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Abstract—This paper discusses the effect of axial backbone
compression on tendon-driven continuum robots. A new me-
chanics model for compensating for this effect that does not
require tendon tension sensing or knowledge of manipulator
material properties/stiffnesses is introduced and analyzed. In
addition, we provide an analytical expression for the minimum
preload on the tendons to achieve a given bend, a quantity
determined empirically thus far. Our model is computationally
efficient and achieves real time control on low cost hardware.
The analysis is supported by experimental results demonstrating
significant improvement over kinematics in open loop control
of a tendon-driven continuum hose robot.

Index Terms—continuum, mechanics, control

I. INTRODUCTION

Continuous backbone ”continuum” robots [1], [2] have
become increasingly prominent within the robotics research
community. They have been successfully applied to a wide
variety of procedures in medicine [3]. Other demonstrated ap-
plications of continuum robots include inspection and repair
of aero engines [4] and nuclear reactors [5] and 3D printing
of cement [6]. Further applications, e.g. in agriculture [7],
Space [8], and home healthcare (aging in place) [9] have
been proposed and are being actively investigated.

A significant portion of existing continuum robot designs
feature remote actuation using tendons [10], [11], [12],
[13] [14]. Tendons are an attractive design choice because
they offer relatively high actuation forces in a low profile
design. However, implementation of tendon-actuated systems
in general, and Tendon-Driven Continuum Robots (TDCRs)
in particular, also presents challenges, arising from the unidi-
rectional nature of tendons (they can pull but not push) and
the challenges inherent in maintaining tension in them.

A key motivation for the use of continuum robots is
exploitation of their compliance in bending (for example
in adaptive whole arm grasping and navigation/inspection
of congested environments [15]). However, compliance else-
where in their structures, if not compensated for, can signif-
icantly reduce their effectiveness. Tendon-induced backbone
compression and/or tendon extension caused by tendon actu-
ation forces is present in almost all tendon driven continuum
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robot hardware. Kinematics for TDCRs [16], [17] can not
account for either effect since modeling forces is outside
the domain of kinematics. Therefore, widely used inverse
kinematics based control of TDCRs for spatial bending can
result in undesirable unmodeled effects, e.g. non-uniform
curvature and end effector (EE) speed in different bend
planes.

Models reflecting the mechanics and dynamics of TDCRs
have been established [18], [19], [20], [21], [22]. However,
consideration of axial compression in backbones remains
rare. The results in [23], [24] and [25] developed models that
described the effects of both axial backbone compression and
tendon elasticity. However, the approach in [23] focuses on
bending under external loading with knowledge of material
properties, and that in [24] and [25], which as in this work
address the issue of control, required both tendon tension
sensing and identification of robot materials properties, as
well as the need to filter input configurations for feasibility.
Tendon tension sensing is present in some TDCR systems
[26], [27] but is relatively uncommon and adds significant
complexity.

In this paper, we introduce a new approach to modeling
and handling compliance due to axial compression. The
approach uses simple beam bending theory and exploits
geometric symmetry in the design of TDCRs. In contrast
to previously proposed methods, our approach does not
require either the estimation of robot materials properties or
tendon tension sensing. It also avoids the need for filtering
of input configurations while guaranteeing that the tendons
never become slack. We will refer to this model as the EC
(Elasticity Compensation) model. Experimental results with
a tendon-driven hose robot, which features significant axial
compression, demonstrate the effectiveness of the approach.

II. METHODS

We look at beam bending under the assumptions made in
[24], listed below -

1) superposition of strain

2) linear elasticity in both axial compression and pure
beam bending

3) plain strain

4) Saint Venant’s principle for internal load distribution

5) cross-sections remain planar under bending
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6) isotropic material properties

A. Setup

Our approach works for n-tendons but we will motivate
it by using three tendons - the minimum number of tendons
required for spatial bending.

Consider a continuum section of initial length, s, actuated
by three symmetrically located tendons, bending in the ¢
plane with longitudinally variable centroidal axis curvature,
Keq- From bending theory, the neutral axis, na, of a beam
undergoing bending deformation is a longitudinal axis that
experiences zero tension and as a result does not extend
or compress during bending. Its length therefore remains
unchanged at the original section length s. A longitudinal
neutral surface, ns, is defined as a set of such axes. Since
planar cross sections remain planar after deformation, the ns
intersects any cross section in a straight line orthogonal to the
bending plane. Subsequent references to na will refer to that
na which is located in the bending or ¢ plane and intersects
any cross section at a point.

Now consider a longitudinal differential element of the
section with constant pre-bending initial thickness, ds, lo-
cated at s. Post bending it is still located at s along the na
with local curvatures x,,(s) and k¢ (s) of the na and ca
respectively, as shown in Fig. 1. We now define the uniform
strain over the cross-section due to axial compression, €,(s),
as a function of s to account for possible variable curvature
of the section’s backbone:

_ ds—ds’

o) ds

where ds’ is the thickness of the ca contained within the
differential element after compression, shown later in (5).
The na and ca curvatures are related by,

Fna(8) = (1 — €ca($))kea(s) 2)

For simplicity of notation, we suppress the dependence on
element location, s.

The assumption of superposition of strain, allows us to
consider the pure bending strains due to multiple tendons and
the strain due to axial compression separately. Pure bending
implies that the na lies at the center of the beam. The linear
strain due to pure bending, €,(z), is given by:

(D

€(T) = Kna® 3)

where x is measured from the center in the ¢ plane.
The linear strain in the ¢ plane, e(x) is therefore given by:

€(z) = €a + &(2) 4)
At the backbone or the ca, x = 0, and (3) and (4) imply:
€(0) = €4 = €cq 5)

where €., is the axial compression at the backbone.
At the na, * = d,,. Combining (3), (4), (5), with the
definition of na yields:

0= €ca T Hnadna (6)

Fig. 1. Section and differential element.

thereby locating the na in the ¢ plane. Switching the origin
to na, we obtain:

€ca (3) = KRna (S)dna (7)

Note that d,,, cannot be dependent on s because that would
violate the assumption of cross-sections remaining planar.

B. Constitutive equations

Using Hooke’s law, we relate the compression of the
differential element to the tendon tensions:

3
Z Ti(s) = Kaea(s) (8)

where K, is the axial compressive stiffness of the backbone
and T;(s) is the tension in the 7*" tendon at na coordinate s.
Assuming small deflections, no shear deformation, and no
torsion, the local bending moment for linear elastic bending,

M, is given by:
M(s) = Kpkna(s) )

where K denotes the bending stiffness of the section.

As before, superposition of strain allows us to consider
moments due to the tendon tensions at the center of the
differential element. Using the assumption that cross sections
remain planar after deflection, the three tendons are orthogo-
nal to the differential element. Moment M;(s), at the center
due to each of the tendons is given by:

M; = R x T; = RT;sin(r/2) (10)
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where ¢ € [1,3] and R is the radius of the section with the
tendons located at its circumference.

C. Anisotropic axial compression
In the case of planar bending [24] established:
K

dna =
Kadactuator

an
where dgciuator 1 the radial distance of the actuating tendon.

For spatial bending, equations (7), (8), (9), (10) need to be
solved simultaneously to locate the d,,, spatially. This was
done implicitly in [25]. Our work extends [25] by exploiting
the spatial variation of d,, with the bending plane, ¢. As an
overview of the rest of this paper - we capture this variation
analytically for a special case and subsequently propose
the EC approach to compensate for it during control. The
dependence of d,.(¢) in ¢ implies that axial compression,
as given by (7), changes with the bending plane. This
is the key reason why kinematics, which assume constant
backbone length, result in varying spatial bending of TDCRs
with compressible backbones. The variations manifest as a
reduction in curvature and non uniform EE speeds.

We posit that this variation of d,, with bending plane
is identical for all TDCRs with compressible backbones
and proceed to analyse the case where a backbone exhibits
axial compression significant enough for the na to move to
the circumference at certain bending planes, e.g. a rubber
backbone or in our case, a steel mesh reinforced rubber hose
used in concrete pumping [6].

Constrained beam loading: We now consider mixed mode
beam bending, where the beam is loaded by tendon/s under
tension and is simultaneously constrained by other locked
tendon/s imposing displacement constraints. This can be
interpreted as longitudinal ’squeezing’ of the section. We
assume ideal tendons with no tendon stretch and, initially,
we do not allow tendons to unspool beyond initial section
length, s. For our special case of a highly compressible
backbone, this implies that the ns will pass through the
tendon/s held at length s. Considering this special case helps
avoid the conversion of displacement constraints into force
constraints and ensuing analytical complexity of mixed mode
beam bending.

Consider the case when two tendons, 1 and 2, are free
to spool up, and the length of the third tendon, 3, is held
constant at initial length, s, allowing the section to bend at
any ¢ € [0,27/3] as shown in Fig. 2 .

Using geometry, the distance of the ns from the center is
given by:

dna(9) = Reos(m/3 — ¢)

Fig. 2 shows the locus of na as ¢ varies from [0,27/3] .
Note that the na must lie at or inside the circumference of
cross section when one tendon is held at initial length.

For planar bending, [24] showed that the backbone length
is coupled with its curvature. We have shown the coupling
between backbone length and the plane of bending for spatial
bending of a section with three tendons, and emphasise the
use of three shape space degrees of freedom (DOF) for

12)
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Fig. 2. A cross section showing ns when tendons 1 and 2 retract and tendon
3 is held constant at initial length, s. The locus of the na as ¢ varies between
[0,27/3] is also shown.

robots with a (even slightly) compressible backbone, bending
spatially - ¢, Keq(s), and €,(s). The shape space can be
represented by a different set of three DOFs but we chose the
ones that are easily measurable/specified and are consistent
with prior literature [24], [25]. To control the three shape
space DOFs, three actuator space DOFs are required, which
are supplied by the three tendons.

D. 3D statics

Next, we decompose the vector moments in two directions
resulting in zero moment in the bending plane and resultant
moment orthogonal to it:

2 4
Micos(¢) + Mzcos(g — gb) + Mjscos % — qb) = Kpkna

/

2 4
M sin(¢) — Mgsm(g — (b) — Mgsin(?ﬂ- — ¢) =0
13)
Assuming superposition, using (10) in (13) to obtain the

equations above in terms of tendon tensions and combining
them with (8):

os(9) cos(% ~9) cos(F )] [T]  [Serna
—sin(¢) sin(E —¢) sin(*F —¢)| |Tz| = 0
1 1 1 T3 Kaea
Abbreviating, A(9) T = K
(14)

Like (3), in (14), na passes through the centroidal axis due
to pure bending. The specification of a configuration of the
differential element, {Q, K¢q(s), €4(s)}, fixes the d,,,. Along
with a known R, and measured K, and K, (as described



in [24]), the required unique tensions in the tendons can be
calculated by,

T(s) = A" (¢)K(s) (15)

Since most TDCRs do not have tension sensing, let alone
continuous tension sensing along the length of each tendon,
and tendon tensions are needed, at least initially, to determine
K and K, and subsequently for inverse static control, (15)
is of limited use. Consequently, the next step in our analysis
involves establishing a proportional relation between tendon
tension and retraction and determining K without measuring
K, and K.

E. Averaged properties

To avoid measurement and specification of ¢, (s) and T;(s),
we define average axial compression, €, and average tendon
tensions, 7}, quantities that are based only on the specification
of backbone curvature, x.,(s). The subscript g refers to the
quantity at the end effector.

Using (7) and (2),

_ Fea(8)dna
€ca(8) -1 + Hca(s)dna
Spe o o (16)
€og = —— €cal(s)ds = ZEE” BB
SEE Jo SEE
B 1 SEE
T, = — T;(s)ds (17)
SEE Jo

and using Hooke’s law for the averaged axial compression
over the section,

3
> T = Kotea (18)
i=1
EE pitch, 6gg, is given by,
SEE
%E:/iﬁﬁ@@:ﬁ%%E:@ﬁh; (19)
0

F. Application to position control

We propose a proportionality between average tendon
tension and its retraction from initial length, spr. We as-
sume that this relation exists for each tendon individually,
independent of the length or tension in the other tendons,

Ti = C(SEE — lz)

20

where [; is the length of the tendons and c is the constant of
proportionality. In the case of highly compressible backbones,
negative Al and therefore, negative tensions do not occur
since the na is located at the circumference. Unlike Hooke’s
law, (20) relates tendon tensions with their length change due
to spooling/unspooling, and not directly to the internal tendon
strain. The tendons are assumed to be inextensible, e.g. we
use nylon sheathed braided steel cables as tendons.

Instead of defining (20) for averaged tensions, we could
have defined it for local tensions leading to [;(s) and then
defined an average retraction over the section. However, that
would have complicated the analysis herein without altering
the results.

Averaging (14) over the section and simplifying using (16),
(17) and (19),

_ _ RvIS(EbE Osp
AQT =K = 0 Q1)
Ko€ca
Substituting (20) in (21) and inverting A(¢),
Al=A"Y¢)K /c (22)

Recall that d,, is a function of ¢ but can be fixed by
specifying K. This is also true for K because d,,, cannot
change with s. We now have a way to achieve a given
shape space configuration with position control of the tendon
lengths, for a section with a highly compressible backbone.

G. EC model

This model requires the specification of the EE pitch
envelope of the continuum section, defined by its maximum
pitch, 0 maz- The model fixes the axial compression that
occurs while bending at the 0 g ymq. for all EE pitch values,
0rE <= 0EE mas, at all bending planes. This guarantees that
the backbone length remains constant at every configuration
within the section’s envelope and the corresponding e, is
the minimum compression required to achieve that backbone
length.

In our highly compressible backbone actuated by three
tendons example, we know that the maximum compression
happens at the midplanes, using (7) and (12). When bending
at the midplane, the na is at its furthest location - the
circumference. To fix the maximum compression for the
spatial envelope, we fix the d,, at the circumference as ¢
varies. This is designed to allow tendon spooling/retraction
but prohibit tendon unspooling beyond initial length.

It can be seen from Fig. 2 that while bending at the
midplane, the retracting tendons have to retract equally, due
to symmetry. Therefore, at 0 g g ymaq, at ¢ = 60°, tendons 1
and 2 have equal tension and tendon 3 has zero tension and
is at initial length. Setting K /c = [1;0; 2]T Al; smeqs in (22),

1

Al(¢) :A_1(¢) 0 Ali,meas
2

(23)

fixes the d,, at R as ¢ varies. The scalar Al; yeqs is the
measured amount of retraction of either of the two retracting
tendons for the section to achieve Opp mar at a tendon
midplane. As A~1(¢) varies with ¢, the value 1 fixes the
0EE,maer and the value 2 fixes the axial compression at
tendon midplanes at all ¢.

Preload: While maintaining the entry set to 2 in (23),
linear variation of the first element in the interval [0,1]
produces linear variation of #gg according to (21). When
0rr < OEEmaz. the na is located outside the section.
At a tendon midplane, all three tendons retract to maintain
the same backbone compression or length as at 0gg max
when only two tendons retract. Setting 6z = 0 straightens
the section and all three tendons retract to 0.66 * Al; yeqs,
providing us with the minimum tendon preload required to
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reach the 0 g maz. This is achieved without initial preload
calibration but only requires that the tendons have zero
tension at the starting position, i.e.. when the section is in
rest position the tendons should hang limply but maintain
contact with the end effector.

Maximum workspace volume: A disadvantage of the above
approach is that the workspace volume of the section is less
than physically achievable because when 0pr < OpE maz.
the section experiences more compression than physically
necessary. In some cases, holding the section at the minimum
compression required at 0gg e, for a long time could
potentially damage the backbone, especially when there is
little time spent at g maz. In this situation, substituting
the vector in (23) with [i; 0;2i]” where i € [0, 1] establishes
the minimum axial compression necessary to locate the na
at the circumference. This mode of operation lets us achieve
maximum workspace volume, minimum required backbone
compression at all curvatures but the EE pitch variation
is non-linear according to (14). When ¢ = 0, the section
is straight and does not experience any axial compression
assuming the initial section position has tendons under zero
tension. Therefore, this mode of operation does not require
any tendon preloading.

Application of this algorithm will subject a section that
is not highly compressible to very high tendon tensions
that could potentially damage the backbone or the tendons.
We now introduce a tunable parameter, o € [0, 1]. Axially
stiff backbones, e.g. carbon tubes, will have an « near zero
while for highly compressible backbones it will approach
unity. Using o we fix the d,, at its apogee instead of R.
Substituting the vector in (23) with [1;0; 2] or [i;0; 2ia]T,
depending on the mode of operation relaxes the constraint
on tendon displacement, allowing the tendons to unspool to
lengths dictated by the section’s material properties when o
is properly tuned. One approach to to tuning the value of «
is to move the EE in a circle. Initializing at o = 0 sets the
backbone compression to zero and EC retrieves the kinematic
solution which does not consider axial compression. If the EE
slows down near tendon planes or if tendons become visibly
slack, the « value can be increased.

Note that it is possible that the third entry in the vector
might be required to have value slightly greater than 2 due
to the nonlinearities introduced by the use of spacers to route
the tendons.

To summarize, the algorithm introduced herein can be
used to control the bending plane ¢ and EE pitch 8 of
a continuum section, compensating for axial compression
without knowledge or measurement of material properties
(K, K,), shape space properties (£ca($), £na(8), 8’ €ca(S)),
or tendon tensions. The approach can be applied to sections
with non-constant curvature, and does not require preloading
during calibration. In comparison with the work in [24], our
proportionality based approach avoids the use of filtering of
input configurations to only allow ones with sufficient ¢,.
Inverting the A matrix for n-tendons coupled with [1;0;2c]
results in guaranteed positive tensions in highly compressible
backbones. (We note that tuning would be needed to guaran-

tee positive tensions in relatively incompressible backbones
to operate without potentially damaging the section.)

III. EXPERIMENTAL VALIDATION

The EC approach described above was implemented on
the combined distal and proximal section of a two section
tendon driven continuum hose robot. This robot, designed
for 3D printing of cement in construction applications [6],
features as its backbone an industrial cement hose. Each of
its sections is driven by three tendons spaced radially 120°
apart, routed through spacers on the outside of the hose. The
distal secion’s tendons are actuated and the proximal section’s
tendons are let out such that they do not affect bending of
the combined section. The tendon lengths are sensed at the
actuator level using encoders at the motors. The robot has no
tendon tension sensing. Under the tendon loading required
to operate the robot, the backbone exhibits significant axial
compression as shown in Fig. 3. An IMU (not shown), ICM-
20948, has been attached to the EE with its z-axis tangential
to the centroidal axis providing logging capability of EE pitch
and robot bending plane.

Fig. 3. Extent of axial compression of the continuum hose shown by the
protruding string. The picture on the left is at initial configuration with
tendons barely under any tension and the picture on the right shows the
effect of the vector [0;0;1.8] in (23).
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The EC algorithm introduced in this paper was evaluated
for a circular trajectory (with constant velocity) of the EE.
The performance of the robot was compared to that when im-
plementing, for the same tip trajectory, previously established
inverse kinematics.

Figs. 4 and 6 show the tendon length changes measured
by the encoders over a time period of 18 seconds for both
models. The EC model vector in this comparison is [1;0;2.4]
and we, therefore, see that the tendons always remain shorter
than the initial length in Fig. 6.

50

=— ALl =——AL2 ——AL3

tendon length change, mm

Fig. 4. Tendon length change from initial initial length, s, using inverse
kinematics. Positive values denote extension.

Figs. 5 and 7 are scatter plots of the EE pitch 6,
with bending plane, ¢ measured by the tip mounted IMU.
The distal section’s tendons are located at 60°, 180°, and
300° respectively. We note that the EC model significantly
outperforms the kinematics model. For the EC model in
Fig. 7, the peak-to-peak variation of EE 6 is 9°, compared to
kinematic model’s @ variation of 27°. We also notice that the
EE speed is more uniform for the EC model by observing
the relatively uniform density of the scatter points. We see,
in Fig. 5, that the EE speeds up in the tendon midplanes and
slows down in the plane of the tendons.
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Fig. 5. Spatial variation of end effector pitch, 8, with bending plane, ¢,
under inverse kinematics. We see a variation of 27°, with peaks in the tendon
planes and valleys in the midplanes. The variation in the scatter of points
indicates faster speed of the EE in the midplanes.
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Fig. 6. Tendon length changes from initial length, s, using the EC model.
Note that the tendons never extend beyond initial length due to the EC model
vector, [1;0;2.4].

45

40

W oimu,EC
35 N ’A\\
e

§’ 20 ", o ey
g P
£
==}

25

20

15

180 300 360

¢$imu, deg

60 120 240

Fig. 7. Spatial variation of the EE pitch, 0, with the bending plane, ¢
using the EC model. We see a peak-to-peak variation of 9°, a significant
improvement over the inverse kinematics model. We also note that the
EE speed remains uniform over the circular trajectory as indicated by the
uniform scatter of points.

IV. CONCLUSIONS

We have discussed the effects of unmodeled axial back-
bone compression in tendon driven continuum robots and
the consequent reduction in controller performance. We intro-
duced a new approach, based on active placement of the neu-
tral axis, to compensate for axial compression. The approach
does not require tendon tension sensing or estimation of
robot materials properties, required in previous approaches.
Implementation of the new approach on a tendon driven
hose robot exhibiting significant axial backbone compression
demonstrates its effectiveness when compared to implemen-
tations based purely on kinematics.
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