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Abstract—At first glance, a Floating-base Robotic System is
a kinematic chain, and its equations of motion are described
by the inertia-coupled dynamics of its shape and movable base.
However, the dynamics embody an additional structure due to
the momentum evolution, which acts as a velocity constraint.
In prior works of robot dynamics, matrix transformations of
the dynamics revealed a block-diagonal inertia. However, the
structure of the transformed matrix of Coriolis/Centrifugal (CC)
terms was not examined, and is the primary contribution of this
paper. To this end, we simplify the CC terms from robot dynamics
and derive the analogous terms from geometric mechanics. Using
this interdisciplinary link, we derive a two-part structure of the
CC matrix, in which each partition is iteratively computed using
a self-evident velocity dependency. Through this CC matrix, we
reveal a commutative property, the velocity dependencies of the
skew-symmetry property, the invariance of the shape dynamics to
the basis of momentum, and the curvature as a matrix operator.
Finally, we show the application of the proposed CC matrix
structure through controller design and locomotion analysis.

Index Terms—Lagrangian Dynamics, Dynamics, Motion Con-
trol, Nonholonomic Mechanisms and Systems.

I. INTRODUCTION

A Floating-base Robotic System (FRS) is an articulated
robotic mechanism mounted on a movable platform, and is
ubiquitous in several domains [1], [2], [3], as shown in Fig. 1.
The commonly-known equations of motion for the FRS are
the inertia-coupled dynamics of its configuration (FRS-base
and shape) velocities. These dynamics are efficiently computed
by considering the FRS as a kinematic chain using standard
iterative algorithms from the robot dynamics community [4,
§9.4]. These equations also exhibit the skew-symmetry (or
passivity) property, which is useful for stability analyses
in motion control [3]. From the Lagrangian perspective in
geometric mechanics, the dynamics above are seen as a set of
an Euler-Poincaré equation and an Euler-Lagrange equation,
which correspond to the motion of the FRS-base and the shape
(joints), respectively. This set is called a system of Hamel’s
equations [5], [6]. Among kinematic chain systems, the FRS is
unique in its well-known property of momentum conservation.
In geometric mechanics, this property is modeled as a Pfaffian-
like velocity constraint using a quantity called the mechanical
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Fig. 1. Floating-base Robotic Systems (FRS) with configuration (g1, q),

where g1 € SE(3) is the pose of the FRS-base frame, {1}, relative to the
inertial frame {O}, and ¢ € R™ are the n-joint positions.

connection (see [7, Ex. 4]). The FRS is further distinguished
by its distinct non-flatness (curvature) of this connection [5],
i.e., the constraint is not preserved over a closed path (gait)
in shape space. In other words, a gait might cause a net
displacement of the FRS-base. In fact, locomotion approaches
in geometric mechanics approximate this displacement per gait
using area integrals of the curvature [8], [9], [10], [11], [12].

For the dynamics of this class of mechanical systems,
the Reduced Euler Lagrange (REL) equations [13, §5.3][6,
pp. 141] were proposed in the early nineties. In particular, the
REL equations consist of momentum and shape variations as
an Euler-Poincaré equation and an Euler-Lagrange equation
with curvature-related gyroscopic forces, respectively. The
structure of the REL equations provide a useful insight into the
FRS dynamics through a block-diagonal inertia, the separation
of velocity dependencies in the Coriolis/Centrifugal (CC)
terms and the apparentness of the curvature form. A first
step in this direction by the robot dynamics community was
a matrix transformation of the Hamel’s equations [1], which
revealed the useful block-diagonal inertia property.

However, a direct link between kinematic chain iterative
dynamics and REL equations has not been established before.
A negative consequence was that only the block-diagonal
structure of inertia was exploited, as in [1], [14], whereas the
structural properties of the CC matrix were not examined. In
fact, the use of matrix transformations resulted in a placeholder
CC matrix, which concealed its precise structure. This resulted
in a CC matrix, which (a) had an apparent coupling between
the shape dynamics and the group variable, (b) lacked a
commutative property (like fixed-base robots, see [15]), and
(c) did not reveal the FRS curvature. We point out that the
curvature computation in FRS locomotion analyses [8], [9],
[10], [16] is traditionally performed using numeric or symbolic
methods, and an analytical computation method is missing.
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The CC matrix of multibody systems is required in appli-
cations that include, but are not limited to, motion tracking
[17], velocity observers [15] and contact detection [18]. The
skew-symmetry of an iteratively computed CC matrix [19] was
extended in [20] with Christoffel-symbol consistency. In [21],
the CC matrix was structured as the sum of inertia variations
relative to time and shape, defined as fundamental matrices.
However, prior CC matrix factorizations were limited to con-
figuration velocity dynamics, and the added structure due to
velocity constraints, as in the FRS!, remains unexamined.

To this end, the contributions of this paper are the following.
For the REL equations of a FRS, firstly, we propose a novel
CC matrix as a sum of two matrices, in which the partitions of
each are computed using an iterative expression with a specific
velocity dependency. In particular, the first CC matrix depends
on the shape velocity, while the second depends on the locked
velocity (momentum). We prove that the former CC matrix of
block-diagonal terms satisfies the skew-symmetry (passivity)
property, while the latter is itself skew-symmetric. Secondly,
by extending the notion of fundamental matrices [21] for fixed-
base robots to the FRS, we identify the parts of the CC matrix
with commutativity. This enables the reordering of velocity
arguments in the CC forces for simplification, e.g. in velocity
observers, which was previously limited to fixed-base robots
[15]. Thirdly, we prove that the shape dynamics is invariant
to a transformation of the momentum dynamics, e.g. to a
centroidal frame [1]. Fourthly, from the proposed CC matrix,
we derive the curvature as an analytic matrix-based expression.
Finally, the merit of the proposed structure is demonstrated
through the novelty in two FRS applications, namely, observer-
based controller design and locomotion analysis. As evidence
of the former, we revisit our preliminary work from [22], and
marginally extend it to generalize the functionalities from both,
[14] and [23], while using the proposed CC matrix structure.
The control-centric scope of [22], however, did not require
computation details of this CC matrix. The work proposed
here exhaustively focuses on the derivation of the CC matrix,
notably, as an iterative formulation, and its properties, which
can appeal to a broad robotics audience. To achieve that,
we establish an interdisciplinary link between the forms of
REL equations from both communities, robot dynamics and
geometric mechanics.

The paper is organized as follows. In Sec. II, a summary of
useful concepts on SE(3) motion is given. In Sec. III, the REL
equations of motion for the FRS from both, robot dynamics
and geometric mechanics, are linked. The main result is stated
and derived in Sec. IV. Herein, the novel properties of the CC
matrix are proved and the closed form expression of curvature
is derived. In Sec. V, the two applications benefiting from the
proposed CC matrix are provided, of which, the work in [22]
is revisited in Sec. V-A. The paper concludes with remarks in
Sec. VI. A sectioned Appendix is given to aid the analysis.

II. MODELING MOTION ON SE(3) GROUP
In this section, rigid-body motion on the SE(3) group is
introduced to provide a foundation for multibody dynamics.

'In the FRS, the velocity constraint is not externally imposed, but is a
mathematical consequence of the conservation laws in the motion equations.

For the sake of clarity, the fundamental concepts of the SE(3)
are provided in Appendix Al, and key concepts that are
ubiquitous in robot dynamics and geometric mechanics are
revisited here. In the following, the pose of a rigid-body is
denoted by g = g(R,p) € SE(3), where R € SO(3) is the
rotation matrix and p € R? is the position. The body velocity
convention is YV = [wT ’UT}T, where w (v) is the angular
(linear, respectively) velocity. A pose between two frames
is subscripted with symbols of both frames, e.g. in Fig. 1,
the pose of {k} relative to {1} is g1;. Poses and velocities
that are subscripted once are referenced relative to the inertial
frame, {O}, e.g. (g1, V1) are the pose and the velocity of the
FRS-base, {1}, relative to {O}. For simplicity of notation,
we indicate the pose argument in the Adjoint operator, Ad,
by its ordered frames. e.g. Ad,,, = Ady. Given A € R™*",
A > 0 denotes positive definiteness. An identity matrix of
dimension k x k is denoted by I} x, and Oy ; is a k x [ matrix
of zeros, and for [ = 1, the index is omitted. Henceforth, given
r€R, yeR™, and Z € RX™, (2,9)7 = 2" Zy.
Rigid-Body Motion: The k" link in Fig. 1 is modeled as a
rigid-body with pose gi € SE(3) with reconstruction formula,

Kinematics{ ark = gtV 9k = 9i(Ri, pr), (D

where V' € se(3) is the body-referenced Lie algebra. The
Euler-Poincaré equation is written using se(3) = RS as,

Dynamics{ M,Vi, + (—ady, My)Vi = Fj, , (2)

where F), € R® 2 s¢(3)* is the body wrench, and M, € R6*6
is the rigid-body inertia (see Appendix A2). In (2), ad&k Mjy,
encapsulates the SE(3) structural coefficients, and will also
appear later in the context of FRS dynamics. Firstly, note that
it does not satisfy skew-symmetry, see (60) in Appendix A2.
This property is required in Lyapunov-based stability analysis
for motion control applications [17], [24], [25], as explained in
Appendix B1. Secondly, given v, w € RS, the bivariate map
(ad,] M},)w is not commutative, i.e., (ad, Mj)w # (ad My )v,
due to the non-abelian property of SE(3). To this end, the
operator, ad(y) : 5e(3) — se(3)”, is defined [25] such that,

(adIMk)w = (ad}y, ,,)v, (see (61) in Appendix A2). (3)

Therefore, using the skew-symmetric operator, ad(N.), 3)
provides a means to exchange velocity arguments with the
adzr,) operator to compute the equivalent CC wrench.

Property 1: The rigid-body dynamics in (2) written alterna-
tively using the property in (3) satisfies skew-symmetry, i.e.,
z " (LM, —2(—ady, v, )z =0 for z € RS. A corollary is
that this property is invariant to a time-varying change of basis.

Proof: See Lemma A3 in Appendix A2. [ ]

III. DYNAMICS OF THE FRS

In this section, due to the interdisciplinary nature of this
paper, the relevant details of FRS dynamics descriptions from
both communities, robot dynamics [1], [4] and geometric
mechanics [6], [13], [26] are examined. The presentation is
structured in order to facilitate a link between the two dynamic
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descriptions. For the sake of clarity, we consider the FRS as
a single kinematic chain, which is formalized as follows.

Def. 1: A FRS is a multibody system of n+1 rigid links (see
Fig. 1), which comprises of a movable FRS-base and an artic-
ulated mechanism with n holonomic joints. Its configuration
space is @ = SE(3) x R™ with coordinates r = (g1,q) € Q,
where g1 = (R1,p1) € SE(3) is the pose of the FRS-base and
g € R™ is the shape (joint positions) of the mechanism.

For general kinematic tree structures, the following compu-
tations will have an outer summation, as in [4]. In the text, the
shape (g) and velocity dependencies of the dynamic quantities
are provided in declaration and omitted later for brevity.

A. Floating-base Dynamics or Hamel’s Equations

Considering potential forces (e.g. gravity) as external,
the presence of the group coordinate g; yields a reduced
Lagrangian [13, §5] with inertia, M € R(6+m)x(64n) g
I(q,V) = 4(V,V)n, where V = [V|T q'T}T is the config-
uration velocity, V{" = g; *g1 € se(3) for the FRS-base pose.
The equations of motion that result from [(g, V') are called
the Hamel’s equations in geometric mechanics [6, §. 6], [5,
eq. 4,5] and is the Lagrangian equivalent of the floating-base
formulation [19], [2], [4] in robot dynamics. It is written as,

s aee) (4] sean 3] =) @
M(q) Y

where My, My,, M, are the locked, coupling and manipulator
inertias, respectively, C' € R(6+7)%(6+7) j5 the CC matrix, and
F1 € RO 2 5¢(3)* and 7 € R™ are the forces acting on the
FRS-base and joints, respectively. A notable advantage of (4)
is its efficient computation using the recursive Newton-Euler
algorithm [27], [28]. The recursive form yields an iterative
computation of M, C' [19], [2], [27], which is outlined below.

Lemma 1: The matrices M, C' in the motion equation, (4),
are computed, e.g. see [27, eq. 18], as,

M=>"T, My Ty, )
k

c=>17 (—ad‘T/kMk Ty + M, Tk) . (6)
k

where T, = [Ady;!(q) Jk(g)]. and J is the link Jacobian
relative to the FRS-base.

Proof: See Appendix B2. ]
The partitioning in 7}, can be used to further add detail to the
dynamic matrices, e.g.

My, My, _ -T -1
MY M, ,Mb_zk:Adlk M Ady,

My =Y Ady,| My Je, My => " J\ My J.
k k

|
(N

Note that the computation in Lemma 1 does not satisfy
skew-symmetry, i.e., z' (M —2C)z =0, = € R6+", This is
commonly achieved by refactoring (6), see [19], [2], [27]. In
this paper, Lemma 1 serves as a starting point to ease into the
derivation of the main result, which satisfies skew-symmetry.

B. Reduced Euler-Lagrange Equations (REL): The Motivation

The dynamics in Sec. III-A only describe the FRS as a kine-
matic chain. However, the FRS is also uniquely characterized
by a conservation property on its momentum (defined below).

Def. 2: The momentum map [5, App.] is a
mapping, J :TQ — se(3)*, which is defined as
J=Ad; " (MyVy + M), and  physically represents
the total spatial momentum of the FRS.

Specifically, the conservation law on J is an outcome of
Noether’s theorem [13, §4.1] due to the SE(3) symmetry,
i.e., invariance of (¢, V) to g1, in the FRS. The alternative
dynamics description, which explicitly shows this property,
is the set of Reduced Euler-Lagrange (REL) equations [13,
§5.3]. In this paper, we develop a body formulation of the
REL equations, i.e., using body velocity quantities. To this
end, we define the locked velocity for the FRS as follows.

Def. 3: Locked velocity is the velocity of the instanta-
neous equivalent rigid FRS (locked shape), and is written
as p= Vi + Ai(q)g, where A; = M, ' My, is the dynamic-
coupling factor. It is the body velocity corresponding to the
momentum map, i.e., 4t = Mb_1 Ad;r J.

1) Robot Dynamics: In the robot dynamics community,
a matrix-based form of the REL equations is obtained by
applying dynamic congruent transformations to (4), as shown
by [1], and is summarized in the Lemma below.

Lemma 2: Considering £ = [u”  ¢'] " as the new system
velocity, which is related to the configuration velocity, V,

through a transformation as V = L(q)¢, L = 0]16’6 EAl ,
n,6 n,n
the dynamics of the FRS are alternatively given as,
My(q)  Op,n } : [Fb(q,V) qu(q,V)}
; + =F, (8
[ One  Ag(q) Lap(q, V) Tylq, V) : ®
Alq)=LTML I'(q,V)=LT(ML+CL)

where A,I" are the transformed matrices of inertia and CC
terms, and F = [F (17— ./éll—r]-"l)—'—}—r is the transformed
covector of forces acting on the FRS.
Proof: See Appendix B3. [ ]
Accordingly, the FRS-base pose, g;, is reconstructed alter-
natively using V} = []I676 —Al} £ as,

g1 =g1(p— Ala)d)". ©)

Remark 1: In [1, eq. 15], the approach in Lemma 2 was
used to obtain the dynamics of (7, ¢) instead of £. Due to the
gi-dependency of J in Def. 2, however, the shape dynamics
had an apparent g;-dependency [26, eq. 8], which is not
physical. Although the shape dynamics in Lemma 2 (bottom
row) does not have a g;-dependency, its invariance to frame
transformations as a property is unproved, but often assumed.

Remark 2: In (8), I' is a placeholder CC matrix, and does
not provide a special structure like the block-diagonal inertia,
A. In particular, there is no clear separation of velocity depen-
dencies, i.e., u, g, in the partitions of I'. This limits specific
applications, e.g. model-based control [22], and dynamics

oUV) = 9UV) "\which require the partitioned

linearization, like “on 0 a5
CC terms, preferably with closed form computation.
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It is worth appreciating that the analytic form of the REL
equations was revealed by the geometric mechanics commu-
nity [6], [13], [26]. In this structure, notable aspects of the
CC terms are velocity dependency separation and the appar-
entness of the curvature term. Therefore, we will subsequently
review the concepts from geometric mechanics that lead to the
analytic form of the REL equations. Juxtaposing it with robot
dynamics in (8) will pave the way for the main result.

2) Geometric Mechanics: The conservation of 7 is written
as a Pfaffian-like velocity constraint using a geometric quantity
called the mechanical connection [7, §3.2], defined below.

Def. 4: Mechanical connection: A map, A:TQ — se(3),
which quantifies the spatial velocity correspondlng to J, and
is written as A = (M;)~1J, where M = Ad -1 My Ad -
is the spatial locked inertia [13, eq. 5.3.1]. Usmg Def. 2, ”

i

(Adl_T M, Adl_l)flj =Ad; [Hg_ﬁ Al(q)] |:q:|, (10)

A(q,V)

and A; is alternatively called the local mechanical connection.
Lemma 3: Given Def. 4, A= 0g defines horizontal
and vertical subspaces with velocities V;, = (—.A4;4,¢) and
Vo, =V =V, = (V1 + A4, 0,), respectively, which are min-
imally written using the shape and locked velocities, i.e., ¢
and p, respectively. Using these minimal velocity forms in
the orthogonal subspaces, Lemma 3 provides a geometric
interpretation of the map V = L =V, + V}, in Lemma 2.
Curvature of FRS: A unique characteristic of the FRS is
that A is not preserved over a closed path in shape space, i.e.,
gait. In fact, this is observed through a net displacement of
the FRS-base pose g; due to the gait, as shown in Fig. 2. This
is the falling-cat phenomenon [6]. Due to its g;-dependency,
A in (10) is not preserved over a gait, and the amount of
non-preservation is quantified by its curvature. Based on the
g-dependency, just as A is defined locally by .4;, the curvature
of A is defined by the local curvature of A; [13, Def. 3.5],
denoted as DA;, where D is the exterior covariant derivative
operator, see [9, §B.6]. The local curvature, D.A;, is significant
because it appears explicitly in the REL equations, as we shall
see later, and is also employed for locomotion analysis in
geometric mechanics [9], [10], [11], as described below.

ol o by
2(0) {91 (to) \/
i Q|4 g, (0) n(ts)
q(0) > 7.(0)
Initial condition gait final condition

Fig. 2. Net displacement of the FRS-base, 6g1 = g1(to) "1g1(ty), due to
a gait. Left: FRS initial (¢¢) configuration; Center: gait with starting point
(green) and direction (arrow); Right: FRS final () configuration.

In particular, D.4; is exploited to estimate the net displace-
ment of the FRS-base over a gait, i.e., dg1 = g1(to) " 1g1(ts)
in Fig. 2. Common approaches presuppose that the time-
integral in (9), for i = Og, is converted into an area integral by
invoking Stokes’ theorem, see Appendix Cl. In short, given

an infinitesimal path displacement in shape space, dg € R"”,
(—A;dg)” in (9) defines a se(3) infinitesimal displacement
of the FRS-base, {1}. Similarly, for an infinitesimal area
displacement over a gait in shape space dA € R"™ x R™,
(—DA;dA)" also quantifies a net displacement. Note that the
area dA requires two base vectors to be uniquely determined.

Def. 5: The local curvature, D.A;, in a matrix notation is
(DA (q, )y = (dA)(q, )y — ad 4, A1y, where z,y € R"
are the two vectors in shape space that uniquely define the
basis for an oriented differential area in the shape. The term
dA;(z)y is the exterior derivative operator and measures the
intrinsic change in \A; across the shape space; and ad 4,,.4;y
is the Lie bracket, which measures the extrinsic change in A;,
as the allowable velocity space rotates with the body frame,
{1}, due to the non-abelian property of SE(3) [9].

Since SE(3) is non-abelian, an exact solution for dg; in
Fig. 2 is not feasible for the FRS. However, an approximate
0g1 over a gait area U is estimated as [9],

¢ =log (6{]1) = —// DA;dA ~ log (691),
u

using visual tools to compute the area integral in (11), see
Appendix C2. The approximation errors in (11) are mitigated
by computing the area integral therein in the minimum pertur-
bation coordinate frame, which minimizes non-commutativity,
instead of {1}, see [8], [9]. In [11], an alternative approxi-
mation of (9) was used. In such locomotion approaches, D.A;
is essential, and is traditionally computed using symbolic or
numeric methods. A supplementary goal in this paper is to
derive an analytical computation of D.4; using iterative robot
dynamics. To facilitate a comparison with the robot dynamics
notation in (8), the unforced matrix-based REL equations from
geometric mechanics are derived next.

Lemma 4: For the unforced FRS, a decoupled Lagrangian,

Y

1(q,€) = 2(d.d)a, + 3{, 18) a1, , results in the REL equations
[13, §5.3], which, in matrix-based notation [26], [29] read as,
. dM,
Mb/L + 7# = adIMbu — ad;lquu, (12)
dA, . a . -
NG+ =14 — 57-{d,d)a, = N(g: 1,9)
dt 20 (13)
. 0
~((DAN(@) " My + %TM) Ajlad,, Myp.

Proof: The Euler-Poincaré part is (12), and is derived in
Appendix D1. In (13), the L.H.S is the Euler-Lagrange part of
the shape dynamics, while N collects the p-dependent terms.
Its expanded form is proved in Appendix D2. [ ]

In Lemma 4, the unforced case of the full FRS dynamics
is interpreted as the momentum dynamics in body basis, (12),
which defines the level-set on which the shape dynamics, (13),
evolve. Lemma 4 further highlights the following aspects of
the CC terms. Firstly, there is not only an elegant separation
of the CC couplings in terms of velocity dependencies, i.e.,
(¢,¢) on L.H.S and (¢, u), (1, #) on R.H.S, but they also
have physical interpretations. Secondly, note that the curvature
appears explicitly in (13). This structure is in contrast to (8),
see Remark 2. However, (12) and (13) do not satisfy the skew-
symmetric property, which is desirable, see Appendix B1.
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Hence, the main idea in this paper is to modify the iterative
computations from the previous works in robot dynamics [1],
[19] to directly obtain the forced dynamics in (8), and separate
the CC couplings as in geometric mechanics (Lemma 4).
Instead of the original form of the REL equations, we derive
a reformulation, which provides a skew-symmetric property.

IV. MAIN CONTRIBUTION

In this section, the proposed form of the REL equations and
its properties are derived. To ease the subsequent derivation,
firstly, a direct computation is chosen to obtain (8) and avoid
the transformation in Lemma 2. Secondly, the variations of the
locked inertia are expressed as fundamental matrices so that
they can be used in the resulting CC matrix factorization.

A. Choice of Iterative Computation

The following Lemma is stated for a general multibody
system to summarize two approaches for the computation of
the motion equations, while using a velocity description that
is different from its configuration velocity.

Lemma 5: Given an m-DoF multibody system with config-
uration 7 € R™ and configuration velocity, v € R™, each link
satisfies (2) with, V, = Ty (r)v. An alternative system velocity
= L(r)v € R™ can be defined using a map, L. In this case,
apart from the dynamics of v, the dynamics of  also describes
the system’s motion, and can be obtained in two ways.

1) v-Iteration+v-Transformation: vk, Vk =T+ Tku is
substituted in (2), and pre-multiplied with T,;r on both sides,
resulting in the dynamics of the configuration velocity, v, as
in Lemma 1. Following this, U = Liy + Luv is substituted in
from the previous result, as in Lemma 2.

2) Direct v-Iteration: Vk, V}, is rewritten as a map of the
new velocity, 7, as Vi, = Tj(r)0 = Vi = Tt + Tk 0. Substi-
tuting R.H.S in (2), and pre-multiplying TkT yields the result.

Both approaches in Lemma 5 yield the same motion
equations, and hence, the same inertia and CC matrix (see
[20, Rem. 6]). However, Lemma 5-1 provides a numerical
computation of the CC matrix in a way that its structure is
concealed due to L, which might be difficult to obtain in
closed form. This computation was used for the FRS (¥ = &)
by [1], see Lemma 2. In contrast, Lemma 5-2 directly provides
a closed form computation of the CC matrix.

Remark 3: In this paper, Lemma 5-2 shall be exploited as
the first step in the derivation of the main result for the FRS
(7 = &). To this end, the decomposition of V' into velocities
in the vertical and horizontal subspaces from Lemma 3 is
exploited to redefine the link velocity, Vi, from Lemma 1 as,
Vi = Tk (V,, + V,), which is written as,

Vi = Ti(@)¢, Ti(q) = [Ady (0)  Ji(a)],

where jk =Jp — Ad;k1 A, is the generalized Jacobian [1] for
the &M link.

(14)

B. Fundamental Matrices: Variation of Locked Inertia, M,

For fixed-base robots, the CC matrix was shown as the sum
of variations of the inertia matrix relative to time and shape

[21]. These two variations were expressed as fundamental
matrices (operators) that described the CC terms in the Euler-
Lagrange equations. For the FRS case, we extend the notion
of the fundamental matrices to describe the CC terms that
arise from the variations of the locked inertia, M, in the REL
equations of the FRS, i.e., (12)-(13). To this end, we define
three operators in the respective Lemmas below.

Lemma 6: The Locked Inertia Velocity (LIV) matrix is a
symmetric matrix, P(q, ), given an arbitrary shape velocity,
x € R™, which is interpreted as P(q) = d;‘f” when x = ¢, and
appears in (12). It is computed as,

P(¢) ==Y Ady, (adj ;M + Myady,4) Ady,l . (15)
k

Proof: Computing %Mb(q) using M, in (7) and the time-
derivative of the Ad operator (see Prop. 8, Appendix A), the
expression of the LIV matrix, P(q, ¢), is obtained as (15). B

Lemma 7: Given arbitrary velocities x,y € RS = 5e¢(3),
the partial derivative of the scalar product (x,y)ns, rela-
tive to shape (¢) is written in matrix-based notation using
the Locked Inertia Derivative (LID) matrix, S(g,z)', as
% = S(g, ) "y. In the context of (13), the LID matrix
is required to define the partial derivative of the locked kinetic

energy relative to shape as % = S(q, ) " p, where,

T T(oqT ~ -1
ST = I (adyyr My +ady, 0 )AL (16)
k

Proof: Given arbitrary x, y, the closed form computation
of S(q,z) "y is derived in Lemma 14 of the Appendix E. The
expression in (16) follows as a corollary of Lemma 14 for the
specific case of the locked velocity, i.e. x =y = p. [ ]

In the SE(3) group, the time-derivative of a covector in the
body frame has an ad ' -term (apparent wrench) to account
for changing body basis and encapsulates the SE(3) structural
coefficients, as shown in Prop. 9 of Appendix A. For the FRS,
the body frame is the moving FRS-base frame, {1}, which has
a body velocity V; that depends on the shape velocity due to
the mechanical connection, i.e., V1 = u — A;q. Hence, there
is an additional term that accounts for the changing body basis
in SE(3) due to the local mechanical connection through A;q.
This is captured by the matrix below.

Lemma 8: Given an arbitrary locked velocity
r € RO = s¢(3), and shape velocity y € R™, such that
x = Vi + Ay, the apparent forces due to the change in the
SE(3) body basis resulting from the mechanical connection
is adyy, . A1y, where adyy, . A is the Interaction Matrix (IM)
which encapsulates the product of the structure coefficients
of the local mechanical connection, A;, and the SE(3) group.

Proof: The time-derivative of the locked momentum
z = Mpz, is obtained using Prop. 9 of Appendix A2 as,

dz
prin
where z is the componentwise time-derivative (see [4,
§2.10]). Note that (17) already reveals the R.H.S of (12) for

T = i,y = ¢. In particular, the last R.H.S term in (17) yields
the apparent forces due to the change in the SE(3) body

2 —ady, My = # —ad, Myx +ad ), Myz, (17)
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basis resulting from the mechanical connection. Applying the
property (3) to it as (adLyMb)x = (ad}yy, A1)y in the spirit
of the arguments of Sec. II results in the IM. [ ]
The REL equations are presented next with the proposed CC
matrix factorization as the main contribution of this paper.

C. Proposed form of the Reduced Euler-Lagrange equations

Theorem 1: Let us consider the Floating-base Robotic Sys-
tem in Def. 1, given the Pfaffian-like constraint (mechanical
connection) in Lemma 3. Its motion is governed by the
Reduced Euler-Lagrange (REL) equations. This system of
equations is proposed with the following factorization of the
matrix of Coriolis/Centrifugal (CC) terms, and is written as:

{Mb@) os,n] m N [%P(q’) ~oa,n} [u]
On,G Aq(q) q 0n,6 F;(q) q
~~
Aq) Dg(q,9) 3
— |: ad&b,u —%S(,LL)~— ad;ﬂ,,u'Al:| |:,U,:|
3S(w) " — Al adyy,, —B(q, 1) q| (18)

Du(‘LH)

Fi
+{T—Aﬁa]
~——————
].'

In (18), A is the block-diagonal inertia tensor, which is com-
posed of the locked inertia, M}, and the reduced shape inertia,
A4. The two proposed CC matrices are Dy and D,,, which
have velocity dependencies of ¢ and p, respectively. These CC
matrices contain the fundamental matrices defined in Lemmas
6-8. Additionally, B is related to the curvature of the local
mechanical connection, and " is the reduced shape CC matrix
that results in the (¢, ¢)-coupling in the shape dynamics. The
external forces acting on the FRS are concatenated in F, and
include the actuation and the potential (gravity) forces. In
particular, given the initial conditions (¢ = 0) for (¢, q, g1, 1),
(18) is solved by computing the matrices as,

® Aq(‘]) = ZJJ My Jy — -AlT My A (192)
k

e P(¢) ==Y Adj, (adj, My + Myady, ) Adg,! (19b)
k
T _ T(oqT ~ —1
e S =3, (adAd;kluMk + adeAd;klu)Adlk (19¢)
k

o Ty(@) = Y27 (—ady, gy i+ M i) (19d)
k

o B(p) = —A/ adyy,, A+ S(u)" A — A S(p)

1
= M (a2 ) (e
k
where, jk =Ji —Adl_k1 A; for the k™ link, and given a
velocity X € RS 22 g¢(3),

Vx = M; '(adx My + ady;, x — Myadx).  (20)

Proof: A sketch of proof for Theorem 1 is shown in Fig. 3
as incremental steps that are followed here. In the following
steps, the identities (68a)-(68e) from Lemma 12 related to jk,
which are listed in Appendix B, will be referred.

Step 1: |Lemma 5-2 | Derive A, T, F for (8) ‘

Step 2: | Lemma 9 ‘ Separate velocity-dependencies (i, ¢) in T’ ‘

Step 3: | Lemma 10 ‘ Factorize ['¢ as CC terms in (12), (13) ‘

Step 4. | Prop. 2 ‘ Derive Dy, D,, as in (18) ‘

Fig. 3. A sketch of proof for Theorem 1.

Step 1: As stated in Remark 3, Lemma 5-2 is invoked with
link velocity Vi = Tkg to compute (8). This leads to three
inferences, the first two of which corroborate the earlier results
from Lemma 2, and are stated here for completeness. Firstly,
the inertia matrix is obtained as, A(q) = >, T,CT My Ty. Using
(68a), A is obtained in the exact block-diagonal form of (8).
Secondly, F = Y, T,/ F, reduces to the same form as (8)
after considering that the constraint forces in the articulated
mechanism of the FRS vanish after projection.

Thirdly, the CC matrix is obtained as,

[(q, Vi) = T"( - adj, MiyT + M T). (1)

By analysing further the closed form computation of I', the
structure in Dy, D, in (18) is revealed, and this is the main
contribution of this paper.

Step 2: To this end, we separate the FRS velocity depen-
dencies, i.e., u and ¢, in I". The computations are summarized
in the following Lemma.

Lemma 9: The CC matrix, I', in (21) is obtained through
the computation of its block partitions, I'y,I'yg, I'gp, 'y, as
functions of x and ¢, as follows:

Ty =—ad, M, +ad)y ;M + P(q) (22)
qu :06,11 (23)
Tgp =Alad, My — Y " Jady 1 MpAdyy!

k
TT a1 AS'(~q'I7"u)T 1 (24)
= (Jiad] My + J] Myad,4)Ady,
k
B1(q,9)
Fq = Z j];r adZd;,ijk jk
k
Ba(q,u
_ 2(q ;_)r ) . 25)
+ > I (—ad], My T+ My )
k
T (a,q)
Proof: See Appendix Gl1. [ ]

We note here that I # Dy + D,,.

Remark 4: The last term in (22) is the LIV matrix in
Lemma 6. Additionally, applying (22) and (23) to the top row
of (8) results in the momentum equation of (12).

This concludes the simplification obtained through separa-
tion of dependencies in the iterative formulation. On the R.H.S
of (18), we see that the D,, matrix only has u-dependency
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whereas I'g, in I' from (24) has g-dependency too. Also, note
that in (25), Aq #+ I"q + I‘;T, which implies that the standard
reduced shape space skew-symmetric property [1] for the FRS
is not satisfied.

Step 3: For this, the following factorization is used to obtain
the CC terms in (13) from the result in Lemma 9.

Lemma 10: Given the iterative computation of I' in Lemma
9, the computed CC forces acting on the FRS, i.e., I'(q, )¢
give the closed form computation of the CC forces in (12) and
(13) with velocity dependencies of (, g.

Proof: Given I'g, and I'; in Lemma 9, the CC torques of
the shape dynamics (bottom row) in (8) are computed as,
Lot +Tyd = — %S(mm + Alad ) ;Myp
+ Blg, 1)q +Ty(d)d,
where all the CC matrices on R.H.S are the same as in
Theorem 1. The proof of (26) is given in Appendix G2.

Remark 5: With the above observations, note that (26) pro-
vides the velocity dependency separation which matches the
shape dynamics in (13). Also, f‘;(q')q' = (%t(q)(j— %).
Using the Remarks 4 and 5, we conclude that the afore-
mentioned simplifications of the iteratively computed I'(q, £)¢
results in the CC terms of (12) and (13). [ |

However, these equations do not jointly satisfy skew-
symmetry, which is often required, as noted in Appendix B1.

Step 4: Hence, we observe the following commutative
property which leads to the main result in (18).

Property 2: Given locked velocities, z,y € RS, and shape
velocity, z € R"”, the following commutativity properties for
the fundamental matrices from Lemmas 6 and 7 hold.

S(q.2) "y = S(q,y) "z, Plg,2)y = S(q.y)z

Proof: For the first, ST from (16) of Lemma 7 is used

with (3). For the second, (3) and ad,y = —ad,x are used. W

The Prop. 2 leads to the following corollary, which is used
to obtain the result in Theorem 1.

Corollary 1: Given locked velocity p € RS 22 se(3)* and
shape velocity ¢ € R™, P(¢)p = 5P(q)pn + 5S(p)g.

Using Corollary 1 on I'y in Lemma 9, followed by using
(3) for both ad’ terms, we obtain the first row in (18). Using
the same property for the Al—r ad: Mypp term in (26) provides
the second row in (18). Rearranging as (¢,q) on L.H.S and
all (¢,p),(p, ) on RH.S, we obtain the proposed Dy, D,
matrices in (18). |

With Theorem 1, the CC matrix for the REL equations was
obtained as a sum of two novel CC matrices, namely D; and
D,.. Notably, their block partitions have an explicit velocity
dependency on ¢ and p, respectively. In contrast, the I' matrix
in (8) and the resultin [1, eq. 18] have functional dependencies
on V for all the block partitions instead of the velocity of
the inertia-decoupling transformation, i.e., £&. By defining the
IM matrix as in Lemma 8, the same operator is used in the
momentum dynamics (top) and the shape dynamics (bottom,
with a transpose) of (18), in contrast to the last R.H.S term in
both, (12) and (13). The structure of D, and D,, reveals key
properties, which are provided next.

(26)

27)

D. Key Properties of the Proposed REL Equations

1) Commutativity (Prop. 2): For fixed-base robots, we
recall that the commutativity property of the CC matrix is
well known [15], [21]. This property, however, does not hold
for a rigid-body due to the non-abelian nature of SE(3), as
discussed in Sec. II. Consequently, for the FRS, the complete
CC matrix in (8) does not exhibit this property.

The separation of velocity dependencies in the CC terms of
(18) enabled the isolation of the LIV matrix, P, and the LID
matrix, S, for which we proved commutativity in Prop. 2. In
the context of FRS dynamics, such a property has not been
reported before and is neither apparent in (8) nor the pair
(12)-(13). Two uses of this property are demonstrated below.

Given two velocities, x,y € R®, the dynamics of the error
z = x — y is encountered in the stability analysis of tracking
[24] and observer design [15], [25] problems. The following
corollary of Prop. 2 is useful to eliminate y in such cases.

S(x) 'z —Sy)y= (25’(:0)T —8(z)")z. (28)

Prop. 2 is also useful for linearization, e.g. in Kalman
filtering, as is demonstrated next. Given the velocity state &,
linearisation of the function w = S(u)g, which appears in the

top row of (18), about & = [T 4], gives,

ow

ow ‘ B Pw w .
e=¢ o

oJw ow 1= 1pe "
5 G o = P@ s
after applying the second of Prop. 2.
2) Skew-symmetry/Passivity: This property is pivotal to
energy-based analysis in control design, and is stated next.
Property 3: Given x € RS,y € R”z and z = [xT yT}T
the skew-symmetric property, z' (A —2I')z =0, can be
viewed in (18), as satisfying the following,
dM, dA ~
T b . T q /
— =P =0 — —2I'))y=0
e (— (4))x ~,y(dt 2y =0,
:CTad;[w:C =0, y' B(g, )y =0, 2" D,z = 0.

‘M:ﬂ (29)

bl

(30)

The CC matrix, Dg4, which depends on ¢, satisfies the skew-
symmetry property (top row in (30)), while the CC matrix, D,
which depends on p, is skew-symmetric (bottom row in (30)).

Proof: See Appendix F1. [ ]

Prop. 3 is crucial for Lyapunov-based stability analysis
in specific problems like motion tracking [17] and observer
design [25], as explained in Appendix B1.

3) SE(3) Transformation of Momentum Dynamics: Con-
sidering an arbitrary frame as {C}, its pose g.(t) € SE(3),
which may be time-varying, is a right SE(3) translation
of g1, i.e., gc = g191c(t), where g1 = g1.V{>, Vb € se(3).
Correspondingly, this change of basis of x4 to {C} is an
Adjoint transformation of gi., i.e., . = Adfc1 . For this case,
the following property is useful.

Property 4: The momentum dynamics (top row in (18))
transform to any time-varying frame {C} with a pose
gc(t) € SE(3) through a right SE(3) translation as,

Mb(q),uc + p(Qa qa glC):uC = adXZb(q)ucﬂc

. o 6D
= (5@ Adie pre) + adfy, ), Ai(g: 1)) 4 + T,
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where the dynamic transformations are:

o My = Ad{, M, Adi. o A, = A7} A4

eady,, =Adl ady,, Adi. o Fi=Adl R

o § = Ad/. S(Adc pe) eady, A = Ad/,ady, A

_ P _
o P=Ad], 5 Adie +Myady;,

and all the L.H.S terms above have an implicit g; .-dependency.
Proof: Multiplying Alec to the first row in (18), and
rewriting . = Adj. e, (31) follows. [ |

Prop. 4 is useful for FRS applications that require the
momentum dynamics (top row, (18)) in a more suitable frame,
e.g. centroidal frame in humanoids [1], for control design and
motion planning purposes.

4) SE(3) Invariance of Shape Dynamics: Two key obser-
vations are made here as a corollary.

Property 5: The shape dynamics (bottom row, (18)) is
invariant to the right SE(3) translation in Prop. 4, i.e., invariant
to the transformation of the momentum dynamics like (31).
Additionally, the system skew-symmetric Prop. 3 is preserved.

Proof: We note that the dynamic transformations in
Prop. 4 with p = Ad;. p. satisfy,

A?Mbu‘il = .AlTMb.Al, ./leT]:-l = .AlT]:h
S(NC)TNC = S(Adlc ,Ufc)T Adlc He = S(N)T,Ufa
Aladyy  pe = Al adyy, i, B(Adie pe) = B(p).

These properties are used for the proof in Appendix F2. ®
Note that although the first in Prop. 5 appears obvious, prior
works [1] have not revealed this invariance, as discussed in
Remark 1. The aforementioned proof is a direct consequence
of the proposed factorization of Dy, D,, in (18).
Using Properties 4 and 5, (18) is rewritten with a transfor-
mation of the proposed CC matrices as,

(32)

(33)

Dy = o
~ S(pe) ~ 1
D, = 5( )TadMy‘trc N it A
MQC - Al ade,uc B(Adlc MC)

Applications that require the momentum in another frame
(as in Prop. 4) exploit shape (joints) for control [1]. The
invariance in Prop. 5 obviates the measurement of g; for local
joint control, as we shall also demonstrate later in Sec. V.

5) Analytical Computation of Curvature: Deriving an ana-
lytical iterative computation of the local curvature for the FRS
was a supplementary goal of the factorization in Theorem 1.
Although symbolic forms of the FRS curvature have been
proposed in geometric mechanics [16] for up to 3-shape
variable systems, the iterative forms typically used in robot
dynamics® have not been derived before. To this end, we report
the following.

Theorem 2: In iterative form, the local curvature from
Def. 5, (DA;)(z)y = ((dA;)(z) — ada, xA;)y, is written us-
ing the CC matrix structure in Theorem 1 as,

(DA (g, )y = —My(q)"'B' (¢,2)y, =,y €R", (35)

2Note that the curvature term does not appear explicitly in the placeholder
CC matrix (I") of (8).

where,

B(g,z) =Y (Ji (MkV 2 + 2Myad s, .) Ady,))
k

(36)
— S(Aix)" + A P(z) + A ad )y, , M.
Proof: See Appendix F3. [ ]
Corollary 2: In (35), if x =y, DA; = 0Og.
Proof: See Appendix F4. [ ]

Property 6: (Contravariance of curvature, [13, Def. 3.5]):
Given g. € SE(3) such that g. = g191., the body curvature,
DA, transforms contravariantly to the new basis of g. as
DAS = Ady! DA,.

Proof: See Appendix F5. [ ]

The Prop. 6 is essential to transform Theorem 2 from the
FRS-base frame, {1}, to a minimum perturbation coordinate
frame (see [16], [9]), in which the approximation of Stokes’s
theorem on SE(3), (11), is optimal. Theorem 2 enables cur-
vature computation for more than 2-shape variables, which
will be demonstrated in the next section, and is useful for
locomotion analysis, i.e., gait planning and initialization [8].

The key advantages of Theorem 1 over the prior results
from robot dynamics (Lemma 2) and geometric mechanics
(Lemma 4) are summarized in Table I through a comparison.
The closed form expressions of Dy, D,, enable the linearization
of the CC terms, e.g. 8?55, 639): using existing methods, as
in [19], which is not possible in Lemmas 2 and 4. Although
a computational comparison merits its own scope, we provide
a preliminary idea below. The computation of I' in Lemma 2
required one pass of n iterations (link-wise), and an additional
numerical transformation. The computation of Dy, D,, requires
2 passes with n iterations in each pass. One pass is nominally
given by the expressions in (19), which in turn require A; that
is computed in a preceding pass. That being said, to emphasize
this paper’s contribution, the applicability of Theorem 1 and
its properties is essential, and follows next.

TABLE I
COMPARISON OF FRS DYNAMICS FORMULATIONS

Property Rob. Dyn. Geom. Mech.  Prop. Form

(Lem. 2) (Lem. 4) (Th. 1)
Commut. (Prop. 2) E 3 E 3 v
Skew-sym. (Prop. 3) v E 3 v
SE(3) Transf. (Prop. 4) v v v
Invariance (Prop. 5) £ 3 % v
Curvature (Th. 2) ® v 4
CC Linearization % % v

Computation Iterative Symbolic Iterative
Complexity n+Transform. - 2n

V. APPLICATION OF THE PROPOSED REL EQUATIONS

In this section, we emphasize the merit of Theorems 1 and 2
through practical FRS applications. In Sec. V-A, we show the
benefit of the proposed CC matrix structure from Theorem 1
and its reported properties in control analysis using Lyapunov-
based design. In Sec. V-B, we demonstrate the utility of
Theorem 2 for curvature computation, which is required for
nonholonomic locomotion analysis in geometric mechanics.
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A. Output Feedback Stabilization with Non-zero Momentum

We consider the shape (joints) stabilization in the presence
of non-zero momentum (J # Og) for a gravity-free FRS,
e.g. orbital robot. This control problem is relevant in orbital
robotics because the FRS momentum is increased during
motion synchronization with a tumbling satellite, which might
have velocities up to 10[°/s]. The final robotic grasp precludes
FRS-base (spacecraft) actuation (F; = Og) from thrusters to
prevent negative effects of discrete actuation. In this case, the
momentum-related CC terms act as disturbance torques in the
shape dynamics [14], [23]. Consequently, both works® showed
that the standard PD-type control law results in steady-state
task (position) errors. The key idea therein was to isolate the
CC disturbances and compensate for them in the control law.

Here, we extend the scope of the above control problem with
the practical consideration that the FRS-base velocity, Vi, is
not measured. This is because the feedback of the FRS-base
state, especially for the orbital robot, is often limited to only a
slow-sampled (=~ 10[Hz]) and noisy pose measurement of g,
which makes it difficult to employ numerical differentiation.
We also note that this sensory limitation is relevant for other
control applications that have previously assumed V; feedback,
e.g. to reconstruct end-effector velocity [3]. To this end, in
[22], we proposed an output feedback stabilization controller
with an unmeasured spacecraft velocity. The available mea-
surements of shape, g, its velocity, ¢ and the FRS-base pose,
g1, was exploited to achieve the control task. In particular, we
proposed the controller as an interconnection of an observer
for the FRS states (gi1,1) and a shape control law, which
includes feed forward torques to compensate i # Og.

In this paper, we revisit this preliminary application from
[22] with the aim of demonstrating the usefulness of the
properties in Table I. In particular, Properties 2, 3 and 5
are used in the design. Furthermore, we use the iterative
computation to show the key difference between [14] and
[23], which was not done before. These aspects are remarked
through the text. The estimation problem in [22] for the
spacecraft states, (g1, V1), is summarized next.

Fig. 4. Right: An orbital robot with configuration (g1, q). Left: Its estimate
with virtual configuration (g1, q). The controller is designed to regulate the
shape, while considering the available measurements, (g,q), and a slow-
sampled g1 (dashed) to estimate V7.

Let # = (g1,9) € Q denote the estimated configuration,
where ¢; is the spacecraft pose estimate of a virtual frame
{1}, see Fig. 4. The corresponding velocity of this con-

3In [14], an end-effector task was addressed, but the presented theory
therein is applicable to a joint task like in [23].

figuration is V = [V,T QT]T. The configuration state esti-
mation error, 7 € SE(3) between §1(t) and g;, is defined*
as 1(g1,61) = g; "g1. Using the log map, an error term
is obtained as log(n) =€ € s¢(3) and € = [i] rﬂT
where 11 and 7; are the orientation and translational errors,
respectively (see [25]). The key idea in [22] was to ensure
that the state [i(¢t) — w(t) as §1(¢) — g1(t). Next, a summary
of the observer from [22] is given, which is followed by the
proposed shape space control laws that extend the feed forward
compensation in [22].

1) SE(3) Group Observer: The kinematic part of the ob-
server is chosen with the same geometric structure as (9) with
an error injection term as follows,

bl

1= g1(ji— Ady Aig+ Ad, Ke)”,
—_— @37
Vi

where K : RS — RS is the observer gain which is determined
through stability analysis in Sec. V-A4. In (37), note that the
Ad,, operator is used to transform the body quantities from
the basis of {1} to the estimation basis of {1} (Fig. 4).

Error Kinematics: The observer error kinematics are de-
rived from the time-derivative of the pose error, 7, as,

=37 091 o+ 07
=0 =n(p— Ady-1y i — Ke)"

1. . (38)
=(n7'0)Y = p— Ad-r) i —Ke,
—_———

He

where (. is the observer velocity error. The error kinematics,
i.e., €, is obtained from (38) using the differential of exponen-
tial from [25, Lemma 2] as,

e=H(e)n )" = H(e)(pe — Ke), (39)
where H(e) is the SE(3) Jacobian, which is simply a repre-
sentation Jacobian [25, Th. 2] and maps the body twist to the
rate of change of the exponential coordinates, €.

2) Euler-Poincaré Observer: Before describing the equa-
tions of the dynamics observer, the notion of a vector com-
parison between the locked velocity (u) and the observer
velocity (jz) is given. The Ad, -1 term acts as the transport
operator, which helps in defining the correct velocity error as
Me = Jb — flo, Where fi, = Ad, -1 fi, as is evident in (38).

Following the discussion above, the velocity error dynamics
are computed by taking the time-derivative of . using Prop. 8
in Appendix A and (38), as follows,

L
dtMe - dt .
== (Adpy it —ad(, ko)

— Ad;, -1\ [
1 (n-1) 1) (40)

Substituting for [, = p — . and using the properties,

adx X = 0g and adxY = —ady X in (40), we get,
d . : .
Eﬂe =M= (Ad(nfl) i+ aduﬂe + adKe,Ufo)- (41)

“4n is a left-invariant error [30, eq. 6], i.e., (991, 9g1) = 1, g € SE(3).
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Therefore, as in [22] , Ad(n—l) /l is determined next through
an Euler-Poincaré equation, which inherits a geometric struc-
ture similar to the first row of (18) with locked velocity /i,

-1 1. ~ A
MyAd, ' i = _(EP(q) —ady; )i
. (42)
— (§S(uo) + ad;@ﬂoAl)q + Fo - MbadKE,uoa
where F, € R® = 5¢(3)* is a virtual force which is determined
by stability analysis in Sec. V-A4, and the last term is simply
meant to cancel out the corresponding term in (41).
Velocity Error Dynamics: Substituting (42) into (41), and
using the actual locked dynamics () from (18), we get,

Lte =My (= L P — (55 (1e) +ady A
+ (adyy, i — adyy, s flo — Myad,pie) —F,),  (43)
C(ptypie) fhe, see Lemma 15
where p — fi, = e has been used for simplification.

The bracketed ad-terms can be further simplified in
terms of the C operator using Lemma 15 in Ap-
pendix H. Denoting, I'1(q, s, pte) = —3P(¢) + C(u, pte) and

S(ue) = —(35(ne) + adyy, .. A1), (43) is rewritten as,

dfie _ -1 . 3 .
o M, (Fl(%ﬂaﬂe)ﬂe + S(Ne)q - ]'—o)-

Note that the velocity error dynamics in (44) is a function
of the controlled quantities x,¢. Thus a separation principle
between observer and controller design is not feasible since
both, p and ¢ must be additionally stabilized. In the considered
scenario, F1 = (g, and the manipulation task defines the con-
trol requirement. Hence, a task-based control law is proposed
next to stabilize ¢, while p is treated as an external input.

3) Shape space Control Law: The controller consists of the
observer above and additionally, a shape (joints) control law.
Using the dynamics from Theorem 1, we propose a control law
with two (¢ = 1, 2) alternative compensation torques, 7; € R",
which differ in their velocity dependency as,

(44)

T=Tc+Ti, 1t =1,2

NP 1,4 ~ N T
1ljto,4) = = (58(it0) " — Al adiy, 2, )ito + Bljio)d  (45)
N 1., ~ N
fa(fto) = =(58(it0) " = A ady, 3, o,

where 7, € R™ is a task controller, which is required to
perform a manipulator task, and is determined through stability
analysis in Sec. V-A4. The two control laws in (45) capture
the results from [14] and [23], respectively, with a full-state
feedback assumption, i.e., fi, = p,n = 14 4.

Remark 6: The works in [14], [23] describe the FRS motion
using the dynamics of (7, q), which is obtained through the
SE(3) transformation in Prop. 4. Due to the dependency of
J on g; through R, both [14] and [23], however, report the
need for attitude measurements to compute the feed forward
term. Prop. 5 proved that the shape dynamics are invariant to
a frame transformation for the momentum, which implies that
the measurement requirement in [14], [23] arose simply from
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the lack of clarity in the CC terms. In fact, this measurement
is avoided through the body-formulation in (45). Note that p
is simply the body velocity corresponding to 7.

Remark 7: In [14], Lemma 5-1 was used to obtain (8),
which resulted in compensation torques as a function of (7, ¢)
because the transformation therein yielded mixed velocity
dependencies in the off-diagonal terms of the CC matrix. In
contrast, [23] employed a Lagrangian (Routhian) approach,
which revealed compensation torques that only depend on 7.
However, the CC terms were reported as partial derivatives,
which lacked an iterative formulation and limits applicability
to a simple FRS. By linking the iterative dynamics with the
REL equations, we inherited the latter’s structural benefits
while extending applicability to any kinematic chain FRS. This
CC matrix structure was pivotal to accommodating the control
laws (using p, not J) from both, [14] and [23], which resulted
to be different only due to the FRS dynamics formulation.

Using the control laws in (45), the shape space velocity
dynamics is considered next.

Shape space Velocity Dynamics: Corresponding to 7 in (45),
denoting T'y1 = I', () + B(ue) and T'yp =T (q) + B(u) for
ease of notation, the shape velocity dynamics are written by
substituting (45) in second row of (18) as,

. .1 S \T A
G =07 (= Tuid+ (S0 = (i) o)
N (46)
— A, (adX{wM — adxfbﬂoﬂo) + TC).
Remark 8: The corollary of Prop. 2 in (28) is crucial to
simplifying the quadratic terms in (46) containing S, as,

S() "= S(fro) " fro = (25(1) " = S(pe) ") pe-

Additionally, using (3), followed by Lemma 15 (in Ap-
pendix H) for the C operator, we get,

(47)

A (adyy, e — adyy, s flo) = A C(p, pre)pe. (48)

Hence, substituting (28) and ({8) in (46), and adding and
subtracting AzTadX{b o Me t0 get S T from ST (see (44)), we
obtain the shape velocity dynamics as,

i=A," (Tc —Tgig+ (S(pe) " +Ta(p, ue))ue),
where, T'a (11, pte) = S(p) " — A (C(u, pe) + ad3y, ).

Fig. 5 is the block diagram of the proposed controller (blue)
with the corresponding equations for an orbital robot (orange).

(49)

g1(k) [(3 )(42)‘ Controller
f 7 5 Observer [22] =
(91, V1, 1)
gl (Q7 Q) a5
- ]
rbi T ARATC Feedback
()| O

Fig. 5. A block-diagram extending the output feedback stabilization con-
troller (blue) from [22] for an orbital robot with partial state measurements,
(91,4, q). The proposed feed forward compensation is shown in yellow.
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4) Stability Analysis: Here, we prove the stability of the
proposed method’s error dynamics. For the task control in-
put, 7., in (45), given a task set-point ¢4 € R™, we denote
Aq = q — qq as the task error. For the task, a positive potential
function ®,(Aq) is defined with bounds as &, < &, < D,,.
Using its differential d®,, its time-derivative is written as
qu = dfb;rq. Furthermore, the error dynamics is compactly
written using (39), (44) and (49) as,

b= Alw, )z + Glgu, (50)
where z = [e" pl 4T AQT}T, u=[F) Tz:T}T and
a7 _ 06,6 — M, On,6  One
06 Osn  AJ' Onnl’
—HK H OG,n 5 06771
A= 06,6 le_ll—‘l Mb_ls 06,71
On)ﬁ Aq_l (ST + 1—‘2) _Aq_qui On,n
0n,6 On,ﬁ n,n On,n

Hence, the control problem is reduced to choosing u such
that the error dynamics in (50) converges. Note that (50) is
a non-autonomous system due to the external dependency, .
Furthermore, A reduces to the corresponding matrix from [22]
for the special case ¢ = 2 in (45).

Lemma 11: For an orbital robot, defined by (4) or (18), an
output feedback stabilization controller consisting of

1) SE(3) group observer defined as (37) with an error
function n = gl_lgl such that tr(n(0)) # —1,
2) an Euler-Poincaré observer as (42),
3) a shape space control law as (45), T =7.+ 7, 1 = 1,2,
such that the input variable u in (50) is chosen using,

Fo=kH e+ P(q)fio +ady, , Myfio + Myada,gfio
Te = — dPy(Aq) — Dy

(51
(52)

with the observer parameter & > 0, task potential ®,(Aq)
and damping gain, D, > 0, the closed-loop error dynamics in
(50) ensures uniform asymptotic stability of the state, x.

Proof: To use Lyapunov’s direct method, the Lyapunov
candidate is chosen, as in [22], as,

W =

N =

1 1,
<€7 €>K + §<,uev /’L8>Mb + §<qa q>Aq +(I)Q(AQ)5
—_— —— ——

w1 w2 w3

(53)

such that K > 0. We consider W for an open connected region

2(0) € ¥ C R2727_ and there exist bounds as,
a(l[z]]) < W(z) <al|z]]). (54)

Taking time-derivative along trajectories and using error dy-
namics in (50), we get,

W =2"Rx + ¢ (1. + d®,) — u] Fo, (55)
where R =
—KHK KH 06,n 06,n
06,6 (T'1 + 1 M,) s 06,1
On,G (ST + FQ) (_qu + %Aq) On,n
On.,G On,G On,n On,n
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As in [22], we choose K = kllg ¢ to apply the property
H(e)e = € [25, Lemma 3] to the block matrix (1, 1) position.

Remark 9: The 1% in skew-symmetric Prop. 3 is pivotal
to the elimination of the block matrix position (2,2), while
using the skew-symmetry of C (Lemma 15) contained in T';.
To eliminate the block matrix (3,3) position, both the 2™ and
4™ of Prop. 3 are exploited. In particular, for i = 1 and i = 2,
the skew-symmetry of B(y.) and B(y), respectively, are used.

Thus,

W =—k|el* + ke "Hpe + ¢ (T2 + 25 ) pe

+ QT(TC +d®,) + M;r]:o'
Remark 10: Tn (56), the term ¢ (T'y + QS’T)ME is simplified
due to the commutativity in Prop. 2 for S, P. For brevity, the

simplifications are shown in Lemmas 16-17 in Appendix H.
Following Remark 10, we obtain,

(56)

W =p! (k“rlTe — (P +2ad ) ;M) pre
+ (P(4) + Myad a4+ ady, 4 My)) p — ]-'0) (57)
4T (1e + dDg) — K2[[e]]2.
Finally, choosing F,, 7. from Lemma 11, we get,

W = —k?[[el|> — 4" Dyg + . (Myad g — ad}y, 4 My) e

skew-symmetric

= W < —#2[el — a(Dy) 41> <0, (58)

which proves the uniform stability of the state = about origin.
To prove asymptotic stability, the following steps are needed.
Firstly, note that that ||u(t)|| < ¢1, ¢1 > 0 due to the bound-
edness of ¢,¢ from (58) on the level-set of the momentum
map, J. Using this observation and (58), we conclude that
|W| < ¢, which allows us to invoke Barbalat’s Lemma and
prove that W — 0, which means ||€||,||¢|| — 0. Asymptotic
stability follows by invoking Matrosov’s theorem using the
same auxiliary functions as in [22]. |

5) Simulation: Here, we demonstrate the convergence of
the controller in Lemma 11 and highlight the difference
between 74 and 7. To this end, the FRS (orbital robot)
consisting of the DLR’s CAESAR arm [31] on the FRS-
base (spacecraft) with inertia parameters from [22, §V]
was considered. The observer/control parameters were cho-
sen to provide a large settling time, as in [22, §V], and
k =1=100. The FRS was initialized with locked angular
velocity, p,(0) = [10 1.14 0] [°/s], and the observer was
initialized to the FRS state. We refer the reader to [22] for
convergence and robustness results of Lemma 11 with 7».

In Fig. 6-A, the Lyapunov candidate, W (—, blue), for
the proposed controller is shown to be converging, while
considering 7». The plot of W for 7 is identical, and
hence, not shown. This is expected because, in 71, é(ﬂo)(j
is a power-conserving gyroscopic torque due to the skew-
symmetry (Prop. 3) of B. In fact, the final position error in
both cases was ||Ag|| =~ 0.07[°]. However, the key difference
between 71 and 79 is in the transient response, i.e., ||d|| # O,
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and is shown in Fig. 6-B. To emphasize this, 7. was chosen to
exhibit an underdamped response in both cases, as is evident
in the shape kinetic energy, W3 o< ||¢||? (—, red), of Fig. 6-A.
In Fig. 6-B, ||71]| (—, blue) shows an oscillatory behaviour
due to its ¢-dependency, whereas ||72|| (—, red) varies grad-
ually with p, and ||71]| — ||72]| as ||¢|| — 0. Considering the
noise in ¢ due to time-differentiation of noisy joint encoder
measurements [15], 72 avoids noise propagation to the inner
torque loop. The examination of this difference was enabled
due to the computations in Theorem 1, in contrast to the
motion equations used in [14] and [23].

%103
15 i Wl A F‘w.z B
o ) %107 g 1 By
> Eos
4 So.
= 05 0 > | os
Al R e 1 231
0 20 40 60 80 0 20 40 60 80
t[s] t[s]

Fig. 6. A: Convergence, Lemma 11, B: Comparison between 71 and 72.

6) Discussion: The separation of velocity dependencies in
the CC terms of Theorem 1 facilitated the control law in
Lemma 11, which accommodated two compensation torque
computations, see Remark 7. We additionally treated the
output feedback stabilization case, and Prop. 5 obviated the
requirement for g; measurement in the compensation (Remark
6). Commutativity in Prop. 2 was key to the analysis of error
dynamics and stability, see remarks 8 and 10. The skew-
symmetry in Prop. 3 was pivotal to the stability analysis (Re-
mark 9). The result of this application was enabled only due
to the aforementioned properties, which were not examined in
contemporary FRS dynamics descriptions, see Table 1.

B. Nonholonomic locomotion of FRS

In geometric mechanics, locomotion methods address the
synthesis of a gait i.e., closed path in shape space, and its
optimization to induce a desired displacement (in FRS-base)
[8], [9], [10], [12], see Fig. 2. Therein, the inverse problem
is commonly posed as: Given a gait, q(t) € R"™, can the net
FRS-base displacement, §g1, be estimated without explicitly
integrating (9). To answer this, we refer to the well-known
result from geometric mechanics [8], [9], [10] for p =0,
which, firstly, converts the integral of (9) into an area integral
of curvature, as shown in Appendix Cl. As a second step,
a visual representation of the curvature, Constraint Curvature
Function (CCF), is used to compute the resulting area integral,
summarized in Appendix C2. This integral is an approximation
of the FRS-base displacement per gait.

For optimal gait planning, the CCF, firstly, aids in gait
synthesis, i.e., identify regions in shape space that induce
negative, positive or zero displacement, for initialization and
heuristics, see [12, §5]. Secondly, given a gait parameter, e.g.
its perimeter, the CCF is used to solve an optimality criteria,
e.g. maximize displacement and minimize perimeter [12, §6].
Recently, in [16], the idea was extended for n > 2 shape
variables. While the aforementioned works compute the CCF
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map using symbolic or numeric methods for planar systems,
in the following treatment, we demonstrate the application of
the analytical form in Theorem 2 for a spatial FRS with n > 2,
and use the CCF to answer the question posed above.

1) Motivating Scenario: To this end, let us consider the
FRS in Def. 1, in which m joints (shape variables) such
that 2 < m < n execute a gait. This gait is considered on
a static embedded two-dimensional hyper-plane, H(q) = 0,
which has local coordinates 7 = [r1 73] about the origin
gc = VH(q). Thus, there exists a unique map between the
gait-space and the shape space, v, as,

q= Q/J(Q(nr) =q= \I}(Qm 7‘)7:'7 (59

where ¥ = %—f € R™*? is the gait Jacobian with n — m zero-
rows. The concept is illustrated in Fig. 7, in which a circular
gait (on a hyperplane) in an anti-clockwise sense is executed
using m = 3 shape variables, denoted as (g1, g2, ¢3). This sce-
nario was considered in [32, § V.B], however, for a planar FRS
with symbolically computed CCF. This motivating scenario is
a typical application, in which Theorem 2 serves to generate
the CCF surface map point-wise analytically.

qs3 R3

q2
R2
q(0

q1

Fig. 7. A 2-Degree-of-Freedom gait-space (hyperplane) with variables
(r1,72) and its origin at g. in a surrounding 3-D shape space with variables
(q1,42,g3), which execute an anti-clockwise gait starting at ¢(0).

To this end, the Algorithm 1 is the novel contribution here.
Given a gait with initial condition, ¢(0), the following steps
from [8], [9] yield an approximate FRS-base displacement.
1) Using the output of Algorithm 1, the CCF surface map
is plotted over the gait-space, 9., and the CCF volume
under the gait, r(t), is computed to obtain the cBVI (see
Appendix C2) component-wise, i.e., ¢; in (11).

2) The net displacement in {C}, i.e., gc(to) tgc(ty) is
approximated as exp(¢) using (11).

3) Since  gic(to) = gic(ty) over a
displacement of the FRS-base is
091 = exp(Adic () = dg1.

2) Example: For the FRS, we considered the LWR-
4+ robot with n =7 joints, dynamic/kinematic parame-
ters of which were reported in [3]. The FRS-base was
modeled with a mass, m; = 3.5[kg] and principal inertia,
I, = (0.12,0.14,0.12)[kg.m?]. As an example, a circular
gait, as in Fig. 7, was considered with ¢. = ¢(0) =07,
and a linear gait-shape map and the gait Jacobian as
0 1/V2 V2 0 0]
0 0 0 1 0s

gait, the net
approximated as

PY=U= , such that the joints
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Algorithm 1 Generate CCF Surface Map
Input:
\I/, 1/)7 gl(o)v dc
Minimum perturbation coordinate (MPC) frame [8], [9],
{C7}, with pose g. € SE(3)
Output: CCF
1: Assign basis: e; = U(1), ey € U(2) € R”, where ¥(i) is
its ™ column
2: Compute relative pose: g1 = g1(0) ‘g,
3: Create discretized domain (grid) of gait-space, ¥, C R?
such that r(t) € ¥,
4: for each r € ¥, do

5: Compute the configuration point in shape space:
¢ = (ges) € Oy C R™

6: Compute curvature using (35) from Theorem 2 in the
FRS-base frame, {1}: D.A;(q, e1)ea

7: Transform curvature to the MPC frame, {C'} using

Prop. 6: DA = Ady,! DA,
8: CCF(index of r) «— DAf
9: end for
10: Save CCF to file.

numbered 2,3,4, m =3 are used. The circular gait was
=% [sin(rt) cos(wt)]T. As in [33], the virtual chassis
frame, i.e., a coordinate system located at the CoM of the
FRS and oriented along its instantaneous principal axes, was
chosen as the MPC frame {C'}. In this frame, the locked inertia
is diagonalized. Due to this choice, the translation components
k = 4,5,6 can be ignored since the CoM of the FRS
is invariant to shape motion, i.e., the curvature components
are zero. This was also verified in the computed DA7. The
Algorithm 1 from Sec. V-B1 was executed with a discrete
grid size of 30 x 30 for 9J,. to obtain the CCF surface data.
The specific CCF surfaces are shown in Fig. 8 with the gait
overlaid in blue. By visual inspection, it can be seen that
the encased volumes in k = 1,2 bases are small and the
maximal displacement is expected along the negative k = 3
basis (enlarged). Indeed, upon integrating (9) with 1 = Og and
91(0) = I 4, the final FRS-base orientation after the gait was
found to be (—0.4228,0.1682, —13.73)[°] in XYZ sense. By
using the approximation in Sec. V-BI, it was found to be
(—0.9623,0.9873, —13.25)[°]. The error metric of the pose
estimate was |[log(dg; 041)|| = 0.017 with an orientation
error of 1.0450[°], which is comparable to the mean error,
3.7242[°], reported in [8]. From the similarity in the approx-
imation error, we conclude the suitability of Theorem 2 for
generating the CCF surface map using Algorithm 1 towards
usage in the gait planning [8], [10], [12]. We note that the
approximation method itself is not in the scope of this paper,
and is used from these works here as a use-case.

The key point here is that the analytical method in Theorem
2 vyields the exact curvature value at a given shape (q) in
step 6 of Algorithm 1 to generate the CCF map. In contrast,
numerical methods perform a numerical differentiation of A;
at g to obtain D.A;, which introduces approximation errors.
The advantage of the iterative computation in Theorem 2 over
symbolic methods [32] is the ease of adding/removing joints
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Fig. 8. CCF surface plots for the rotational bases k = 1,2, 3 of the virtual
chassis frame, {C'}, for a 2-DoF gait (blue) using 3-shape variables.

seamlessly to the locomotion analysis using the same FRS
model. For example, in Sec. V-B2, if the same analysis was
required for joints (1,2,3,4), instead of the joints (2, 3,4),
the symbolic computation would require a modification of the
FRS model accordingly. In contrast, Theorem 2 always uses
the same FRS model, and thus, offers scalability to arbitrary
FRS kinematic structures, which are not restricted to be planar,
i.e., g1 € SE(3). Moreover, the proposed computation provides
a valid alternative to numerical and symbolic methods.

VI. CONCLUSION

In this paper, we proposed a novel factorization of the Corio-
lis/Centrifugal (CC) matrix for the inertia-decoupled equations
of a Floating-base Robotic System (FRS). The factorization
was a consequence of simplifying the iteratively-computed
CC matrix from robot dynamics and deriving the Reduced
Euler-Lagrange (REL) equations from geometric mechanics.
The proposed CC matrix is separated into two parts based on
velocity dependency. The first part, which depends only on
the shape velocity, was proved to satisfy the skew-symmetry
(passivity) property. The second part, which depends only
on the locked velocity, was proved to be skew-symmetric.
We also derived novel commutative properties between two
fundamental matrices that feature in the proposed CC matrices.
We proved that the shape dynamics are invariant to the
transformation of momentum dynamics. Using the proposed
CC matrix factorization, we derived the iterative expression
to compute the curvature form of the FRS. Furthermore, we
demonstrated the use of the proposed CC matrix in two ap-
plications. Firstly, we derived an output feedback stabilization
controller for an orbital robot, and in the stability analysis, the
proposed commutative and passivity/skew-symmetric proper-
ties played a pivotal role. We also used the proposed curvature
computation to estimate the FRS-base displacement due to a
planar gait, while considering more than two shape variables.

APPENDIX
A. SE(3) Group and Properties

1) Introduction: In this section, relevant details about mo-
tion on the SE(3) group are provided. The reader is referred
to the Appendix A2 for the matrix descriptions of introduced
quantities. The pose of a rigid-body is a matrix representation
of SE(3), which is written as g = g(R, p), where R € SO(3)
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is the rotation matrix and p € R? is the position. The identity
of the SE(3) group is Iy 4, where I}, j is an identity matrix of
dimension & x k. The tangent space at I 4 is the se(3) algebra,
which is referenced in body and spatial frames. Analogously,
the cotangent space at I 4 is denoted as se(3)*. The se(3) al-
gebra and its dual se(3)* are isomorphic to the space of veloc-
ity twists and wrenches on RS using (e)” : R® — s¢(3), 5¢(3)*
and ()Y :s5¢(3),5¢(3)* — RS, e.g. given a twist, V € RS,
V/ € se(3). The adjoint action, Ad : se(3) — se(3), of a pose
g transforms elements of se(3) algebra between spatial and
body frames as V* = Ad, V, see [24]. The adjoint map of the
se(3) algebra onto itself is ad : 5e(3) — se(3). This is denoted
by ady and its coadjoint map is ady, : se(3)* — se(3)*. The
SE(3) group and its algebra are endowed with a diffeo-
morphism map, exp : se(3) — SE(3) and its inverse map,
log : SE(3) — se(3) (see [25]).

2) Matrix Representation: Given a rigid-body pose
9= (R,p) € SE(3) with body velocity V = [wT 7] (de-
clared in Sec. II), the following quantities are detailed,

| R p A |wx W
1= lon, 1=l 3

_ | B 033 |wx
[P O] |

60
0373] (60)

Ux  Wx

where (®), is a skew-symmetric matrix for the vector, and
w (v) is the angular (linear, respectively) velocity. For k-
link (see Sec. II) with mass, my > 0, the moment of inertia,
I, € R®*3 » 0, and momentum h; = [hg hﬂT = M, V4,

I, 03,3 ~  _ |hox
033 mylss|” = Mele hyx

hox

My = { i

} . (61
Property 7: Corresponding to a SE(3) action of g € SE(3),
the following properties hold,

o Ady ady Ad,' =adaq, v

o Ad, adypy, Adg = adiyr

(62a)
(62b)

Property 8: [34, Lemma 1]: Given x € RS and a pose
g € SE(3), which varies as g =gV” with body velocity
V € R® =2 5¢(3), the following holds,
d Ad
7917 = Adgadyz.
Property 9: [34, Lemma 2]: Given a time-varying frame
with pose g € SE(3), which moves as g = gV", where
V € R® =2 5¢(3) is the frame body velocity, the time-derivative
of a covector y € R® = 5¢(3)* in this frame is given by,

(63)

Cy=i—adly, (64)
where 7/ is the componentwise time-derivative (see [4, §2.10]),
and ad‘T/y accounts for the basis change of the time-varying
frame, and encapsulates the SE(3) structural coefficients.

3) Proofin Property 1: The first part follows because Mj, is
a constant and ad}yy, v, is skew-symmetric. For the corollary, a
time-varying frame {C'} with a pose g. € SE(3) is considered,
which is a right translation of g, i.e., g. = grgre, Where
gre € SE(3) evolves as gre = grcVs. In the basis of {C},
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Vi = Ad,;:1 Vi, and taking its time-derivative using (2) and
Prop. 7 from Appendix A leads to,

Mkf/k + (—ad}h(,k + Mkadvkc)f/k = Fk, (65)

where M, = Ad}, M, Ady. and F}, = Ad}, F}.. In (66), for
z € RC, 2T (£ My —2(—ady, g, + Mypady,,))z = 0 is satis-
fied, which proves the invariance of the skew-symmetry to a
change (time-varying) of basis, i.e., a frame transformation.

B. Multibody Dynamics

1) Passivity/Skew-symmetry: Given a mechanical system
with velocity V € R™ and inertia M, the unforced motion
equations result from the kinetic energy, x = %(V, Vium, as,

MV +C(V)V =0, (66)

where CV is the CC force.

Passivity in (66), i.e., VT (M — 20)V =0, is pivotal in
Lyapunov stability analysis of controller designs [1], [3], in
which, the time-derivative of kinetic energy, < is computed.
Using (66), k = VT(% — C’) V', and passivity implies £ = 0,
i.e., 0 power flow due to the CC force.

In specific control problems like tracking [17] and observer
design [25], a kinetic-like energy function appears as & =

l(w, w) pr, where w € R™ is, for example, a velocity error. In

2
such cases, the time-derivative of & contains w' (& — C)w,
which is not 0 despite passivity. Hence, a stronger skew-
symmetry property is desired for the C' matrix to conclude
0 power flow due to the CC wrench.

2) Proof of Lemma 1: The velocity of the k"
link is V,=Ti(¢)V and its time-derivative is
Vi = Tr(q)V + Tp(V)V. Substituting this in (2) for all
links, pre-multiplying TkT on both sides and considering that
the constraint reaction wrenches disappear after projection
results in (4) with M, C as in (5) and 6. Note that an iterative
loop is required in Lemma 1, and T} and T}, are obtained
beforehand in this loop through a recursive computation, as
shown in [19, §VI].

3) Proof of Lemma 2: Substituting V = L€ + L& in (4),
and multiplying L' on the L.H.S results in (8) with A, T as
numerical transformations of M, C' (in underbraces of (8)).

Property 10: Given the FRS (see Fig. 1) defined in Def. 1,
for V € RS = 5¢(3),

> AdyS ady 1, MiAdyy = ady, My, (67)
k
Proof: Using (62a) in Prop. 7 from Appendix A for sim-
plification of L.H.S, followed by substitution of the iterative
expansion of M from (7), we get the result. [ ]
The following identities related to Jy. will be used for the
proof of Theorem 1.
Lemma 12: The following identities hold true.

Z Ady," My Jy, =06, (68a)
k
S Ady M =Y Ady ad); My Ji (68b)
k k
(68¢)

—T g~ -1
> Ady ady, 5 Ady =06
k
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> Ady adyy o, Mk = 06 (68d)
k

ZAdl_kT (ad}rkq - ad}kq) My Jy, = Og.n (68e)
k

Proof: To prove (68a), in the iteration of (7), the expres-
sion of jk is used instead of Jj, while all the other identities
are a direct consequence of (68a), (62a) and (62b) from the
Prop. 7 in Appendix A. ]

C. Application of Stokes’ Theorem for the FRS

1) Stokes’ Theorem: Let us assume J = 0g = u = Og for
simplicity of exposition, which reduces (9) to

g = g1(=Aig)", (69)
and that the initial condition is g1 (0) = I 4. Under an abelian
group assumption® for g;, the solution for (69) is [10],

ty

g1(ty) =exp ( —Alq'dt) = exp ( —Aldq), (70)

to ou

where for X € RS, exp(X) = exp(X”) is the SE(3) expo-
nential [24]. Note that the time-integral is replaced by a path-
integral over a path JU. For a closed path, i.e., gait, Stokes’
theorem [10] is applied to convert the path integral in (70) to
an area integral over the area U,

9i(ty) = eXP(— //MDAldA),

where, (DA;)(z)y = (dA)(z)y —ada, Ay is a map
DA; : R" x R™ — se(3) and is the local curvature, i.e., the
covariant derivative of the local connection form A;z along
shape trajectories given by y, and dA is a differential area that
is parameterized by the basis vectors x,y € R™. The integral
of (dA;)(z)y in (71) is the nonconservative contribution and
captures the change in mechanical connection due to change
in shape. Likewise, the integral of the Lie bracket term
—ad 4, A1y is the the primary non-commutative contribution
and captures the change in mechanical connection due to
non-commutativity of SE(3) [9].

2) FRS-base Displacement over a Gait: Plotting the curva-
ture, D.A;, component-wise over the gait’s domain produces
the Constraint Curvature Function (CCF) surfaces, see Fig. 9.
By computing the CCF surface volume under the gait area,
we obtain the corrected Body Velocity Integral (cBVI), i.e.,
¢ in (11). Using this, an approximate dg; = exp(() per gait
cycle is obtained [9]. We elaborate the main idea for a 2-joint
FRS (see Fig. 2), and hence the gait is defined by the shape
basis vectors (q1,q2) € R% In Fig. 9, the CCF for the k™
component6, (DA is plotted on the left as a surface with
an overlay of a circular gait (red). On the right of Fig. 9, the
volumetric mesh of the CCF surface under the gait area (red) is
shown. The positive sense (arrows) is given by the direction
of gait is execution. By computing the volume of the CCF

(71)

5The assumption is used to explain the main idea. However, SE(3) is
not an abelian group, and despite the failure of the assumption, the presented
theory was shown to be an approximation of the exact solution [9], [10].

In se(3) RS, k =1,...,6, where the first three indices refer to the
rotational and the last three to the translational bases, respectively.
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surfaces for each component (k), we obtain the corresponding
component, (. Finally, exp({) = g is the approximation of
the net displacement of the FRS-base, g1, over the gait.

Fig. 9. CCF surface for the k" basis corresponding to a gait (red circle)
using 2-joints, and its zoomed in mesh volume (right) under that gait area,
which provides an approximate estimate of FRS-base displacement per gait.

D. Derivations for REL Equations in Lemma 4

1) Proof of (12): The momentum equation [26, eq. 6] is,
dp . _
(Zm =P (A + My )" "), € RS,
Moving 7 to the left on L.H.S and R.H.S after using SE(3)
Lie-bracket isomorphism, [z",y"]Y = ad,y, =,y € RS,
substituting p = Mpp and, eliminating 7 yields the result.
2) Proof of (13): To obtain closed form expression for NV
in (13), we recall [35, eq. 3.11.19]7, which provides a scalar

product form in terms of body momentum, p = Mpu, as,

(N,6q) = —(p, (dA)(q, 4. 6q) — [(Ad)", (Ai5g)"]"

(72)

. (73)

+ 3 2 D ()" (Ad) ).
In (73), as in Appendix D1, the isomorphism,
[z, y"]Y =ad,y is  used.  Also, in  vector
notation, (dA)(q,q,dq) = (dA;)(q, §)dq. And,
o0 Tp) _ —belw. Moving all dq terms

dq 9q
towards the left in both L.H.S
substituting p, we get,

and R.H.S of (73), and

(0. V) =(3g, (= (dA)(q:4) " — A ad} ) Myp

Lop" My(g)p 7 7
+ §T - 'Al adHMbu)>.

Removing dg variations, we get N in (13).

(74)

E. Computation of the LID Matrix in Lemma 7

The following Lemma, which is an application of [19,
Prop. 4], is key to the proof in Lemma 14.
Lemma 13: Given a column-wise detail of link Jacobian as,

Ji = [J} Ji] for the k™ link, using [19, Prop. 4] for
the 5™ joint and a velocity X € RS = 5¢(3), we have,
OAd; ' X
——— = —ad  Ady X
oAdLX 3
= 671; = [—adJiAdl_le } .

In [35, eq. 3.11.19], the p-dependent terms are on the L.H.S.



IEEE TRANSACTIONS ON ROBOTICS

Lemma 14: The partial derivative of the scalar form
(x,y)m,, =,y € RE with respect to ¢ is computed as,

§q<x, W =3 (M) + @)y = S@) Ty, (76)
k

an ZJk ady 1, MiAdyy,
Z I () = Z T adeAd;,ijdlk
k k
Proof: Considering that Ad, = Adyx(g), note that,

p) ) B
9T ), = Z aq((Adlk z) Mk(Adlkly))
s(q)

) Mir(q))

(77)

(78)

r(q)
B or(q)\T 0s(q)
_zk:(( 5y ) Mesta) + (=5,
=3 11,

%

where 1T (2) = Ady, Mk

and apply the property, ad Adlk T = —adAd—lik in it. Iso-
k 1k

dAd] @

(79)

() "y + i(y) "=,

Z
1k . Now, we invoke Lemma 13,

lating, J; ]i to obtain J, we first obtain
Substituting this in Il yields (77).
The result in second of (79) can be conveniently rewritten as
a linear operator form as (76) such that II;(y) Tz = II;(z)y.
This velocity exchange property appears similar to the one in
(3) and is actually a consequence of it. By simply exploiting
the property in (3) in II(y) "z, we obtain (78). [ |

=ad, -1 Jk.
Adj xR

FE. Proofs about Key Properties in Sec. IV-D

1) Proof of Prop. 3: The first follows straightforwardly. The
second follows by using the corresponding matrix expansions
in (19a) and (19d). For the third, fourth and fifth, ady;, o Bin
(19¢) and D,, in (18), respectively, are skew-symmetric. The
final claim is evident in the velocity dependencies of Dy, D,,.

2) Proof of Prop. 5: Using the first of (32) in (19a), we
conclude that A, is invariant. The second of (32) implies that
the reduced joint torques, 7 — AIT}' 1, in (18) are also invariant.
In (19d), f‘fz is invariant because its computation depends
on body Jacobians, jk, which are invariant to spatial frame
transformations. Finally, substituting i = Adj. pt. in (18) and
using (33), we conclude that the CC torques are invariant.
Thus, the invariance of the shape dynamics in (18) to frame
transformations follows. The second follows straightforwardly
from Prop. 4. In particular, 2" (4 M, — 2P)z = 0 for z € R°
is the multibody equivalent of the corollary in Prop. 1.

3) Proof of Theorem 2: The iterative form of the curva-
ture is obtained by matching (13) and the bottom row of
(18). Following Remark 5, by elimination, the only remain-
ing terms are —B(y)¢ in (18) and —((D.A;)(q,4))" Myp in
(13), which are equal®. Considering a generalized velocity x
instead of ¢, (19¢) is reformulated as —B(u)x = B(q, z)u
to obtain the new matrix operator in (36). This reformu-
lation of —l;’(u)a: is performed by applying the properties

8This observation has also been remarked in [29, §4]
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adxY = —ady X, (3), and the proposed Prop. 2. Hence, by
equating, —B(p)z = B(z)u = —((DA)(q, )" Myp, we get
the result in Theorem 2. In particular, we further isolate the
exterior derivative operator as,

(dA) (z)y = — M ( — S(Aiz) + P(2) A

+ 3 (I (Mo x + 2MkadM)Ad;,j)T).
k

4) Proof of Corollary 2: Substituting z = y, the final term
in BT cancels out because adx X = 0. Applying Prop. 2, the
two middle terms cancel each other. In the first term, using
(20), all the terms cancel out and yield the result.

5) Proof of Prop. 6: The transformed curvature, DAY,
is obtained using (35), but with the matrices My, B re-
ferred in the basis of g, i.e., ]\Z/b :AdL My Ady. and®
B.(q,z) = B(g, ) Ady, as DAf = M, 'B.(z)T. Substitut-
ing the constituent matrices yields the result.

(80)

G. Proofs used in Theorem 1 (Main Result)

1) Proof of Lemma 9: The partitions of the CC matrix, I,
in (21) are expanded by using partitions of T from (14) of
Remark 3. The main idea of this proof is to start from these
expressions and separate the terms according to their velocity
dependencies for each of the four blocks of I' in (21). In
fact, the key feature of the CC matrix structure in (18) is the
isolation of different terms according to the dependency on
shape (¢) and locked (i) velocities. This step will also reveal
the LIV matrix structure defined above in (15).

Expanding the CC matrix, I', using (14) yields

Ty = Y Ady! (—adf, My — Miadsg) Ady! 81a)
k

Tog = Y Ady, (—ad‘T,k My Jy, + My, Jk)
o ; i (81b)

=Y AdyT (—ady, My + ad],, My )

k

S Al (—ad‘T/k M, — My, adqu-) Ady} (81¢)
k

r,=>J0 (—adJkMkjk + M, jk) , (81d)
k

where (68b) is used to get (81b). For the proof, I is factorized
into (¢, q), (¢, 1) and (u p) couplings. The key idea is to use
(14) to write Vj, = Adlk w~+ Jirq and split adV My, in (81) as
the sum of contributions depending on ¢ and p, as,

ady, My = (ad L +ad} )My (82)
o I'y in (22): We simplify (81a) by splitting ad‘T,k as,
ZAd ( (881 ayg) + 847,4) Mo

~ Myady, ) Ady)! (83)

91n the new basis, Pe = Adfc1 v, which is substituted in B to get Be.
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The summation in (83) is eliminated after using the expan-
sion for P(q) from (15), and applying Prop. 10 (Appendix
B). This yields (22) in Lemma 9.

e I'yq in (23): After expanding jk in (81b), we obtain,

- -
Ty, = ZAd (d ity g iy M) i
— ZAdl_k gt +ad(G o g 0) M J

k
Using Prop. 10 (Appendix B) and applying (68d) and (68e)
straightforwardly yields (23).

e 'y in (24): Using (82) and the form of jk from (14) to
expand the terms in (81c), we get,

—1
Loy = Z o (- <Ad1k i dopyMi = My ad;,4) Ady,

(84)

T
adAcr

+ .AlT Ad;kT adzdfl
ARYA ad,]kq)Ad;,j
(85)

Upon expanding, followed by invoking Prop. 10 (Appendix
A2) for the second term, the matrix .AlT ad;Mb is obtained.
Therefore, (85) is rewritten as in (24).
e I'; in (25): The I'; matrix in (81d) is expanded as in (25)
by simply using (82).
2) Proof of Lemma 10: In the proof, the following identities
are used for the block matrix expansions (underbraced parts)
of Iy, and T';, which were obtained in Lemma 9.

. T ~ T .
Bi(@)p =) Iy (adyy, ygor, i — Miadygoa, Ji)d

P (86)

= Bs(q, n)q

C@i=> gy (— N geq J + M Jk)

* (87)

=T,(g,:4)q

) 1 ~ 1
Sw) =5 Y (0 + 1) = 5S(w) " (88)
k

These three identities follow straight forwardly by using (3)
and adxY = —ady X for rearrangement. Applying these
identities to the L.H.S of Lemma 10, we obtain all the terms,
but B = —(B2 + Bs). Expanding [;’, using jk, and (68d) to
cancel terms results in (19e).

H. Lemmas for Controller in Sec V-A

Lemma 15: For body velocities, V1, Va, V. € RS = s¢(3),
such that, V, = V; — Vb, given inertia M, the following holds,

adyy, Vi—adyy, Va = ady, MVi—ady, MV, = C(V1, Vo)V,
where C(V1,V,) = (ad‘T,l./\/l +adyy, — ad‘T/e./\/l).
Proof: see [25, Lemma 6]. |
A useful skew-symmetric operator is defined using C as,

C(Vi, Vo) =C(Vi, Vo) — Mady,, CT =—C.  (89)
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Lemma 16: (For (56)) Using commutative Prop. 2 for .S, P,

<q7 /L8>F2 = <:u85 q>1_‘;r
=ul (S(u) — (Myad,, — adyy, ) A1) G
=ul (P(q) + (Myad.a, + ad )y ;Myp))

Lemma 17: (For (56)) Using commutative Prop. 2 for S, P,

(90)

(@ te)ogr =(Her @)og = 1l (— P —2ad ) 4Mp)pre. (1)
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