mms—1.

IV. COMPUTATIONAL MODEL

We present an extension of the model from [15] where
teeth misalignment is considered. The extended model is
validated with the experimental data. Also, we present a new
mathematical model that characterizes the dynamics of the
3D printer nozzle, followed by a generalization that can be
utilized in systems with multiple non-ideal timing pulleys,
and where slippage and non-ideal tensions are considered.
The system is assumed to be quasistatic, and no inertia is
considered. We utilize our previous work [15] as a building
block in the subsequent models.

A. Our Previous Work

In [15] we constructed a computational model that utilizes
convex hull theory, calculus, and geometry to predict the

influence of non-ideal timing pulleys on the printing pro-
cess (Git repository: [30]). A timing pulley C' is a three-
dimensional (C' C R?) body with two parallel identical faces
(base and top) that are connected by a surface. In our model,
we consider the two-dimensional cut parallel to the pulley
base, and after we consider the convex hull of that two-
dimensional figure, which we call H C R? (see Fig. 6-left).

The modeling process in [15] is as follows: We consider
a convex cover H' C R? with a finite number of edges that
covers the timing pulley convex hull, i.e., H C H’. Then,
we discretize the convex cover into a discrete number of
triangles where all of them share a common point, the center
of rotation of the timing pulley, and by utilizing geometry,
we find an exact expression for the instant displacement fg/
of the pulley represented by the convex cover H'. Fig. 6-
right shows an example of a timing pulley with a heart shape,
where we can also see its discretized convex hull. Finally, an
assumption in [15] is that both pulleys with the same convex
hull have the same instant displacement, so we can assume
fc = fu, and since H' can approximate H as much as
needed, fy approximates fc as much as needed, begin the
only limiting factor the resolution of H' in the simulation.

1) Teeth Misalignment in Computational Model: We con-
sider two different convex sets in the model, where one set
includes (C) the other set. The inner convex hull H; C R?
corresponds to the convex hull of the timing pulley C' when
the teeth of the pulley and the teeth of the belt match
perfectly (i.e., the ideal condition for such a system, or in
other words, H; = H). The outer convex hull Ho C R? is
constructed by assuming a complete misalignment between
the teeth, by adding an offset to the contour of H;. The
relation between the two convex sets is H; C Hop.

B. System with One Timing Pulley: 3D Printer

We model the dynamics of the printer with a non-ideal
timing pulley following the notation and structure presented
in Fig. 7, and utilizing the following:

Assumption 1: The timing belt does not stretch apprecia-
bly, i.e., its total length does not change.

This assumption is supported by the observations in Sec-
tion III, where different stepper motor speeds affected the
displacement of the nozzle equally. In addition, timing belts
are designed to have minimal stretch [31].

Assumption 2: The timing belt is being pulled from ex-
actly one point on the convex hull of the timing pulley.

Fig. 7 shows a graphical representation of the system
we are analyzing. Points P, and P; are the top pulley-
belt contact point and bottom pulley-belt contact point,
respectively. When there is no slippage and the timing pulley
has clockwise positive angular velocity, point P, pulls from
the timing belt, causing the bearing to have a instant tangent
velocity v;. Point P; defines the location of the nozzle and
is driven by the rest of the system.

1) Mathematical Formulation of the Belt States: For the
i-th segment of the belt, with ¢ € {1,2,3}, or the segment
delimited by the timing pulley (segment from P, to Fs),
we define for all ¢ € [tg,t1] the length with ideal tension
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Fig. 5.

Plot of experimental instant displacements for six different pulley geometries: (1) ideal circle-shaped pulley, (2) rectangular-shaped pulley, (3)

oval-shaped pulley, (4) triangular-shaped pulley, (5) squared-shaped pulley, (6) small circle-shaped pulley.
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Fig. 6. Left: 3D model of an ideal pulley with a transverse cut parallel to
the zy-plane. Right: example of a heart-shaped timing pulley included in a
discrete convex hull.
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Fig. 7. Graphical representation of a system with a non-circular timing
pulley, a timing belt, and a bearing.

Segment 2"

L;(t) > 0 and the actual length of the segment E;(t) >
0, such that the total length E > 0 is time-invariant and
given by Z?:l E;(t) + E4(t) = E. Since the belt is not
stretchable, there are only two possible states of tension:
either ideal tension or loose. For each segment—including
the one delimited by P, and Ps—, at time ¢, the states ideal
or loose are given by:

f‘g:i > 1 loose timing belt, &)
74 = 1 timing belt with ideal tension.

When the timing pulley starts rotating clockwise at time ¢,
and the transition time from ¢, until t* where Eo(t) > Lo(t)
(t € [to, t«)) has passed, the tension on the top line reaches
its ideal value and then Es(t) = Lo(t) for ¢t € [t*, ¢1].

The dynamics of the ideal tension {L;(¢)}3_; and L} (¢)

are:
Li(t) = [[P{ = Pr(®)]]2,
Ly(t) = ||P () By (®)ll2, @
LY(t) = Perimeter from P, to P3 (clockwise),
Ly(t) = [|P1(t) = Ps(®)]]2,

where we assume that the contact points with the bearing
P{ and Pj have fixed positions, P»(t) and P3(t) are given
by the control on the stepper motor, and P; () adapts such
that Assumption 1 holds. Note that L (t) = —|v(t)|, where
v1(t) is the velocity of Pj(t) at time ¢, which is aligned
with wit the vector P| — Py (t). All of these functions and
conditions are illustrated in Fig. 7.

C. System with Multiple Non-Ideal Timing Pulleys

We generalize the 3D printer z-axis pulley-nozzle dynam-
ics to a system with a mobile mass, n € N non-ideal timing
pulleys rotating in a clockwise direction, n + 1 ideal passive
bearings with radius r, and a single timing belt, as shown
in Fig. 8. The present model is at the risk of overfitting due
to a large number of control variables (the controls for the
timing pulleys). To guarantee a single solution, the possibility
of slippage of the timing belt over the timing pulleys is
considered and modeled.

Consider the 2n 4 2 ideal lengths {L;(t)}?"? and actual
lengths {F;(t)}2"1? of the segments between the bearings
and the pulleys. At time ¢, the 2i-th timing pulley is pulling
from the (2¢ — 1)-th bearing when the 2i-th segment has
ideal tension, i.e., E9;(t)/L2;(t) = 1. We assume the contact
points over the bearings {P;}2"? to have a fixed location
given by the distribution of the bearmgs, timing pulleys, and
the mass in the system. The contact points over the timing
pulleys {P;(¢)}7"4* are time-dependent and their location is
given by the angular positions of each timing pulley in such a
way that L;(t) = || P;(t) — P/||2. For the 2i-th timing pulley,
with ¢ € {1,...,n}, we consider the perimeter of its convex
hull between points Py;(t) and Ps;11(¢) (in the clockwise
direction) as L);(t) and the portion of belt between the same
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points as E%,(t), where E%,(t)/L5;(t) > 1 (see Fig. 7 for an
example where EY /L, > 1).
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Fig. 8. Representation of an arbitrary system with n € N non-ideal timing
pulleys (orange), n + 1 passive bearings (blue), and a mass. We neglect the
segments of belt in contact with the bearings.

Observe the (i + 1)-th timing pulley in Fig. 8. If we
assume it rotates clockwise, and that its convex hull has a
discrete number of vertices—needed assumption to utilize
the model described in Subsection IV-A—, then, in a finite
time interval [to, 1], there exist a set of n;41 transition times
{t(”l)};“f” such that L; 1 (t (ZH)*) > Li+1(t§l+1)+), and
they represent the exact time when the contact point belt-
pulley changes, and L;,1(t) experiences a discrete change

ALyH) = Li+1(t§'i+1)_) — Lia(t (ZHH) We denote

M (i+1)

Z ] (1+1)

to the function describing the discrete jumps of L;;1)(t) in
[to, t1], where d,(t) denotes the Dirac delta with weight at
t=ux.

With the previous setup defined, we consider the conserva-
tion of mass for the non-flexible timing belt of length £ > 0
for all time ¢ € [to, 1] as

Ty (t )AL, (5)

2n—+2

E= Y Eit
=1

where we neglect the segments of belt in contact with the
bearings, and for each individual segment:

)+ Ey(h), (6)
=1

Eit1(t) = Eita1(to)

t
+ / wi(8)r — Jiig1)(s) —vipi(s)ds, (7)

to
E1{+1(t) = E7/:+1(t0)
t
[ 0a(s) 4 Tas (6) = T () = ia(s) s, )
0
and

Eia(t) = Eita(to)

t
+/ Jiir2)(8) + Vi yo(s) — wiya(s)rds, (9)

to

where the set of velocities {v;(t)}2"3' such that L;(t) =
(—1)"|v;(t)| almost everywhere in t € [tg,t1] is given
by the control over the timing pulleys and modeled by
the computational model in Subsection IV-A. Velocities
{v} Z"H represent the slippage over the timing pulleys and
are determmed by the conservation of mass. For example,
in Fig. 8, if we only consider the system composed of the
(¢ + 1)-th and (i + 3)-th timing pulleys and the (: + 2)-
th bearing, and we assume that 3t* € [to,t1] such that

E; t* E; t* *
L;z(t*; = L;ggt; = 1, and v;13(t*) > v;42(t*), then
vfﬁét*) = v;13(t*) — viy2(t*). Finally, if we compute the

derivative of (6), we observe that the total length does not
change over time.

Thus, in a system constrained by the angular position of
the timing pulleys, the location of the mass can be either fully
determined (if we assume perfect matching of the teeth of
the timing pulley and the timing belt) or partially determined
within some confidence band if we assume misalignment for
some pulleys.

V. SIMULATION AND VALIDATION

We validate the model with a single non-ideal timing
pulley described in Subsection IV-B considering the mis-
alignment described in Subsection IV-A.1, and we simulate
a system with two non-ideal timing pulleys.

A. Validation of the Experimental Data

We verify our computational simulations from [15] with
the teeth misalignment consideration described in Subsection
IV-A.1 against the experimental data generated from the ex-
periment described in Section II. The experiment represents a
system with a single mass (nozzle), bearing, and a non-ideal
timing pulley.

Fig. 3 shows the steps taken during the simulation and
the experiment. The experiment starts with the CAD design
of a non-ideal timing pulley, which is 3D printed, and then
inserted into the 3D printer x-axis. In parallel, an equivalent
two-dimensional pulley is drawn and inserted into the simu-
lation. Finally, we compare the output of the computational
and experimental systems. During the steps described in
Fig. 3, the two initial conditions for the simulation and the
experiment, a) and d), respectively, are constructed to agree
on the dimensions.

Fig. 9 shows three experimental instant displacements
starting from the same angular position and the simulated
bounds for each of the six tested timing pulleys (C1, . .., Cg).
The lower bound corresponds to the simulation of the instant
displacements {fw, ,..., fu, } assuming ideal teeth align-
ment, and the upper bound corresponds to the simulation
of the instant displacements {fr, ,...,fr,,} assuming
complete teeth misalignment. Notice that the experimental
data fit into the bounds in most cases, whereas the other
cases can be justified by data smoothing.

B. Simulation of a Multiple Pulley System

Fig. 10 shows the simulated system, where the timing
pulleys 2 and 4 have squared and oval shapes, respectively.
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Fig. 9. Experimental instant displacement and simulated upper and lower
bound in cases: (a) Ideal-shape pulley, (b) Rectangular-shape pulley, (c)
Oval-shape pulley, (d) Triangular-shape pulley, (e) Squared-shape pulley,
(f) Small circular-shape pulley. Each plot shows three experimental mea-
surements starting from the same angular position.

The distance between the center of rotation between consec-
utive pulleys and bearings (bodies 1,2,3,4 and 5) is 100 mm.
We simulate 10 seconds (t, = Os and t; = 10s) of
operation where the angular velocities of pulleys 2 and 4
are 27/5 rads~! and 47 /5 rad s, respectively. Pulley 4 is
faster to ensure slippery over pulley 2. For this simulation, we
are assuming perfect pulley-belt contact, and an initial slack
factor of 10% for all lines, except for the second one, with a
factor of 40%, i.e., E;(to)/Li(to) = 1.1 for i € {1,3,4,5},
and Eg(to)/LQ(to) =1.4.

I P, v, +vs
\ P,
3
2 PN
£ /
By L—z‘ 1 Py
E ‘
L_:=1 P} Vn

P I/,‘P‘t

Pg

Fig. 10. [Initial (left) and final (right) states condition of the system at
times t = top = 0 and ¢t = t1 = 10, respectively.

Under the previous conditions, the position of the mass
is fully determined by the angular velocity of the timing
pulleys. The exact position of the contact points over the
timing pulleys, and the value of L; over time with i €

{2,3,4,5} is given by the angular position of each timing
pulley.

In Fig. 11 we observe the results from the simulation,
where we can see the values over time of (a) L1 (¢) and E (),
(b) La(t) and Es(t), (c) Ls(t) and Es5(t), (d) L4(t) and
E4(t), (e) position of the mass relative to its initial position,
and (f) the velocities of the elements on the system. We can
observe the discrete jumps described by (5) in plots (b), (c),
and (d).

Notice that the mass is at rest until the time ¢* such that
Eq(t)/L1(t) = 1 for t € [t*,¢1]. Also, observe that the
system has slippery over the timing pulley 2 after ¢** such
that Eg(t)/Lg(t) = E4(t)/L4(t) =1fort e [t**,tl}. All
code regarding this simulation can be found in [29].

(a) Ly and E; (b) Ly and E,
140 140
£ B
§120 5120
£ ES]
100 100
[ =4 [=4
3 3
p—
80 (|, 80
0 5 10 0 5 10
Time (s) Time (s)
(¢) Ly and Ej (d) Ly and Ey
140 ’ 140 :f:
€ E
§120 5120
< = N A A
100 © 100
f=4 [=4
5] 5]
4 i
80 80
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,é\ ——Mass Position| —
o,
E40 215 "
c 1 —
g% Eqoll—um
3 Y
e 20 g fvv /
£ 10 3 5
5 S
[0)
0 0 ——
® % 5 10 0 5 10
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Fig. 11. Dynamics of the simulated system: (a) L1 and E1, (b) L2 and

FEo, (¢) L3 and E3, (d) Ls and Ej4, (e) position of the mass relative to its
initial position, (f) velocities of the elements on the system.

VI. CONCLUSION

This paper presents a computational model that success-
fully predicts the dynamics of a transmission system of a 3D
printer with a non-ideal timing pulley on the printer z-axis. A
total of six timing pulleys with different geometric shapes are
tested at different printing speeds to collect the needed data
to validate the model. We consider cases where the teeth of
the timing pulley and the timing belt align perfectly, as well
as those where there is a complete misalignment, to establish
bounds for instant displacement. The model is extended to
a case with multiple non-ideal timing pulleys and bearings
where the slippage and non-ideal tension on the timing belt
are considered. A simulation of a transmission system with
two non-circular timing pulleys is presented and explained.
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