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Abstract—1In recent years, a deep learning framework has
been widely used for object pose estimation. While quaternion
is a common choice for rotation representation, it cannot
represent the ambiguity of the observation. In order to handle
the ambiguity, the Bingham distribution is one promising
solution. However, it requires complicated calculation when
yielding the negative log-likelihood (NLL) loss. An alternative
easy-to-implement loss function has been proposed to avoid
complex computations but has difficulty expressing symmetric
distribution. In this paper, we introduce a fast-computable and
easy-to-implement NLL loss function for Bingham distribution.
We also create the inference network and show that our loss
function can capture the symmetric property of target objects
from their point clouds.

I. INTRODUCTION

Recently, many research efforts have been on pose estima-
tion based on a deep learning framework, such as [1], [2].
In these works, the quaternion is widely used for rotation
representation. However, since a single quaternion can only
represent a single rotation, it cannot capture the observation’s
uncertainty. Handling uncertainty is quite important, espe-
cially when a target object is occluded or has a symmetric
shape [3], [4].

Many researchers have been considering how to represent
the ambiguity of rotations. In recent years, non-parametric
probabilistic representations over SO(3), the space of the
spatial rotation, using neural networks have been developed
[5], [6]. On the other hand, when comparing distributions
estimated by other methods that do not use neural net-
works, or when analyzing distributions with mathematical
methods, it is convenient to use explicitly parameterized
distributions. One way to directly parameterize the distri-
bution over SO(3) is to utilize Bingham distribution [7]. It
mainly has two advantages. Firstly, the Bingham distribution
(details described in Section III-B) is easy to parameterize.
Secondly, the continuous representation, suitable for a neural
network, can be derived from this distribution [8]. For the
above characteristics, we choose the Bingham distribution
for probabilistic rotation representation.

To optimize the probability distribution, in general, a
negative log-likelihood (NLL) is a common choice for loss
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Fig. 1. Inference sample of our network. A translucent frame represents the
mode of ground truth and an opaque frame the estimated mode. One can see
that the inference result for point cloud of unambiguous shape (airplane)
is unimodal and peaky, while that of axis-symmetric shape (wine bottle)
becomes zonally spread around the axis.
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function. NLL is desirable because it can directly estimate
the distribution parameter from given data without additional
assumptions. However, the Bingham distribution has diffi-
culty calculating its normalizing constants, which is required
in the calculation of NLL and needs to recalculate when
the distribution parameter changes. Because this calculation
is too complicated to calculate at every iteration, to our
best knowledge, a pre-computed table of the constants has
been needed. To avoid the complex calculation, Peretroukhin
et al. [8] suggested a new loss function based on the
QCQP method, giving up estimating the full distribution
information.

In this paper, we introduce a fast-computable and easy-to-
implement Bingham NLL (BNLL) loss function, enabling us
to introduce BNLL loss with as much effort as the QCQP
loss. In addition, we show that BNLL captures the axis-
symmetric property of the target distribution, while it is
difficult for QCQP to capture the symmetry.

II. RELATED WORKS
A. Continuous Rotation Representations

4-dimensional rotation representation is widely used. In
particular, the quaternion is a popular representation. It is
utilized such as in PoseCNN [1], PoseNet [9], and 6D-
VNet [10]. Another 4-dimensional representation is an axis-
rotation representation, introduced such as in MapNet [11].
Although these 4D representation are valid in some cases,
it is known that every d-dimensional (d < 5) rotation
representation is “discontinuous” (in the sense of [12]),
since the 3-dimensional real projective space RP3(= SO(3))
cannot be embedded in R? unless d > 5 [13]. Because
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the network from stable regression, it is preferred that we
use the continuous rotation representation in training neural
networks.

Researchers have proposed various high-dimension repre-
sentations. For example, 9D representation was proposed in
[14] by using the singular value decomposition (SVD). 10D
representation was proposed in [8] using the 4-dimensional
symmetric matrix, which can be used for the parametrization
of Bingham distribution. We will examine other continuous
paramterization in Section II-B.

B. Expressions of Rotational Ambiguity

There are several ways to express rotational ambiguity. In
[3], [15], they tried capturing the ambiguity by using multiple
quaternions and minimizing the special loss function. In
KOSNet [4], they used three parameters for describing the
camera’s rotation (elevation, azimuth, and rotation around
the optical axis) and employed Gaussian distribution for de-
scribing their ambiguity. These two representations, however,
are discontinuous as described in Section II-A, since their
dimensions are both lesser than 5.

Another approach is to use Bingham distribution. This
distribution is easy to parameterize and has been utilized in
the pose estimation field. It is used for the model distribution
of a Bayesian filter to realize online pose estimation [16], for
visual self-localization [17], for multiview fusion [18], and
for describing the pose ambiguity of objects with symmetric
shape [19]. Moreover, there is a continuous parameterization
of this distribution, as Peretroukhin et al. [8] gives an exam-
ple of it. We adopt Bingham distribution as our probabilistic
rotation representation.

C. Loss Functions for Bingham Representation

A negative log-likelihood (NLL) loss function is a com-
mon choice and has advantages, as described in the Introduc-
tion. When computing Bingham NLL (BNLL) loss, the main
barrier is the computation of the normalizing constant. One
solution to this problem is to take the time to pre-compute the
table of normalizing constants. For example, Kume ef al. [20]
uses the saddlepoint approximation technique to construct
this table. Moreover, we also need to implement a smooth
interpolation function as described in [19] to compute a
constant missing in the table and a derivative of each constant
for backpropagation.

Instead of using the Bingham NLL loss, Peretroukhin
et al. proposed the method of estimating the Bingham
parameter by using the quadratically-constrained quadratic
program (QCQP) [8]. In this method, they solve the follow-
ing equation.

Qamax(A) = argmax qTAq~ (1
qes?
This is equivalent to eigendecompose A and finding the
eigenvector corresponding to the maximum eigenvalue. Us-
ing this function, a loss function for QCQP Lqcqgp is defined
below.

EQCQP(A7 Qgt) = dF (Qamax(A)a Qgt)2 (2)

In this paper, we compare the QCQP and our BNLL results
and show that ours can achieve the performance that over-
comes QCQP with the equivalence cost of implementation.

ITII. ROTATION REPRESENTATIONS
A. Quaternion and Spatial Rotation

1) Quaternion: We introduce symbols ¢, j, k, which sat-
isfies the property:

i =42 =k? =ijk=—1. (3)
A quaternion is an expression of the form:
q=w+xi+yj+ zk ()

where w, x, y, z are real numbers. ¢, j, k are called the imag-
inary units of the quaternion. The set of quaternions forms
a 4D vector space whose basis is {1,14, j, k}. Therefore, we
identify a quaternion q defined in (4) with

q=(w,z,y,2)" €RY (5)

2) Product of Quaternions: For any quaternion ¢’ = a +
bi+cj+dk, we can define a product of quaternions ¢'q thanks
to the rule (3). The set of quaternions forms a group by this
multiplication. ¢’q can also be identified with an element of
R*. We denote it ¢’ ©q € R*. Note that ¢'q # qq’ in general.
Since ¢’ ®gq is bilinear w.r.t. ¢’ and q, we can define matrices
QL(q") and Qg (q) satisfying

4 ©q=9.(q")g =w(q)q" (6)

Qr(q’) and Qgr(q) can be written in closed form:
a —b —c —d w —r —yY —z
n | b a —d c |z w z —y
QL(q)_ c d a —b 7QR(q)_ Yy —z w T
d —c b a z Yy —x w

() (&)

3) Conjugate, Norm, and Unit Quaternion: The conjugate
of q is defined by ¢* = (w,—z,—y,—2)". In general,
(g q)* = q'" ® q*. In particular, if ¢ = ¢, then

qO0q =g 0q=w+2>+y* + 2% )
By definition (7) and (8), we get

Qu(g) =), (@) =%(@" . 10
We define the norm of quaternion | g|| as
gl =vaoqa =Vg oq (11)

We call q a unit quaternion if ||q|| = 1. For a unit quaternion,
its inverse coincides with its conjugate: g—! = g*. Using
(10), we can see that y,(g) and Qg (q) are both orthogonal:

Qu(q)" Qu(g) = ()" Qr(q) =1L

where g is any unit quaternion, and I, is the 4-dimensional
identity matrix.

We denote the set of unit quaternions S because it is
homeomorphic to a 3-sphere S3.

12)
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4) Unit Quaternion and Spatial rotation: It is well known
that unit quaternions can represent spatial rotation. A map-
ping R : S* — SO(3) defined below is in fact, a group
homomorphism:

1—2y? — 222 —2wz+2zy  2wy+2x2
R(q) = 2wz + 2zy 1—22%2—222 —2wz+2yz
—2wy + 2z 2wz +2yz 1—2z2—2y?
(13)

Crucially, antipodal unit quaternions represent the same
rotation; namely, R(—q) = R(q).

5) Distance Function of Quaternions: Using R(-) defined
in (13) and the Frobenius norm || - ||, we can define some
distance function over S3.

(14)
15)

da(q,q') = 2arccos (|q " q'])
dr(q,q") = ||R(q) — R(d) 5 -

First dg is the geodesic distance over S3. Second, d is the
Frobenius distance between the rotation matrices.

B. Definition of Bingham Distribution and Its Properties

The Bingham distribution [7] is a probability distribution
on the unit sphere S?~! C R? with the property of antipodal
symmetry, which is consistent with the quaternion’s property.
We set d = 4 throughout of this paper because we only
consider S®. We define Bingham distribution as follows.

BA)(a) = g5y ex» (a7 Aa)
where g € S? and A € Sym,. Here Sym,, denotes the set
of n-dimensional symmetric matrices. Instead of specifying
a symmetric matrix, since every symmetric matrices can be
diagonalized by some orthogonal matrix, we can determine
the distribution as follows:

(16)

B(D.A)(a) = g5y e (a7 Dilins(A)D7a).

where g € S3, D € O(4), and X € R*. Here O(n) denotes
the n-dimensional orthogonal group. Here we define diag :
R™ — R™*™ as below.

U1 U1

a7)

diag : — (18)

Um Um

The factor C(X) is called a normalizing constant of a
Bingham distribution B(q; D, A). C(A) is defined as below:

C(A) = /es3 exp (q—r diag()\)q) dss(q) (19)

where dgs(+) is the uniform measure on the S3. Note that a
normalizing constant depends only on A.
It is easy to check that for any c € R,

B(D,A+c)=B(D,\) (20)

where XA + ¢ = (A + ¢,..., Ay + ¢). Therefore, we can set
A satisfying

O0=X2>2X2>A32> )\ (21)

Algorithm 1 Our implementation of the loss function

1: function INTEGRATOR( fintegrants A)
2: Nuin < 15; N + 200

3: T4 2.5; wqg < 0.5

4: Define c as in (26); d + ¢/2

5: Define h, p1,po as in (26)

6: S+ 0

7: forn=—-N-1,...,N do

8: S < S +w(|nh|) - fintegrant(nh, ) - e?V=T
> w is defined in (27)

9: end for

10: return the real part of me“hS

11: end function

12:

13: function BINGHAMLOSS(D, A, qg)
14: Diifted> Ashifted <~ SORT&SHIFT(D, A)

15: Aghitied < Dshifed diag(Ashitied) Dihifiea
16: C < INTEGRATOR(F, A) > see (31)
17: return *q;Ashifted qgt + InC

18: end function

by sorting a column of D if necessary. A processed D and
a processed A are denoted as Dipified, Ashifted T€Spectively. It
follows directly from the Rayleigh’s quotient formula that

argmax B(D, A)(q) = gx, (22)

qes?

where g, is a column vector of D corresponding to the
maximum entry of A. If we sort A as (21), g, coincides
with the left-most column vector of D. If the eigenvalues of
A is sorted and shifted so as to satisfy (21), then we call it
Aspifea- We assume that all parameters are shifted.

To parametrize the Bingham distribution, we introduce
here the 10D parameterization using a symmetric matrix
which proposed by Peretroukhin et al. [8].

0, 01 6 03 b,

. b 05 0 07
triu : : — 05 0 Os 0o 23)

010 0y 07 0Oy 019

We define the parameterization as R0 5 0 — B(triu(0)).

IV. EFFICIENT COMPUTATION OF BNLL LOSS

A. Definition of BNLL Loss Function

The negative log-likelihood function (NLL) of the Bing-
ham distribution can be written as follows:
LeniL(A, gg) = —qg Ay +InC(A) (24)
It had been a hard problem to compute C(A) until a highly
efficient computation method was proposed by [21], on
which our implementation of the loss function is mainly
based.
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B. Calculation of Normalizing Constant and Its Derivative

The whole procedure is shown in Algorithm 1. The
parameterization in this section is mainly derived from [21].
Let r,wq be arbitrary real numbers satisfying

1
r>2 and - <wyg<lI1. (25)
r
We chose r = 2.5, wy

as

= 0.5 here. Let ¢, h, p1, p2 be defined

Nmm'ﬂ—

27rd(1 —l—r)
(1 +r wd

c=
(26)
deh

P2 =
Wd

where d is any positive number satlsfymg d < c. We chose
d = ¢/2 here. N is a positive integer satisfying N > Npjp.
One can choose Ny, arbitrarily; however, a too small Ny,
may lead to unstable computation. We chose Ny, = 15 here.

We define a function w parametrized by p;, p2 in (26) as

below. )
w(z) = - erfe (1: —pg) , 27
2 p1
where erfc is the complementary error function:
2 r 2
erfe(z) =1 — —/ et dt. (28)
D=1
By setting
4
FeA) = [[ (Me+tv=T+e) ", (29)
k=1
oOF 1
By (t,\) = 5( i +tvV— +c) F(t, ), (30

for each 7 = 1,...,4, now we can calculate the normalizing
constant C as below

N
CA) =meh Y w(|nh]) F(nh,X) ™1 (31)
n=—N-1
ac al
o (A —we%n:;vilw(mm) (nh A) VT
(32)

for each i = 1,...,4. Although a calculation result of C(\)
and 9C/0M;(A) should exactly be a real number, one may
get a complex number with the very small imaginary part.
In our implementation shown in Algorithm 1, we ignore the
imaginary part, assuming that it is sufficiently small.

It is noteworthy that if we set the true value of the
normalizing constant as Cyyn(A), we get

Corutn(A) = C(A)[ = O (\/ﬁe—c\/ﬁ)

for a constant ¢ > 0 independent from N [22]. Here O
denotes the Landau’s order symbol. This means that we can
achieve any accuracy if we set a large enough N. In this
paper, we set N = 200 in consideration of the computation
time.

(33)

TABLE I
VALUES OF A AND A\ IN THIS SECTION

95.69 13.72 28.38 60.61 —236.48

A 94.42 85.27 0.23 Ao o | —178.72
init 52.12 55.20 nit - —85.51
48.54 0.00

[ —116.55 40.70  119.55  225.97 —926.44

A —147.05  145.26 —280.25 A : | —467.07
true —386.19 52.06 true - —0.17
—743.89 0.00

KL Divergence

KL Divergence

—— BNLL

o

@ [150 — BNLL | sof
: Qcap ]

f NN GT 3 e

| 100 7

5000 10000
Number of Iteration

~/ 5000 1000
Number of Iteration
(a) Unimodal case (b) Axis-symmetric case

Fig. 2. The transition of Kullback-Leibler divergence (KLD) during op-
timization. “GT” stands for “ground truth”. Each visualization corresponds
to the distribution at the tip of the arrow. The left-top figure is the initial
distribution. Ngympte = 100 is applied here. The ground truth is B (Atrue)
shown in Table I. The eigenvalues of true parameter used for unimodal case
is [0, —1209.9, —2217.9, —2342.4]. Ajp; is common.

V. EXPERIMENTS
A. Experiments with Points Sampled from Distribution

1) Experiments Settings: To examine the fundamental
perfomance of QCQP and BNLL, we optimized a parameter
of Bingham distribution with points pre-sampled from a
given Bingham distribution in advance of optimization. The
method in [23] is employed in sampling. We sampled Ngample
points from a distribution B(A) with an arbitrary A €
Sym,. In this section, unless otherwise noted, Ajnix and Aye
shown in Table I are used for the parameter of initial and
ground truth, respectively. X is the eigenvalue of A with the
corresponding subscript. One can choose any A since we just
limited it only for simplicity of explanation.

2) Optimization Result of Unimodal Case: The optimiza-
tion results are shown in Fig. 2. Nj., stands for the number of
iterations and we set its maximum to 20000. In the unimodal
case, we can see that both QCQP and BNLL estimate the
distribuion well. The angular diffence between the estimated
and true mode quaternion are 0.11 [deg] for QCQP and
0.15 [deg] for BNLL. The estimated mode quaternion using
QCAQP is very accurate, though the dispersion is broader than
that of BNLL. The resulting Kullback-Leibler divergence
(KLD) is 3.127734 for QCQP and 0.700774 for BNLL.

3) Optimization Result of Axis-Symmetric Case: For an
axis-symmetric case, however, the resulting KLD of QCQP
converges to large value (29.802812), while BNLL ap-
proaches close to zero (0.133398). Fig. 2 (b) shows the result
of QCQP becomes unimodal, while BNLL captures well the
symmetric property of the distribution. Looking closely at the
mode quaternion of both QCQP and BNLL, one finds that
the modes are similar for both cases. In fact, even for the
axis-symmetric case, the mode coincides with the “average”
quaternion g of sampled points. Here q is defined as follows
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KL Divergence vs Nsample
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201 QcQp
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Number of Sampled Points

(a) Variate Ngymple, With fixed Njer = 20000 and s = 1.0

KL Divergence vs scaler s

e BNLL
4004 QCQP
Decreases as Nj.r increases

200 -
82.132
0.138 0.157 0.150 0.133 0.137 0 .

= s $ $ s *
0.1 0.2 0.5 1.0 2.0 5.0 10.0
s for the initial distribution

(b) Variate s, with fixed Njer = 20000 and Nggmple = 100

Fig. 3. Variation of Kullback-Leibler divergence (KLD) with respect to
Ngample and s. At s = 10.0 in (b), the resulting KLD of BNLL gets worse,
but it decreases to 0.119 if keeping on computing until Nje; = 100000.
Note that the result of QCQP is already converged at Njer = 20000.

(81, [241.
Nsample
q = arg min Z dr (gi, q)2 , (34)
qes®

where dr is the Frobenius distance defined in (15) !. This
implies that the estimated mode quaternion heavily depends
on where the sampled points come from. If the true distri-
bution is unimodal, this does not a big matter since the true
mode and the average of sampled quaternions are close if
a large enough number of sample points Ngumple is taken.
If the ground truth is axis-symmetric, however, the average
of the sampled points no longer has significant information
about the distribution. Thus in this case the result of QCQP
which is unimodal and whose mode is @ fails to capture a
meaningful feature of the target.

B. Experiments with SHAPENET

1) Experiments Settings: To check the performance of
our loss function in the neural network, we create the
evaluation network. Here we employed a simplified PointNet
structure introduced in [12]. This network has a feature
extract network @ : RV*3 — R10924  which consists of the
sequence of 1D convolutional neural networks 3 — 64 —
128 — 1024 before the max pooling layer. ® returns the
same result for any permutation of the input points. Given the
reference points {P{”}¥ | and the target points {Péfr;}i\;l,
trer = B(PL, ., PLY)) and 2 = ®(Pary, -, Plry ) are
calculated. After concatenating zrer and zarg, they are plugged
into the MLP with dimension 2048 — 512 — 10. The 10D
output is used for an inferred parameter of the distribution.

As the input data, we sampled point clouds from mesh
models from SHAPENET [25]. We used 141 models from

I'This is one of the Fréchet mean. Note that using different distance gives
different results.

Airplane category for training the network for unambigu-
ous shape and 141 models from Wine Bottle category
for axis-symmetric shape. Here we call a “unambiguous
shape” if a shape has no rotational ambiguity. We sampled
2000 points in advance of training from each model. In
the training section, 500 points are randomly chosen from
pre-sampled 2000 points at each iteration and used for
a reference points {R(elf) N .. A random quaternion q is
generated by normalizing a random 4-vector v sampled from
normal distribution v ~ N(0, I). Target points {Ptgg}fil
are generated by rotating every points in {Pr(ezf)}f;l with q,
and a corresponding g is used for an annotation label.

2) Inference Results: We inferred the rotation of the point
cloud of Airplane with the trained network for unam-
biguous shape. Similar to the result in Section V-A, both
QCQP and BNLL give good results for unambiguous shape.
We also examine the effect of the difference in sampled
points Ngmple. Different sample points affect the estimation
accuracy even if the number of points is the same. In the
case of Ngmple = 100, the estimation accuracy deteriorates
if the points are heavily sampled from the body part. In
this case, rotational uncertainty occurs in the roll direction.
Importantly, this observation is reflected in the inference
result of BNLL. It implies that the estimation accuracy would
increase if the information on the roll direction is obtained. In
fact, the accuracy increases if inferring with points sampled
from the wing part, which determines the roll angle of the
plane.

In addition, we inferred the rotation of the point cloud of
Wine Bottle with the trained network for axis-symmetric
shape. From Fig. 4, for every Ngmpe = 100, 500, 2000, we
can see that the result with BNLL can represent the axis-
symmetric property very well, while QCQP gives unimodal
distribution with specific rotation on the target distribution.

VI. DISCUSSIONS

1) Ablation Study: Here we examine the dependency
of the number of sampled points Ngumpe and the initial
distribution A;p;. In this section, to remove the influ-
ence of specific object shapes such as Wine Bottle or
Airplane, we tested with directly randomly generated
Bingham distributions with parameter A = D diag(\)D.
To create A, we generated an orthogonal matrix D with
D = Qun(q), g ~ B(0), and eigenvalues X € R* with
A ~ Uniform[0, 1500)%. These As are then shifted.

We found that the magnitude of the eigenvalues has more
influence than the orthogonal matrix to be diagonalized. To
compare without the influence of the difference in orthogonal
matrices, here we set the initial parameter given as s - Ajy;
for s € R. Fig. 3 shows the resulting KLD after Nj,-th =
20000-th iterations, with varying Ngmple and s.

First, we examine the effect of Ngmpe. In general, mini-
mizing NLL from sampled data leads to minimizing KL.D for
large Ngmple because recalling the Monte Carlo simulation,

Nsample

Z In(p(gi))

sample i—1

(35)

/ . p(q)In(p(q)) dg ~
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Fig. 4. Examples of inference results. Ngmple stands for the number of points in the given point cloud.

almost surely as Ngmpe — 00, where q; ~ B(Ayue). As
shown in Fig. 3 (a), however, we found that the resulting
distribution is close enough even if Ngmpie 1S quite small,
say 10 or 20. To check if this is true when the parameter is
different from A, shown in Table I, we tested with random
Awe as mentioned above. We optimize the distribution
with the BNLL loss function 100 times. Fig. 5 shows the
optimization result. The figure implies that the KLD will be
below 2.0 even if the number of sampling points is 10. Note
that the KLD becomes very large if the sampled points are
biased, and this risk may increase for small Ngmple-

Next, we examine the dependency on an initial parameter.
Fig. 3 (b) shows that the estimation of QCQP getting worse
if the scalar s increase. The figure also implies that BNLL
also slightly depends on the initial condition and ends up
with a large value at s = 10. Even in this case, however,
the KLLD will decrease if we keep optimizing. In fact, if we
continue optimizing even after the 20000th iteration, KLD
is still decreasing. After the 110000th iteration, it becomes
0.0905388.

If the magnitude of Agifieq 1S too large, it may lead to slow
convergence and harm the calculation’s performance. Fig. 3
(b) implies that starting with small ||Aghifea|| may lead the
good convergence. We empirically found that

KL(A||O) < max{0.050, 1.5 In(]| Asniftea ) } (36)

at least in the range In(||Aspifiea]]) < 40. According to our
experience, it is fair to assume that In(||Asmifiea]]) < 25. As
shown in Fig. 2, if we start with the initial KLD around
1.5 x 40 = 60, it converges successfully. As far as choosing
A = O for the initial distribution, BNLL seems to work well.

2) Comparison of QCQP and BNLL: By definition of
QCQP loss in (2), this only handles the mode quaternion
of the parameter matrix and does not explicitly handle the
eigenvalues, which determine the shape of the distribution.
Recalling our parameterization (23), since changing the ma-
trix elements @ affects both the eigenvalues and eigenvectors,
A changes slightly as long as the mode is updated. In

IS

[0 unimodal
[ axis symmetric

w

KL divergence
N

L3
¥
LY
L
k¥

Number of Samples

Fig. 5. Resulting KLDs for some Ngmple after 20000 iterations. 100 times
of tests were held. The upper and lower whiskers show the maximum and
minimum values of all data (including outliers), respectively. In the result
of axis-symmetric with Ngampte = 5, the maximum KLD is 204.244428.

contrast, since the BNLL contains a C(\) term, it handles
the eigenvalues explicitly and optimizes the distribution
shape. Therefore we can properly handle the distribution with
characteristic shapes, such as axis-symmetry.

VII. CONCLUSIONS

We proposed and implemented a Bingham NLL loss
function, which is free from a pre-computed lookup table.
Our loss function is directly computable, and there is no need
to interpolate computation. We compared the performance
with the QCQP loss function, a SoTA loss function of Bing-
ham distribution that avoids the computation of normalizing
constants. We evaluated the performance of our BNLL loss
function by estimating the distribution’s parameter directly
from sample points and by inferring a distribution using a
neural network from given point clouds. We show that our
loss function can capture well the axis-symmetric property
of objects. In future works, we would like to handle mixture
Bingham distribution for more capabilities, especially for the
objects with discrete symmetry, based on this loss function.
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