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Self-triggered Coverage Control for Mobile Sensors

Erick J. Rodriguez-Seda, Xiaotian Xu, Josep M. Olm, Arnau Doria-Cerezo, and Yancy Diaz-Mercado

Abstract—The deployment and coordination of mobile sensor
networks for coverage control applications can present several
practical challenges including how to efficiently share limited
communication resources and how to reduce the use of local-
ization devices (e.g., radars and lidars). One potential solution
to these challenges is to reduce the frequency at which agents
communicate or sample each other’s position. In this paper,
we present a distributed, asynchronous self-triggered control
policy for centroidal Voronoi coverage control that is shown
to decrease the sampling or communication instants among
agents without degrading the performance of the mobile sensor
network. Each agent independently decides when to sample
the position of nearby agents and uses outdated information
of its neighbors until new information is required. We prove
that the locational cost function describing the distribution of
agents monotonically decreases everywhere outside of a bounded
neighborhood around the group’s optimal configuration and that
the agents asymptotically converge to their Voronoi centroids if
the data-sampled centroid errors approach zero. In addition, we
show that the sampling intervals are always positive and lower
bounded and, as illustrated by simulations and experiments, they
tend to stabilize at a large value as the mobile sensor network
comes to a steady-state. Simulations and experiments with ground
vehicles validate the proposed control strategy and show that the
proposed policy can achieve similar level of performance as a
continuous or fast periodic implementation.

I. INTRODUCTION

The use of mobile sensors for area coverage control has
gained considerable attention in the last two decades [1]. The
objective of coverage control is to spatially distribute a group
of mobile sensors in a task domain such that the entire space is
sampled or monitored while optimizing the collective sensing
capability of the network. Applications include surveillance
[2], force protection [3], public safety [4], positioning service
[5], and environmental sampling [6].

Several frameworks have been proposed for area coverage
control (refer to [1], [7] for topical reviews). The work
presented in this paper will focus on computational geometry-
based algorithms that employ Voronoi partitions [8]-[10] for
static coverage using mobile robots with isotropic sensors (or
communication range). Other effective coverage control poli-
cies include potential field methods [11], path planning algo-
rithms [12], grid-based controllers [13], [14], awareness-based
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models [15], [16], cooperative swarm-based approaches [17],
statistical methods [18], persistent control [16], [19], [20], and
game theoretical strategies [21], [22]. Despite the coverage
control strategy, a common assumption among distributed
policies is the use of continuous or periodic communication (or
localization) among sensors (also termed as agents) in order to
complete the coordination task [23]. The latter may not only
be impractical, but it may also deplete energy resources at a
faster rate [24] and cause delays and data collisions in the
communication network [1]. One solution to reduce the use
of communication or localization sensors, such as radars and
lidars, is to implement event-based control strategies [25]. An
event-based control strategy is one that requests or sends new
information based on the occurrence of an event, which is the
case of event-triggered control; or the prediction of such event,
which is known as self-triggered control [26]. For example,
in [27] the authors applied an asynchronous error-driven
strategy to a coverage control problem that uses estimates of
other agents’ positions between samplings to compensate for
the lack of up-to-date information. However, a convergence
analysis using the position estimates is not provided. Similarly,
in [28] an event-triggered control using the coverage control
framework of [8] is proposed. The control law is shown to
drive the agents to a Centroidal Voronoi Tessellation (CVT)
and to avoid Zeno behavior (i.e., communication intervals are
lower bounded) if the velocities of the centroids are bounded.

Event-triggered strategies can reduce the instants in which
the controller is updated but still requires agents to con-
tinuously communicate or monitor the position of nearby
agents at all times. To overcome the shortcomings of event-
triggered control, one may opt for a self-triggered imple-
mentation [29]. A self-triggered implementation determines
when new information is needed based on the neighbors’
last available information. The authors of [30] proposed a
self-triggered coverage control policy based on [8] that is
guaranteed to achieve similar convergence properties as a
continuous implementation. This work was later extended with
concepts of event-triggered control by communicating velocity
promises among agents aimed to attenuate the increase of
communication instants once the network is converging to a
CVT [31] and to k—coverage applications where k£ number
of agents are required to cover every point in the domain
[32]. An interesting work by the same research group is
also presented in [33] where an event-triggered broadcasting
approach is proposed. Each agent is responsible to decide
when to broadcast (rather than request) its position to other
agents in a bounded vicinity. The implementation succeeds
in decreasing the communication instants by reducing the
communication frequency and eliminating message requests
but, similar to [30], the communication frequency tends to
increase once the mobile sensor network approaches a CVT.
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In this paper, we present a distributed, asynchronous self-
triggered coverage control policy based on Lloyd’s algorithm
[8] that is shown to 1) reduce the inter-agent sensing (or
communication) frequency and 2) locally optimize the po-
sition of an arbitrarily large group of mobile sensors by
approaching a CVT. The control strategy exploits the concepts
of guaranteed [34] and dual guaranteed Voronoi cells [30]
and uses a conservative prediction-based formulation of self-
triggered control [35] to determine the next sampling or
sensing instant with negligible impact on the locational cost.
The main highlights and differences with respect to previous
work can be summarized as follows:

e« We show that the communication intervals are always
lower bounded by a positive constant regardless of the
configuration and, in contrast to previous related work, we
provide closed-loop formulas to compute these bounds
whenever the agents satisfy a minimum separation dis-
tance.

« We provide bounds on the change of mass for the guar-
anteed and dual guaranteed Voronoi cells within sensing
(or communication) instants.

o Similar to [30] and [33], the proposed self-triggering rule
uses an estimate of the upper bound on the Voronoi cen-
troid error to dictate when new information is required.
However, in contrast to [30] and [33] which use constant
inputs between sensing intervals, the proposed formula-
tion uses bounded, piece-wise continuous state-feedback
control inputs and a different triggering condition that
takes also into consideration the size of the guaranteed
Voronoi cells. We then show that the proposed bounded
linear control input locally minimizes the locational cost
function under some mild assumptions.

« Different from [30] and [33], the proposed self-triggered
control strategy tends to reduce the sensing frequency
(i.e., increases the time intervals between the sensing of
nearby agents position) when the mobile sensor network
converges to a CVT. In particular, the control update
algorithm in [30] approaches the fast sampling imple-
mentation of a continuous control policy when reaching
a CVT.

o In contrast to [33], which requires agents to broadcast
their coordinates and velocity promises, our approach
requires the acquisition of only position information
which can be obtained by onboard proximity sensors
that can detect the relative position of nearby agents. In
addition, the event-triggered strategy of [33] continuously
(or periodically) evaluates a triggering condition, whereas
the proposed self-triggered control only evaluates the
triggering condition at each irregular sensing (or com-
munication) instant.

e We present simulation and experimental results with
ground vehicles that validate the scalability, convergence,
and communication advantages of the proposed self-
triggered control policy.

II. PRELIMINARIES

Let R", Ry, and Zy represent the sets of all n-
dimensional real vectors, all non-negative real numbers, and all

non-negative integers, respectively. We denote the Euclidean
norm of a vector x € R™ as ||x|| and the closed n-dimensional
ball centered at x with radius » € R>g as B[x,r| := {y €
R™ | |lx —y|l < r}. We define the surface area and volume
of Blx,r] as A, (r) and V, (r), respectively. Furthermore, we
denote the boundary of a set S as 0S and its diameter as
dm(S) = supy ycs |x — ]l

A. Static Coverage Problem

Consider a group of N mobile sensors with Cartesian
position denoted by p;, € R", Vi € N := {1,--- ,N}.
The agents are tasked with sensing (i.e., covering) a convex,
compact domain Q C R™. It is assumed that information about
the task domain does not change over time and that the task
can ultimately be solved using a static configuration of agents,
that is, the task is to find the optimal fixed location for a set of
agents [15]. Furthermore, we will assume each agent’s position
evolves according to the following equation

pi(t) = u,(t) (D

where u;(t) € R™ denotes the control input.

A common solution to optimize the configuration of agents
for static coverage is to minimize a locational cost function H
of the form [8]

HEO) =Y [ flla-p@hot@da @
ieN Y Vi(P(t))
where P(t) := (p1(t), -+ ,pn(t)) and V;(P(t)) C Q denote
the regions of dominance (with disjoint interiors) that each
ith sensor needs to cover. The term f : R>o — Ryq is
a differentiable, monotonically increasing function measuring
the sensing performance degradation of the ith sensor, whereas
the continuous differentiable distribution density function ¢ :
Q — R3¢ captures the importance of covering a particular
point g € Q. Herein, we will assume that f(||q — p;(¢)||) =
llq — ps(¢)||°, similar to [8], and that ¢(q) € [Pmin, Pmax] for
some 0 < ¢min < Pmax < 00 and V q € Q.

A well known necessary condition for the minimization of
(2) is that V(P(¢)) := {VAi(P(t)),--- , Vn(P(¢))} is a Voronoi
partition of @, i.e.,

VilP(t) ={a Q] [lp:(t) —all < llp;(t) —al ¥ j # i}

and that P(¢) forms a CVT [8], [36]. Note that V;(IP(¢)) can
be interpreted as the set of points q € Q that are closer or
equidistant to p;(¢) than any other agent. By CVT it is meant
that p;(t) = cy,(t) V i € N, where cy, (¢) is the centroid of
the ¢th Voronoi cell. In general, the centroid cg and mass mg
of a set S C Q can be computed as

_ Jsa¢(a)dq
S = ms )

ms = /S sada. ()

One approach to achieve a CVT is to apply Lloyd’s method.
In [37] it is shown that if the agents positions evolve according
to the continuous-time Lloyd’s descent algorithm

Pi(t) = wi(t) = r(cv; (t) — pi(t)) )



where k > 0 is a proportional gain, the multi-agent con-
figuration asymptotically converges to a CVT under some
mild assumptions. Lloyd’s method has the advantage of being
distributed given that computations of cy;(t) only depend on
position information of the ith agent’s Voronoi neighbors. We
say that the jth sensor is a Voronoi neighbor of the ith agent
if V; and V; share an edge (i.e., 9V; NV, # (), denoted as
0Vi;, and define the set of indexes of the ith agent’s neighbors
at time ¢ as N;(¢). The cardinality of these neighbor sets is
known to be bounded, on average. For instance, the average
of Voronoi neighbors per agent does not exceed six if Q C R?
[38].

Remark 1: Tt is worth mentioning that for any pair (Q, ¢)
there are in general multiple CVTs and that Lloyd’s method
(4) can only guarantee convergence of H(P(¢)) to a local
minimum [8].

B. Static Coverage Problem with Position Uncertainty

The above definitions of a Voronoi cell and centroid require
accurate position information from all neighbors. In the case
that there is uncertainty on the position of agents, it is
convenient to introduce the concepts of guaranteed [34] and
dual guaranteed Voronoi cells [30].

Let D, C Q represent the uncertainty on the ith agent
location, i.e., p;(t) € D;, and D := {Dy,--- ,Dy} denote the
set of uncertainties for all agents. The ith guaranteed Voronoi
cell, gV;(D), is the set of points q € Q that are guaranteed to
be closer or equidistant to the ith agent than any other agent
and is defined as

gVi(D) = {q € Qmax |x — g < min [y —ql| V j #i}.
xeb; yeD;

In general, the set gV (D) := {gV1(D),---,gVn(D)} is not a

partition of Q and ¢gV;(DD) are disjoint and convex sets.
Complementary to the concept of guaranteed Voronoi cell,

the ith dual guaranteed Voronoi cell, dgV; (D), is defined as

dgVi(D) = {q € Q| min [|x — q| < max ||y —ql| V j # i}
x€eD; yeD;

and the points q € Q outside of dgV;(ID) denote the set
of points that are guaranteed to be closer or equidistant to
some agent other than the ith sensor. The set dgV (D) :=
{dgVi(D),--- ,dgVn(D)} is a cover but not a partition, in
general, of Q and dgV;(ID) may be concave and overlap. Note
that by definition one has that gV;(D) C V;(P(t)) C dgV;(D)
vV ¢ € N. If there is no uncertainty on the agents location,
i.e., D = P(¢) are single points, then, gV;(D) = V;(P(¢)) =
dgV;(D) V i € N. Fig. 1 illustrates an example of guaranteed
and dual guaranteed Voronoi diagrams.

Guaranteed and dual guaranteed Voronoi cells are important
as they yield approximations of the ith Voronoi cell and its
centroid under uncertainties. In particular, if we know gV;(ID)
and dgV;(D) one can find an approximation to cy,(t) with
a known bounded error using the following proposition from
[30, Proposition 5.2].

Proposition 1: Let U, V, W be three sets such that U C V C
W. Then, for any density function ¢ the following holds

fov = col] < am@w) (1= 22 ).

mw

Fig. 1: A guaranteed Voronoi Diagram (left) and a dual
guaranteed Voronoi Diagram (right). The true location of the
agents P = {p1,p2,ps} is marked by the black dots, while
the regions of uncertainties are denoted by the circular regions
D;.

In brief, Proposition 1 implies that |cy;, —cgy;|| <
dm(dgV;)(1 — mgy, /magv; ), where the arguments have been
omitted for convenience and where all variables are known

except for cy;.

IIT. PROBLEM FORMULATION

We are interested in finding a (locally) optimal deployment
solution for the static coverage control problem for mobile
sensor networks with restricted inter-agent sensing (or commu-
nication) capabilities. In particular, we assume that the agents
can sense (or request) the position of their Voronoi neighbors
at discrete, positive intervals of times and that the agents
have incentives to reduce the sensing (or communication)
rate of position information. That is, we want to reduce
power consumption (or reduce communication bandwidth) by
decreasing the frequency at which position information about
other agents is sensed (or transmitted).

Accordingly, we denote the sequence of sensing times for
the ith sensor as {t} }xez.,. where ¢}, marks the time instants
at which the ith agent senses or receives position information
from its neighbors. Without loss of generality we assume that

§ =0,V i € N Similarly, we define the time intervals
between sensing instants as 7, := t}_ | — t}, > Tmin, Where
Tmin > 0 is the minimal allowable inter-execution interval
[25]. Note that 7,,5,, represents a constraint on the sampling (or
communication) frequency due to hardware and computational
limitations. Overall, the sensing (or communication) among
agents can be asynchronous, i.e., their sensing instants might
not necessarily be the same ¢} # 5,7} Z 1. Vk € Z>0,1,j €
N,i # j.

In the following, we consider agents with single integrator
dynamics (1) and radially bounded control inputs, i.e., u;(t) €
B[0,v], ¥V t > 0, where v > 0 represents their maximum
velocity. Given that the control inputs are saturated, the same
convergence properties of the continuous-time unsaturated
Lloyd’s algorithm may not hold [8]. Furthermore, we assume
that the agents have knowledge of ¢(q) for all q € Q.

Having established the sensor’s dynamics and sensing as-
sumptions, we can state the main control objective as follows.
Given a task domain Q, density function ¢(q), maximum



admissible velocity v, and minimum sensing interval Tp;iy,
develop distributed, bounded motion control strategies for a
group of agents such that the mobile sensor network achieves
a configuration that locally minimizes the locational cost (2)
and that increases the inter-execution sensing intervals 7}
VieN ke Zso (ie., a reduction of the frequency at which
other agents’ position information is updated).

IV. SELE-TRIGGERED COVERAGE CONTROL

To achieve our control objective, we propose the following
piecewise continuous, self-triggered saturated control version
of Lloyds’s method

ui(t) =k Sa‘t%(CVi (tlltc) - pi(t))v Vite [ };:7t;;+1) &)

where the selection of the discrete instants of communication
{t}. }rez-, is discussed later in Section IV-B and the saturation
function is defined as

X,

it x| < a
sata (%) = ai, otherwise

x|l
for any x € R™ and some a > 0. Note that the control law
satisfies the input constraints, i.e., u;(t) € B[0,v]. According
to Section III, we assume the ¢th agent is able to sense or
receive current position information of its Voronoi neighbors
at t = t}. Therefore, the ith agent can accurately update
its Voron01 cell, V;(P(t})), and centroid, cy;, (t%), at time ¢i.
Between sensing intervals, the centroid value in (5) is kept
constant since the agent does not know its exact Voronoi
region. Ideally, one would like to sample the position of the
Voronoi neighbors fast enough such that the error between
the data-sampled hold centroid and the true centroid remains
small at all times. That is, we would like to design the inter-
execution intervals {7} } nez., such that llev, () — ev, (8| <
SV telti,ti+7i],k € Z>o, where § > O is a tolerance
control design parameter. To bound the difference between
both quantities, one can compute the guaranteed and dual
guaranteed Voronoi cells.

A. Guaranteed and Dual Guaranteed Voronoi Regions

Since the agents’ velocities (and control inputs) are bounded
by v at all times, the uncertainty regions in the position
between sampling instants can be approximated as

X (Pj (th): 1o t) =Bl (1), (t = ti)v] ¥Vt € [t thy1)
for all j € N;(ti), where X;;(t) := X;;(p;(ti),t,t) repre-
sents the uncertainty that the sth agent has about the jth sensor

location as a function of time. Then, the ¢th agent guaranteed
and dual guaranteed Voronoi cells can be computed as

gVi(Xi(t)) :=={a e Q[ |p:(t) —dll <
dgVi(Xi(t)) :={a € Q| [lp:(t) —all £ max |y —qll},
yEXij(t)
for all j € N;(t}), where X;(t) := {pi () {Xi; (O }jen, i)
represents the collection of location uncertainty regions for

the ¢th agent. In [30, Lemma 4.1] it is shown that for a group
of agents with same maximum velocity, the set of neighbors

min

nin ly —all},

pi(t)

Fig. 2: Example of guaranteed and dual guaranteed Voronoi
cells for two agents with same set of Voronoi neighbors at a
given time ¢, Ni(¢t) = N5(t) = {2,3,4}, but with different
sampling instants and, therefore, different regions of position
uncertainties. The regions of uncertainties for the first agent
(see left figure) are given by Xy;(t) = B[p;(t1),1.6]). The
regions of uncertainties for the fifth agent (see right figure)
at the same time are given by Xs;(t) = B[p;(t3),0.8]. The
regular Voronoi cells (delimited by the fine black lines) for
the first agent and fifth agent have equal size. However, their
guaranteed and dual guaranteed Voronoi cells differ in size
and shape.

at t = ti, ie., N;(t}), is enough to describe the evolution
of gVi(X;(t)) V t € [t;,ti, ). That is, no new neighbor
can appear within sampling instants and affect the guaranteed
Voronoi cell. Similarly, one has that adding information of
new neighbors can only decrease the size of dgV;(X;(t)) [30,
Lemma 4.3]. Both properties will be used later in Section
IV-C. Note that the uncertainty region about a particular jth
sensor at any given time can differ among its neighbors, that is,
Xi;(t) # Xy;(t) for i, £ € N;(t), ¢ # £ (see Fig. 2). Similarly,
note that by definition gV;(X;(t)) = Vi(P(¢)) = dgV;(X;(t))
for t = t};. Furthermore, we can also establish the following
relationships among Voronoi regions within the inter-execution
sensing intervals.
Proposition 2: Let ||p;(t)|| < vVt >0, VieN. Then,

a) gVi(Xi(f%#T))CV( (t, +7));
b) dgm-(xi(tzw)); (P, +7));
©) gVi(X;(ty, + 7)) C Vi(P(t; ))
d)  dgVi(Xi(t, + 7)) 2 Vi(P(t}))

vV 7relo,T]).

Proof: The first two statements follow from the definition
of guaranteed and dual guaranteed Voronoi cells. To prove
the third statement it suffices to show that for any x € Q,
x € gVi(X;(ti + 7)) implies x € gVi(P(t})). Accordingly,
assume that ||p;(¢)|| < v and that x € gV;(X; (¢} +7)). Then,
V j € N;(t}), we have that

min
YEXi; (t,+7)
e = pilti) | —vr < |lx = pa(th + 7| < [l = p; (1) o7
e = piti)]| < [l = ps ()]
which implies that x € V;(P(ti)). To prove the fourth
statement one can use similar arguments. We would like to
show that x € V;(X;(t;)) implies that ||x — p;(t} + 7)|| <

Ix = pits + 1) < Ix—yll



maXyex,; (ti+7) [x -yl < HX - Pj(tf;) | + vT for all j €
N;(t:). Accordingly, assume that x € V;(X;(¢%)). Then,
(

% = pith)]| < | — ps(tL)]]
% — paty) + ity +7) — palth +7)|| < [|lx — p;(L)]]
% — pa(th +7)|| — vr < |Jx — b, (£})]|
[x = pi(ti, + )| < [lx =, (tR)]| +v7

which completes the proof. ]

In what follows, we will omit the set arguments when
defining Voronoi cells to reduce cluttering of equations and
use time as argument to imply that the regions change over
time. That is, we will opt for V;(¢), gVi(t), and gdV;(t) in
lieu of V;(P(t)), gVi(X;(t)), and dgV;(X;(t)) unless deemed
necessary.

B. Inter-execution Intervals

Having defined the control law (5) and formulated the
agents’ guaranteed and dual guaranteed Voronoi cells between
sensing instants, we can proceed to establish the self-triggering
rule for the inter-execution intervals {7} }rez.,-

Let us define the set of allowable inter-execution intervals
as T € [Tmin, Tmax)» Where Tmax > Tmin is the maximal
allowable interval for robustness purposes [35]. As afore-
mentioned, we would like to design {7} }rez., such that
llev, (ti,) — cv, (ti, + 7)|| is bounded by some constant design
parameter 6 > 0 V 7 € [0,7;]. Therefore, consider the
following inequality

ev; (t,) —‘cvi( 3 +T‘)|| | |

< HCW(tZ)—ng(t?@ + T)H 4+ HCVi (t;c + T)_CgVi (t% + T)H )

Using Propositions 1 and 2 yields that
levi (t) — evi (t, + 7|

< 2dm(dgVi(t, + 7)) (1 - mv“k”) . ®

MdgV; (t}€ -+ T)
Hence, to guarantee that ||Cv;- (ti) —cv, (£ + 7')“ <5 V1<
T,i, it suffices to enforce that

)

dm(dgVi(ts + 7)) (1 - W) <90

magv, (t, +7)/) 7 2
In addition, one would like to guarantee that the agents do not
come arbitrarily close from each other, i.e., p;(t) /4 p;(t) for
i # 7, in order to prevent degenerate Voronoi diagrams. Given
that the agents do not know the location of their neighbors
or where these are heading between sensing intervals, we
cannot guarantee that they will remain sufficiently apart.
One approach to enforce that agents remain distant from
each others is to guarantee that each agent’s data-sampled
centroid remains within the agent’s guaranteed Voronoi cell,
ie., cy (th) € gVi(t, + 7). If we define pyy, (t + 7) as the
shortest distance between cqy, (t +7) and dgV;(t + 7), then it
suffices to require that cy, (t%) € Blegv, (£t +7), pgv; (th +7)]
or, equivalently, that

l[ev: (th) — eqv, (ti + 7| < pgvi (8 + 7).

Algorithm 1: Self-triggered Coverage Control Law

/* Code for each Agent, i€ N */
Data: qﬁ(q), Q, Pi, Tmin;s Tmax 57 v, K
Result: u;
t« 0,15+ 0, k+ 0
while ¢ < Final Time do
Update p;;
if ¢ > ¢! then
Detect neighbors, Nj;
Update p; V j € Nj;
Compute V;, cy;;
T]i < Tmin>
for ¢ < 2 t0 Tax/Tmin do
T < ¥Tmin;
Estimate Uncertainty X; (¢} + 7);
Compute gV;(t} + 7),dgVi(ti + 7);
Compute mgy, , Magv;,, Pgv;;
Compute h(t} + 7);
if h(t +7) > 0 then

‘ Break for-loop;
else

| T
end

end
iy = th 7
k+k+1;

end
u;(t) <k -sate (cy, — pi);
Update t;

end

Using once again Proposition 1 and combining the above
inequality with (7), the objective reduces to enforcing the
following condition

dm(dgV;(ts, + 7)) (1 _ W)

mdgw (t}c + T)
) 1) ;
< min (ng,i (t +7), 2> , VT € [0, 7]

Therefore, we propose to update the inter-execution inter-
vals according to

i =max{T € T | h(s) <0, V s €[0,7]} (8a)
7 i ti +
h(e) =dm(agti(r + ) (1 - 22
gVi\"k
; )
— min (pgvi (th, + 5), 2) ) (8b)

The synthesis of the distributed, data-sampled, piece-wise
continuous control law (5) and the inter-execution sensing
interval condition (8) can be formalized by Algorithm 1. Note
that in illustrating the algorithm we assumed that T is discrete,
i.e., that each element is a multiple of Tip.

Remark 2: The set of allowable inter-execution intervals
T can be continuous or discrete (e.g., T = {71, -, 7},
where 7y > Ty—1,71 = Tmin,Tm = Tmax)- 1IN general, the



discretization of T leads to less computations by reducing the
times at which the self-triggering condition is evaluated at the
expense of slightly shorter sampling intervals. For purposes
of implementation, the simulations and experimental results
in Sections V and VI will assume a discrete interval given by
multiples of Tiin, 1€, T = {Tmin, 2Tmin, 3Tmins " » Tmax }»
where Tyax 1S also a multiple of 7y

In Section IV-C we will show that execution of Algorithm
1 guarantees that the locational cost function is monotonically
decreasing outside of a bounded neighborhood of a CVT and
that the configuration P(¢) converges to a CVT once the data-
sampled centroid errors converge to zero. But first, we will
show that (8) has always a positive solution. That is, 37* > 0
such that the solutions of (8) are always lower bounded
by 7*, which in turn implies that the proposed triggering
condition does not produce unwanted Zeno behavior. We start
by introducing the following Lemma from [39, Lemma 3.2]
and, then, proceed with the statement on the lower bound of
i

Lemma 1: Let S C Q be a convex set with finite mass
mg > 0 and volume Vs. Define Vg as the volume of Q.
Then, for any o > 0, it holds that

o
64 dm(S)2n1
where pg is the shortest distance from cg to S and 7, :=
sup, cp, 1 for E; = {n € [0,Vg] | ms < 0,Vs <n}.

The above lemma implies that for any convex set S of
non-zero volume, the distance pg can be lower bounded by a
positive constant. We now state the following assumption.

Assumption 1: 3¢ > 0 such that ||p;(t;,) — p;(t;)|| > € and
|pi(ty) —al| = § for all i € N,i # j, k € Z>o and q € OQ.

Assumption 1 implies that the ith agent’s Voronoi cell
contains an n-ball B[p;(t;), 5] at each sampling time or,
equivalently, that the volume of the ¢th Voronoi cell can
be lower bounded by the volume of such ball, i.e., V,(5).
Given that the velocities of the agents are bounded by wv,
it also means that the volume of the guaranteed Voronoi
cells can be lower bounded by V,,(£=2%T). This assumption
can be seen as a result of Lloyd’s algorithm which tends
to sparsely distribute the agent across the task domain. It
is also important to mention that similar assumptions on the
Voronoi cell properties have been proposed in previous work.
For example, in [28] it is assumed that the velocities of the
centroids are bounded, which in general cannot be guaranteed.

Proposition 3: Suppose that |p;(¢)]] < v V ¢ > 0 and that
Assumption 1 holds for some € > 0. Then, 37* > 0 such that
h(s) <0V s€[0,7*], i€, 7 > 1"V k € Z>.

Proof: To prove the above statement, we will use the
following upper bound function of (8b)

mgv, (t, + 3) ) _
Magv; (1}, + )

PSZ5U

pavi (ty, + 8)0
2pgv, (t;, + 8) +0
)

where the second term is a continuous differentiable lower
bound approximation of the minimum function [40] for § > 0
and pyv, (t + s) > 0. Since h(s) < h(s) V s > 0, it suffices
to show that 37* > 0 such that h(s) <0V s € [0, 7*].

(o) = @) (1 -

Assume that [[p;(t)|| < v and ||p(t}) — p,(t})|| > € for
some € > 0 and V j € N;(t%). Pick 7 € (0,¢/2v). The latter
implies that

[i(ti. +7) = p;(ti + )| > [Ipi(th) — p; (B)]| — 207
>e—20r >0

which means that gV;(t; 4+ 7) # 0 and, therefore, pyyv, (£ +
s) > 8¢ € (0,dm(V;(¢8)) for all s € [0,7] and for some §. >
0, where we used Lemma 1 and Proposition 2. By evaluating
(9) for s = 0 one obtains that

. pov. (t4)8 5.

0y = 20y, () +0 —  dm(Q)+0 <0

where we used the fact that pgy, (1) < dm(Q)/2.

Now, since cg4y, and the points in the boundary q € dgV;
are smooth continuous functions of p;(¢t) and p;(t) (the
latter from smoothness of ¢(q)), one has that pyv; (ti + s)
is also smooth in the interval s € [0,7), which implies that
30, > 0 such that ||dpgy, (ti, + s)/ds|| < 6,. Next, consider
the derivative of h(7)

diL(T) :dm(@) mdQVi (t}c + T)mgVi (tﬁc + T)
dr mﬁgvi (ty +7)
i dm(@) mg‘/i (t;c + T)mdgVi (t;c + T)

migw (t +7)
PgV; (t}c + 7')52
(2pgv; (ty, +7) + )

Taking the norm of the above equation yields

dh(r) Iagv; (t)|| mgv; (t) + llrgy, (t) || magv; ()
B R
L0,
(20 1 0)2

where ¢ = ¢} 47 for short of notation. Then, applying Lemma
2 from Appendix A and the fact that 3 m. > 0 such that
magv;(t) > my,(ti) > m. (from Proposition 2 and the
positiveness of ¢(q)) one obtains that

dh(r) [r2agv; (8)|| + llngv; (1) %5,
H ar ‘ =dm(Q) v () s, o
maxd 2 7 :
525,
T tep
=L,

which is finite since € > 2v7. This implies that the derivative
of h(s) is bounded by some constant L, < oo for all
s € [0,7), where the constant can be completely described
by the initial position of the ith agent at time ¢ relative to
its Voronoi neighbors. Note that in addition, the number of
Voronoi neighbors |N;(¢%)] is equal or less than N — 1 and it
approaches six on average when n = 2.



Now, define

a :=VPmaxdm(Q)? A, <1dm(Q)> s N’

2 Me
b 526,
© (26 +0)%
o 0c6
" dm(Q) + 6§

Let 7* mark the first time that h(-) crosses zero, i.e., h(7*) =
0. Applying the Mean Value Theorem and noting that L, <
42— + b we have that

e—2uT

— _ *
¢ = [[A*) = hO)|| < Lt < —F— 4 b, (10)

Solving for 7* we get that the two solutions 77, to the above
inequality

a+ 2ve + be & /(a + 2ve + be)? — 8vbce

2= 4bv

a + 2ve + be + /a? + 2abe + 4vac + (2vc — be)?
4bv

are positive. Picking the smallest of the two solutions we can
conclude that h(s) < h(s) <0V s € [0, 7*], where

. a+2ve+be —/(a+ 2vc+ be)2 — 8vbce
TN = >0 (11)
4bv
which is positive for all € > 0. ]

Proposition 3 states that, if the ith agent does not start at
the same position of another agent, the solution 7} is always
positive. Moreover, the solutions to (8) can always be lower
bounded by some positive 7* if a minimum distance € among
agents can be guaranteed at all sampling times ¢ . The latter
would imply that the self-triggered control does not exhibit
Zeno behavior and can be digitally implemented.

In practice, we do not only want 7* to be positive, but to
be equal or greater than some given 7,;,. However, the lower
bound 7* computed in (11) is a function of e. Although we
cannot guaranteed that a minimum distance € can be enforced
at all sampling times among agents, it is well known that
Lloyd’s descent algorithm tends to gradually distribute agents
more sparsely across the space based on the density function.
In addition, note that the self-triggering rule (8) guarantees that
the agents always remain within their own guaranteed Voronoi
cells between sampling intervals.

Next, we provide an explicit lower bound on sensing inter-
vals as a function of €, v, and § that satisfies the constraint
T]i > Tmin V k.

Corollary 1: Suppose that Assumption 1 holds for some
€>0.Let 7’ € (0, 5;) and pick

5 < P2, 7" (€ — 20T")
= P D (3 1)

12)

where I' : Z>9 — Ry is the Euler’s gamma function. Then,

deVn(€/2)

% </3+6vn<e/2>>”’} 1)

> min{

where
_ 1
1= G bmmdn(@A, (34m(@)) (14 V).
Moreover, if Assumption 1 holds for

Tenin® . /T
mlr:L F (7 1)
omz2 2 +1) 5+

/UTminVn (dm(@)/2)) ﬁ ) vain}

€ >2max {(
(14)

then, 7* > Tmin-

Proof: Suppose Assumption 1 holds and pick § according
to (12). Invoking Lemma 1 yields
2

(;sminvn(e_gm—)) 1
64(

PgVv; (t;c + T) 2 (

4¢max € — 2’[17)2”71
PR (e — 20T)?" 1
S 2202492 T(Z +1)226(e — 207)2n !
0
>
2

V7 € [0, 7], where we used the fact that V,,(r) = 7"/20'(2 +
1)~17™ for any n-ball of radius . Then, (8b) can be upper
bounded by

€ [0,7].

9’

MdgV; (t}c + 7 ) 2
Revisiting the proof of Proposition 3, one can show that b = 0
and that (10) reduces to

5 ) _ . aTt
5 = A =h(O)] < Ler* < —5—
(5(6 — 2’[}7'*) S 2U¢maxdm(Q)2'An (;dm((@)) 17—;NT*

for 7* € [0, 7']. Noting that m¢ > V,, (§) min, We then have
that

0eVn(e/2) < 2087 + 260V, (e/2)T*
and solving for 7* yields
£ deVi(€/2) .
T 20(8 4+ 0V (€/2))
Note that the above analysis might not be valid if 7% > 7'.
Therefore, it suffices to take the minimum function as in (13),
which completes the proof for the first statement.

Now, consider the second statement. Since € > 20T pin, WE
can pick 7’ > Tyin. Then, to prove that 7* > 7,1y, it is enough
to show that the first argument of (13) is equal or greater
than 7y,;,. Taking into account that V,,(e/2) < V,,(dm(Q)/2),
since ¢ < dm(Q), one has that (13) can be bounded by

s deVy(e/2)
= 20 (B + 6V, (dm(Q/2))’

Then, using the formula for the volume yields

STET (2 41)7 27 ment?
20 (B + 0V (dm(Q/2))

and finally substituting for € one obtains that 7* > 7,;,, which
completes the proof. [ ]

*




The above corollary provides a closed-form expression for
a lower bound on the time interval assuming a minimum
distance ¢ among agents is kept at all times. This lower bound
is extremely conservative and tighter bounds can be computed
if the number of Voronoi neighbors as well as the diameter of
the Voronoi cells can be upper bounded. In addition, note that
(14) provides a guideline of how to pick § and v such that
(8a) is always satisfied given 7y,;, and €. In particular, larger
values of 0 and smaller values of v lead to larger sampling
intervals as well as the feasibility of (8) for all times. Note
that feasibility of (8) also implies the existence of guaranteed
Voronoi cells at all times.

C. Minimization of Locational Cost and Convergence to CVT

Herein, we will show that the locational cost function is
monotonically decreasing outside of a bounded neighborhood
of a CVT and that the multi-agent group asymptotically
converges to a CVT if the error between the data-sampled
centroids and the true centroids converges to zero.

Proposition 4: Consider a group of N mobile agents with
dynamics and control inputs given by (1) and (5), respectively.
Assume the update intervals T,i € [Tmins Tmax] €volve accord-
ing to (8), for some § > 0, and that Proposition 3 holds for
some 7% > Tyin. Then, for all p;(t) & Bley; (1), N&(t)], where
6(t) = min{d, max;en ||cv, (t) — ey, (t1) ||} < 6, H(P(1)) is
monotonically decreasing.

Proof: Consider the locational cost function in (2). Taking
the partial derivative with respect to p; we obtain

(w T /V (P(m(q - pi(t))" ¢(a)dq
+J€Nz:(t /‘9‘4](?@)) 4= L(t)” || ( ) Pj(t)H(b(q)dq
- py (o) LR
jENZm /Bvij(ﬂ”(t)) o= p; ] Ipi(t) — Py (t)||¢(q)dq

- / (a - pi(t)T$la)dq = 2my, () (pi(t) — ey (1))7
Vi(B(t))

where we used Leibniz Integral Rule [36] and the fact that
lps(t) — al| = [Ip;(t) —all ¥ q € dVi;(t). Then, the time
derivative of (2) can be computed as

dH(P(t)) OH(P(t) .
dt _; ap:(t) pilt)

N
= Z —2kmy, (£)(pi(t) — ev, () Tsat 2 (pi(t) — cv; ()

El
= —2rmy, (t)(pi(t) — cv, ()"
i=1

-sate (p;(t) — v, (t) + cv, (t) — ey, (t},))-
Using the definition of satx (-) one obtains that
dH
HEW) < fznzmv ) (Ilpi(t) = v 17

- Hpi( )—c

O flevi (t) — evi (8R)]])

if le(t) - CV(tZ)H < wv/k and

dH

2

—||pi(t) —cv, (T
<2UZmV Ip:(t) — e (0]

lpi(t) — cv, (8|

+pi(t) —ev. ()] [|ev; (1) — ewi (t) ]

Ip: () = evi (&)
otherwise. Now, assume that Proposition 3 holds. This implies
that there iS @ 7 € [Timin, Tmax) Such that h(s) <0V s € [0, 7].
The latter further implies that
mgv, (t;, + ) )
Magv; (t}, + s)

dm(dgVi(t, +9) (1~

; 0 d
< min (pgvi(t}C + s), 2) < 7 (15)
Consider now the term HCVi (t) —cy, (tz)H Recalling
(6) and the above inequality, yields that that
[evi(t) —ev,(t)]] < 6 Yt e [t + s]. Define

6(t) = min{d, max;ey llevi () — ev, (t,)||}. Then, returning

to dH(P(t))/dt we have that

dH (P Z .
i <2 m v enl (1o ewl =),
if ||pi — cv, (t})]| < v/k and
AH (P L .
{P) zvzm% P (v e =5)

otherwise, where we have omitted the current time ¢ argument
to avoid cluttering of equations. The latter further implies
that dH(P)/dt < 0 for all Zf\il |pi —cv,|| > N6, which
in turns implies that 7{(P) is monotonically decreasing if
|pi — cv,|| > N6 for all i € N, and the proof is complete. M
The above proposition establishes that the locational cost
function monotonically decreases whenever the distance be-
tween the agent and its Voronoi centroid is equal or larger
than N4, which is a distance proportional to the data-sampled
centroid error. As it will be shown in simulations and experi-
ments in Section V and VI, H(IP(¢)) tends to be monotonically
decreasing everywhere and the agents tend to converge to a
CVT. This is the case whenever the error between the data-
sampled centroid and true centroid converges to zero.
Corollary 2: If ||cy, (t) — cv,(t},)| — 0V i € N, then P(t)
converges asymptotically to a CVT.
Proof: Assume that lev, (t) —ev,(t))|| = 0V ie N
Then, §(t) — 0 and one obtains that dH(P(t))/dt < 0 for all
pi(t) # cy, (t) and zero otherwise. Using LaSalle’s Invariance
Principle and similar arguments as in [8, Proposition 3.1],
one can conclude that P(¢) converges to one of the centroidal
configurations of Q. [ ]
Remark 3: Corollary 2 can only guarantee asymptotic
convergence to a CVT if the data-sampled centroid error
converges to zero. Otherwise, one can only show the mono-
tonic decrease of H(P(¢)) outside a neighborhood around
the centroids denoted as Blcy, (t), No(t)] C Blev,(t), Nd).
However, in practice, as will be shown in Sections V and VI,
asymptotic convergence to a CVT seems to be always the case.



Note that as the agents approach their Voronoi centroids, their
velocities tend to decrease, which in turn means that changes
in the Voronoi cells start to slow down. The latter implies that
the Voronoi centroids will also settle and the error between
the true centroid and the data-sampled centroid will become
smaller over time.

Remark 4: Tt is worth mentioning that, in contrast to
previous work [30] and [33], the proposed triggering strategy
tends to relax (or increase) the sensing intervals when the
sensor network converges to a CVT or, alternatively, when
llev, (t) = cv, ()| — 0 V i € N. This is a consequence of
the construction of the triggering function (8), which triggers
a new sample when the upper bound on the distance between
the data-sampled centroid and the true centroid exceeds a
positive distance § or exceeds the shortest distance between the
centroid and the boundary of the agent’s guaranteed Voronoi
cell, i.e., pgv, (t). As the sensor network converges to a CVT,
the error becomes smaller satisfying, in general, the triggering
condition for larger values of 7. Take for example the behavior
of pgv,(t+7) in (8). If we assume, for simplicity, an uniform
density function, then we have that the agents will distribute
themselves more evenly across the space with Voronoi cells
of similar size and with their centroids close to the geometric
center of their Voronoi cells. The latter will imply larger values
of pgv, (t+7) since the distance between the Voronoi boundary
and the centroid is maximized. Larger value of pgy; (t+7) will
then translate to larger values of 7 for which (8) will hold.

V. SIMULATIONS

The proposed self-triggered coverage control strategy is
validated in both simulations and real robotic implementations
with ground mobile agents. Based on the analysis in the
previous sections, one can conclude about the effects of
choosing key design parameters, i.e., §, Tmin, and Timax. A small
¢ will result in small sensing intervals (high sensing frequency)
for a workspace Q and a velocity bound v, where the value
of v is physically constrained by the dynamic capability of
agents. As the proposed algorithm intends to reduce the cost
of high sensing frequency, a relatively large J is preferred.
On the other hand, an extremely large value of ¢ will not be
problematic since the sensing trigger condition (8) is limited
by the minimum value between pyy; (t; + s) and 2. In the
simulations and experiments, we can approximately choose
the value of § based on the size of workspace and the number
of agents and set a 7T, mainly to conform with the hardware
system computational constraints. Besides, the choice of Tpax
is not strict, but a small value of 7, (close to 7pn;,) Will make
the algorithm like a periodic one, and a larger 7, Will result
in a slow convergence to a CVT.

In this section, we present the results for eight different
simulations involving large numbers of robots over a large-
scale domain with an uniform distribution density function.
The size of the workspace QQ is assumed to be 4506 [m] x
3218 [m] (2.8 [miles] x 2 [miles]). The motion of the agents
are modeled as in (1) with control law (5), where & is chosen
as 1. All other control parameters, such as velocity v and 4,
varied according to Table I. The minimum sensing (or commu-
nication) interval for all cases is chosen as Ty, = 0.033 [s],

which would correspond to a constant sensing frequency of 30
[Hz] if the coverage control algorithm is to be implemented in
a periodic manner. For basis of comparison, we will compare
our proposed self-triggered strategy with that of a periodic
implementation executed every Tyip.

Table I also lists the resultant average sensing intervals T
for each case, where it can be noted that the average value
ranged from 4.1402 [s] to 36.5375 [s]. That corresponds to
an average sampling frequency between 0.027 to 0.242 [Hz],
representing a significant reduction of two to three orders of
magnitude in the sensing (or communication) frequency of
nearby agents when compared to a periodic implementation
at 30 [Hz]. This suggests that a robot working on a large-
scale environment can operate for longer periods of time
without requiring other agents’ information, saving on-board
energy otherwise consumed by communication and sensing
devices and reducing the burden of information exchange. For
instance, if the power consumed by localization sensors or
communication devices is assumed to be linearly proportional
to the time the sensor is active or the device is transmitting
[24], [41], then the use of the proposed strategy represents a
reduction in power of nearly two to three orders of magnitude.
In addition, note that 7 decreases if the number of agents or
the maximum velocity increases. This observation is supported
by the triggering condition in (8), which is a function of
the guaranteed and dual guaranteed Voronoi cells. These
cells are, in turn, a function of the number of agents and
maximum velocity. That is, the Voronoi cells are smaller in
average if the number of agents is larger and the guaranteed
and dual guaranteed Voronoi cells decrease and increase in
size, respectively, as a function of the maximum velocity.
Furthermore, 7 increases nearly proportional to J, which can
be also expected from (8).

For illustration purposes, Fig. 3 shows the results for case 6
in Table I. The simulation of 100 robots with the Voronoi
tessellation and the guaranteed Voronoi tessellation of the
domain of interest are illustrated in Fig. 3(a). The aggregate er-
rors of 1 [[ev; (1) — evi (8)]] and 3217, [[pi(®) — v, (1)
with respect to time ¢ are shown in Fig. 3(b). It can be
noted from the zoomed-in portion in the plot that the two
aggregate errors between ¢ = 960 [s] and ¢ = 1000 [s]
fall into the scope of x10719 [m] (i.e., x10712 [m] per
robot). Moreover, both aggregate errors eventually decay to
zero, which suggests that the CVT configuration is achieved.
The locational costs of the proposed self-triggered algorithm

[Case [ N Jo[m/s] [ 6[m] | Toin (8] [ Tmax 1 [ T [s] |
1 20 2.2352 300 0.033 150 14.6315
2 50 2.2352 150 0.033 75 7.1730
3 100 2.2352 75 0.033 40 4.1402
4 20 0.8941 300 0.033 150 36.5375
5 50 0.8941 150 0.033 75 18.3239
6 100 0.8941 75 0.033 40 10.1883
7 100 0.8941 150 0.033 75 18.2459
8 100 0.8941 300 0.033 150 35.2812

TABLE I: Simulation Parameters and Results.
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Fig. 3: A total of 100 robots are used to perform the proposed self-triggered coverage strategy in simulation. (a) Illustration of
Voronoi tessellation and guaranteed Voronoi tessellation of 100 robots; (b) Profile of aggregate errors Zfil lev, (t) — ev, (t1)||
and Zf;l sz(t) —cy, (t}c)H versus time ¢ [s]; (c) Profile of locational cost versus time ¢ [s]; (d) Profile of one robot’s (the
one marked by a star symbol in (a)) updating interval 7; versus updating time.

with § = 75 [m], 150 [m], and 300 [m] and a periodic
implementation with constant updating interval of 0.033 [s]
are compared in Fig. 3(c). It can be seen that the locational
costs of both implementations approach a minimum value
and that the behavior of the proposed self-triggered control is
very similar to the periodic implementation. Furthermore, for
small values of ¢, the behavior of the proposed self-triggered
algorithm gets closer to the periodic one. Finally, the sensing
(or communication) instants for the first robot (marked by a
red star sign in Fig. 3(a)) is recorded and plotted in Fig. 3(d).
As one can see, the sensing intervals approach a constant value
once the mobile sensor configuration is near a CVT.

VI. EXPERIMENTS

In this section, we provide experimental results carried out
on a group of ground mobile robots to illustrate the perfor-
mance of the proposed algorithm in a real-world setting. The
algorithms are implemented in MATLAB and the multi-robot
team includes up to 9 Khepera 1V differential-drive mobile
robots. The real-time pose information of the multi-robot

system is streamed from a motion capture system consisting
of 8 Vicon Vantage V8 cameras. The Voronoi regions are
visualized on the workspace by an overhead projector. The
robot working domain is a 5.182 [m] x 3.658 [m] (17 [feet]
x 12 [feet]) rectangular space.

The kinematic equations of the Khepera IV vehicle can be
modeled as

) =v;(t) cos i;(t),
yz (t) =V; (t) sin 1/)1 (t) ;

where p;(t) = [z;(t),y:(t)]T is the Cartesian center of the
robot, ;(t) is the heading, and v;(¢) and w;(t) are the linear
and angular velocity inputs, respectively. To transform the
proposed saturated Cartesian velocity control law (5) into
linear and angular velocity inputs, we used the following
output feedback linearization control law

sin ) (t) (t)

[Z((?)} B [Eoillﬁﬁ)(t) Lcosp(t)| ™



where L = 0.14 [m] is a control parameter. The above control
input transformation [42] can effectively stabilize the agents
with a small bounded errors. In addition, it is easy to show that
the above transformation does not violate the agents maximum
velocity constraint.

A total of 18 experiments are conducted with different
initial configurations, density functions, number of robots, and
control parameters. The list of parameters along with the
average resultant sensing time intervals are summarized in
Table II. The illustration of three different initial configurations
for N =3, N = 6, and N = 9 robots are also shown in
Fig. 4 and 5. In brief, initial configuration 1 separates the
robotic team into two groups and places the groups on two
extreme sides of the space; initial configuration 2 deploys the
multi-robot system in the middle of the space; and initial
configuration 3 starts the robotic team on the left side of
the working space. The maximum velocity for each agent
is limited to v = 0.1 [m/s], the proportional control gain is
chosen as k = 1, and the time intervals limits are bounded
by Tmin = 0.1 [s] and Tmax = 5 [s], where 7y,;, represents
the shortest allowable interval due to hardware, computational,
and communication constraints.

As shown in Table II, the proposed control strategy is tested
by using three different initial configurations, two different
density functions (uniform and Gaussian), and three different §
values. Overall, the average sensing or communication interval
ranged from 0.6590 to 2.5103 [s], which is about 6 to 25 times
larger that the 0.1 [s] period that a periodic implementation
would typically require. Note that 7 decreases as the number
of robots increases, that is, a crowded workspace implies
smaller Voronoi regions, which in turn requires more frequent
updates. Similarly, a Gaussian distribution density function
implies a CVT more concentrated towards the center of the
space and, therefore, the resulting smaller average sampling
intervals for scenario #4 when compared to a similar scenario
#2. Moreover, the sensing intervals is nearly proportional
to § when the number of agents is small. Larger ¢ values
provide greater tolerance to position uncertainties (as it can
be inferred from (8b)) which in turns leads to generally larger
sampling intervals. Furthermore, as seen in Fig. 4 and 5, which
summarize the motion of the agents under the three different
initial configurations assuming an uniform density function
and control parameter § = 1 [m] (i.e., experimental scenarios
2,5, and 6 in Table II), all the agent configurations eventually
converge to a CVT despite the irregular updates intervals.

Sequential snapshots of experimental scenario #5 for N = 9
are presented in Fig. 6. As can be seen from the plots, the

Exp. Initial T [s]

Scenario | Config. ¢ 9 [m] N=3][N=6]N=9
#1 1 Uniform 0.5 0.8519 | 0.6626 | 0.6590
#2 1 Uniform 1 1.6515 1.3546 1.2205
#3 1 Uniform 1.5 2.5103 1.8858 1.3485
#4 1 Gaussian 1 1.3350 1.2157 1.1118
#5 2 Uniform 1 1.6254 1.3602 1.3104
#6 3 Uniform 1 1.2272 1.2808 1.0529

TABLE II: Experiment Parameters and Results.

agents eventually converge to the centroids of the Voronoi
cells. Fig. 7 illustrates the aggregate errors, the locational cost,
and the sensing intervals for the same scenario. Note that the
aggregate error between the real-time centroids and centroids
at sensing instants ¢i and the aggregate error between agents’
positions and centroids at ti approach very small values
(about 0.000568 [m] and 0.0032 [m] per robot, respectively).
Fig. 7(b) compares the evolution of the locational cost for
the proposed self-triggered control and the 10 [Hz] periodic
implementation. One can observe that both implementations
minimize the locational cost and that the behavior of the self-
triggered strategy approaches the evolution of the periodic
implementation. Finally, the sensing (or communication) inter-
vals for all nine agents as a function of time are presented in
Fig. 7(c). Note that, in general, the sensing intervals are much
larger than 7,;, = 0.1 [s] and that they approach a constant
value once the robotic team reaches a CVT. Fluctuations
of intervals can be attributed to disturbance such as data
streaming lags, the vehicles’ nonholonomic constraints, and
sensing errors. Differences in steady-state values are mostly
due to the difference in size and shape of Voronoi cells and
number of neighbors. Agents with more number of neighbors
tend to yield smaller sensing intervals.

VII. CONCLUSIONS

This paper presented a distributed, asynchronous self-
triggered coverage control policy that is shown to locally
optimize the position of an arbitrarily large group of mobile
sensors while reducing the sensing or communication fre-
quency among neighbors. The control strategy is a saturated,
sampled-data version of Lloyd’s algorithm and exploits the
use of guaranteed and dual guaranteed Voronoi regions to
determine when the agents need new knowledge of their
neighbors positions. We proved that the control policy distribu-
tively minimizes a locational cost function while increasing
the size of the sampling or communication intervals. The
reduction of the communication or sampling frequency can
lessen the burden on the communication network and prolong
the lifespan of the sensors’ energy resources. We also proved
that the sampling intervals are positive and lower bounded,
which is required for digital implementation.

Simulations with up to 100 agents and experiments with
up to 9 ground vehicles illustrated the performance of the
proposed coverage control strategy. They showed that the
mobile sensor network converges to a CVT and that the
sensing (or communication) intervals tend to stabilize at a large
value when the robotic team motion settles. Furthermore, the
results showed that the decay of the locational cost function
using the proposed self-triggered strategy is very similar to the
performance of a periodic (or continuous) implementation of
the coverage control algorithm. In addition, the results showed
an inverse relationship between the average sensing intervals
and the density of agents and their maximum velocity. That is,
the average sensing interval decreases with either an increase
of the number of agents per area or their maximum velocity.
Similarly, the sensing intervals have a nearly proportional
relationship with the triggering control parameter §. Larger §
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Fig. 4: Experimental results with N = 3 (first three columns) and N = 6 (last three columns) robots under three different initial
configurations with uniform distribution density function and 6 = 1 [m]. The first row introduces the initial configurations
while the second row contains the resulting final mobile sensor configurations illustrating the Voronoi cells. The third row
depicts the trajectories of the agents under the three configurations. The red star marks the cell for the first agent, the black
lines denote their trajectories, and the red circles the position uncertainties of nearby agents as seen from the first agent.
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Fig. 5: Experimental results with N = 9 robots under three different initial configurations w ith u niform d istribution density
function and and 0 = 1.0 [m]. The first row introduces the initial c onfigurations while the se cond row contains th e resulting
final mobile sensor configurations il lustrating the Voronoi cells. The third row de picts the trajectories of the nine agents. The
red star marks the cell for the first a gent, the black lines trace their trajectories, and the s mall red circles within the squares
denote the position uncertainties of agents 2 through 9 as seen from the first agent.



t =170 [s]

Fig. 6: Results for experimental scenario #5 with N = 9 robots. The first row contains the snapshots of the robotic
implementation at ¢ = 2, t = 10, t = 55, and ¢t = 170 [s] where the standard and guaranteed Voronoi tessellations are
visualized by an over-head projector. The second row includes the synchronous virtual illustrations of the experiment. In the
virtual projections, the circles indicate the uncertainty about the positions of neighbors from the first agent’s perspective (the
one marked by a star symbol), the black lines the trajectories, and the red ‘x” and black ‘+’ denote the centroids at ¢} and ¢,
respectively.

values lead to larger sensing intervals at the expense of slower Since at the boundary points, ||q — z;/(t)| = [lq — p:(t)]|
convergence rate. and [|p;(t) — zw(t)|| = |pi(t) — p;(t;)|| — vr for some
J € N;(t}) (see [30]), one has that
APPENDIX
MASS CHANGE RATES OF GUARANTEED AND DUAL H dq H H dq H ||q —pi(0)|l
GUARANTEED VORONOI REGIONS 00 (t) opi(t pi(t) — p;(t2)]| — vr
In this section we introduce bounds on the rate of change of '
mass for the guaranteed and dual guaranteed Voronoi regions. Returning to (16) we have that
Lemma 2: Let ||p;|]| < vVt >t], ¢ € N. Assume that
[pi(t},) = p;(ty)]| > € for some e > 0 and V j € Ni(t}) [y, (t)]| < 1’ (q)||
and pick 7 € (0, 57). Then, |[7hgy,(¢)| and |[rhggv; (t)]| are z,eez( 8sztz(t)
bounded for all ¢ € [t%, th + 7). dpz dzz o
Proof: First, con51der (3) for S = gV;(t) and let 7 = ¢t — 8
i ¢ pz azz[
ty, < 5. Define Z;(t) := {pi(t),2i1(t), zi2(t), - - } as the set
1) i 7, — vllq pz()ll
of generators for gV;(t), i.e., z;y = minygex, 1) H —q"|| for < 20 max Z -
some .qé € dgV;(t). Taking the time derivative and applying 2i0€Z (1) 09Vie (1) [pi(t) — pi (1) — o7
Leibniz Integral Rule [10], one can show that § 2max¥ Zzigez(t) fagm(t) lq — pi(t)] da 1
rhgy, (t) = / ST (@) =oL dq - 4Zi(t) T minjen, ) [|Pi(t) — pi(8)]| — o7 an
’ agVi(t) 0Z;(t) dt
B T d0q d dp;(t) where we used the fact that ||p;(¢)]| < v and ||z (2)| < v.
- Z DaVie() #(a)n’(q) opi(t) T Now, from Proposition 2, we have that gV;(ti +7) C Vi(ti),
2:e€Z:i(1) ‘ therefore, ||q — pi(t)|| < dm(gV;(t)) < dm(V;(t%)). Return-
_ Z / o(q)n”(q) 9q dq - dzie(t) ing to (17) we obtain
dgVie(t) 0zi(t) dt
2,0 €Z;(t) YV O9Vit ;
N Ol <2¢ma"v A (Vi(t)) 2 a, ez, t) Jogvia () 44
gVi = ; . () — p. ()] =
where 1n(q) is the unit outward normal vector, dq/0Z;(t) is TNjeN; () le(t) Pj (tk>H vt
the derivative of the boundary points with respect to Z;(t), <2¢maxv ~dm(V;(t})) X0, ez 1) fagm(t) dq
FlZi(t)/dt is the velocity of the generator points, and dgV;¢(t) min ey, 1) [p:(t%) — p, (t1)] — 27
is the boundary shared between p;(t) and z;¢(¢). The norm of 2%
the derivative of the boundary points is shown in [43], [44] to < max? dm(vi(t?c)) / dq.
be given by €= 2vr dgVi(t)
H H ”q_zw Ol . H %a H: la = pi®)] . Now, given that gV;(t) and V;(t},) are convex and gV;(t) C
0z;p(t [pi(t) — zi (D) opi() || llpi(t) —zu(@®)|| V;(t:), one can bound f@gVi(t) dq < fVi(t',‘;) dq <
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Fig. 7: Results for experimental Scenario #5 with
N = 9 robots. (a) Profile of aggregate errors

N i N i
Dim1 HCVi (t) —cv, (tk)H and > .0, sz(t) —Cy, (tk)H
versus time t [s]; (b) Profile of locational cost versus time ¢
[s]; (c) Profile of multi-robot system’s updating intervals 7%
versus updating time ¢ [s].

Ay, (3dm(V;(t}))) and obtain that

e (01 <2222 Vi) A, GV

€ — 2uT
< 2¢maxv
“e—2uT

(@A, (3an(@)

which is upper bounded for € > 2v7.

Now, consider (3) for S = dgV;(t) but assume that Z;(¢)
are the generators of dgV;(t). Following similar arguments as
for mgv;, (t), one can obtain similar to (17) that

2¢maxv
Dol S [ Ja-piolda
0dgVie(t)

€ — 20T
(18)

2z €Z;(t)

where ||q — pi(t)|| < dm(Q). Note that dgV;(¢) may not be
convex, therefore, the integral cannot be easily bounded with
the surface area of an n-dimensional ball. However, we have
that the edges of dgV;(t), denoted as ddgV;;(t) V j € N;(t),
lie on the surface of the hyperboloid obtained by rotating
the farthest hyperbola from p;(¢) with foci p;(¢) and p;(ti)
and semi-major axis v7/2 [30], rotated about it semi-minor
axis. Each surface of these hyperboloids can be bounded by
the surface area of a half n-dimensional ball of radius radius
1dm(Q). Therefore,

Zioez,(t) ddgVie(t)

1 1 i
= Z /ngvij(t) dq < 5./471 (2dm((@)) ‘Nz(tk)‘

JEN; (t})

[ri2agv: (8)]] <

where |N;(¢})| denotes the cardinality of a set N, (¢ ), which
is a bounded quantity. Note that the bound is, in general,
extremely conservative. Now, returning to (18) one obtains

Jinag ()] < 2252 Q@) () 3m(@))

€ — 2T
which is bounded for € > 2vT. |
REFERENCES

[1] I. Khoufi, P. Minet, A. Laouiti, and S. Mahfoudh, “Survey of deployment
algorithms in wireless sensor networks: Coverage and connectivity is-
sues and challenges,” International Journal of Autonomous and Adaptive
Communications Systems, vol. 10, no. 4, pp. 341-390, 2017.

[2] J. Gu, T. Su, Q. Wang, X. Du, and M. Guizani, “Multiple moving
targets surveillance based on a cooperative network for multi-uav,” IEEE
Communications Magazine, vol. 56, no. 4, pp. 82-89, 2018.

[3] D. P. Agrawal, “Applications of sensor networks,” in Embedded Sensor
Systems. Singapore: Springer, 2017, pp. 35-63.

[4] D. He, S. Chan, and M. Guizani, “Drone-assisted public safety networks:
The security aspect,” IEEE Communications Magazine, vol. 55, no. 8,
pp. 218-223, Aug 2017.

[5] L. Zhang, Z. Zhang, R. Siegwart, and J. J. Chung, “Distributed pdop
coverage control: Providing large-scale positioning service using a multi-
robot system,” IEEE Robotics and Automation Letters, vol. 6, no. 2, pp.
2217-2224, 2021.

[6] L. Nguyen, S. Kodagoda, R. Ranasinghe, and G. Dissanayake, “Mobile
robotic sensors for environmental monitoring using gaussian markov
random field,” Robotica, vol. 39, no. 5, pp. 862-884, 2021.

[71 A. V. Savkin, T. M. Cheng, Z. Xi, F. Javed, A. S. Matveev, and
H. Nguyen, Decentralized coverage control problems for mobile robotic
sensor and actuator networks. John Wiley & Sons, 2015.

[8] J. Cortés, S. Martinez, T. Karatas, and F. Bullo, “Coverage control
for mobile sensing networks,” IEEE Transactions on Robotics and
Automation, vol. 20, no. 2, pp. 243-255, April 2004.

[9] M. Schwager, D. Rus, and J.-J. Slotine, “Decentralized, adaptive cover-
age control for networked robots,” The International Journal of Robotics
Research, vol. 28, no. 3, pp. 357-375, 2009.

[10] Y. Diaz-Mercado, S. G. Lee, and M. Egerstedt, “Human-swarm interac-
tions via coverage of time-varying densities,” in Trends in Control and
Decision-Making for Human—Robot Collaboration Systems. Springer,
2017, pp. 357-385.



[11]

[12]

[13]

[14]

[15]

[16]

(17]

[18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

[28]

(291

[30]

[31]

(32]

[33]

[34]

[35]

M. Rout and R. Roy, “Dynamic deployment of randomly deployed
mobile sensor nodes in the presence of obstacles,” Ad Hoc Networks,
vol. 46, pp. 12-22, 2016.

P. F. Hokayem, D. Stipanovié¢, and M. W. Spong, “Dynamic coverage
control with limited communication,” in Proc. of American Control
Conference, July 2007, pp. 4878-4883.

R. Yehoshua, N. Agmon, and G. A. Kaminka, “Robotic adversarial
coverage of known environments,” The International Journal of Robotics
Research, vol. 35, no. 12, pp. 1419-1444, 2016.

E. J. Rodriguez-Seda and Y. Diaz-Mercado, “Decentralized persistent
area coverage control with loss of awareness,” in IEEE Conference on
Control Technology and Applications, 2020, pp. 528-535.

Y. Wang and I. I. Hussein, “Awareness coverage control over large-
scale domains with intermittent communications,” IEEE Transactions
on Automatic Control, vol. 55, no. 8, pp. 1850-1859, Aug 2010.

C. Song, L. Liu, G. Feng, and S. Xu, “Optimal control for multi-agent
persistent monitoring,” Automatica, vol. 50, no. 6, pp. 1663 —1668, 2014.
G. M. Ating, D. M. Stipanovi¢, and P. G. Voulgaris, “A swarm-
based approach to dynamic coverage control of multi-agent systems,”
Automatica, vol. 112, p. 108637, 2020.

O. Arslan, “Statistical coverage control of mobile sensor networks,”
IEEE Transactions on Robotics, vol. 35, no. 4, pp. 889-908, 2019.

J. M. Palacios-Gasoés, D. Tardioli, E. Montijano, and C. Sagiiés, “Equi-
table persistent coverage of non-convex environments with graph-based
planning,” The International Journal of Robotics Research, vol. 38,
no. 14, pp. 1674-1694, 2019.

X. Xu, E. Rodriguez-Seda, and Y. Diaz-Mercado, “Persistent awareness-
based multi-robot coverage control,” in Proc. IEEE Conference on
Decision and Control, Dec. 2020, pp. 5315-5320.

J. R. Marden, G. Arslan, and J. S. Shamma, “Cooperative control and
potential games,” IEEE Transactions on Systems, Man, and Cybernetics,
Part B, vol. 39, no. 6, pp. 1393-1407, 2009.

S. Rahili, J. Lu, W. Ren, and U. M. Al-Saggaf, “Distributed coverage
control of mobile sensor networks in unknown environment using game
theory: Algorithms and experiments,” IEEE Transactions on Mobile
Computing, vol. 17, no. 6, pp. 1303-1313, 2018.

Y. Kantaros and M. M. Zavlanos, “Distributed communication-aware
coverage control by mobile sensor networks,” Automatica, vol. 63, pp.
209-220, 2016.

D. Baumann, F. Mager, M. Zimmerling, and S. Trimpe, “Control-guided
communication: Efficient resource arbitration and allocation in multi-hop
wireless control systems,” IEEE Control Systems Letters, vol. 4, no. 1,
pp. 127-132, 2019.

P. Tabuada, “Event-triggered real-time scheduling of stabilizing control
tasks,” IEEE Transactions on Automatic Control, vol. 52, no. 9, pp.
16801685, 2007.

W. P. M. H. Heemels, K. H. Johansson, and P. Tabuada, “An intro-
duction to event-triggered and self-triggered control,” in Proc. of IEEE
Conference on Decision and Control, Dec 2012, pp. 3270-3285.

M. Zhong and C. G. Cassandras, “Asynchronous distributed optimization
with event-driven communication,” IEEE Transactions on Automatic
Control, vol. 55, no. 12, pp. 2735-2750, 2010.

N. Hayashi, Y. Muranishi, and S. Takai, “Distributed event-triggered
control for voronoi coverage,” in International Conference on Event-
based Control, Communication, and Signal Processing, 2015, pp. 1-4.
E. J. Rodriguez-Seda, “Self-triggered reduced-attention output feedback
control for linear networked control systems,” IEEE Transactions on
Industrial Informatics, vol. 15, no. 1, pp. 348-356, 2018.

C. Nowzari and J. Cortés, “Self-triggered coordination of robotic net-
works for optimal deployment,” Automatica, vol. 48, no. 6, pp. 1077-
1087, 2012.

C. Nowzari, J. Cortés, and G. J. Pappas, “Team-triggered coordination
of robotic networks for optimal deployment,” in American Control
Conference, 2015, pp. 5744-5751.

D. Tabatabai, M. Ajina, and C. Nowzari, “Self-triggered distributed
k-order coverage control,” IEEE Transactions on Control of Network
Systems, 2021, in press.

M. Ajina, D. Tabatabai, and C. Nowzari, “Asynchronous distributed
event-triggered coordination for multiagent coverage control,” IEEE
Transactions on cybernetics, 2021, in press.

W. Evans and J. Sember, “Guaranteed Voronoi diagrams of uncertain
sites,” in Canadian Conference on Computational Geometry, Dec. 2008,
pp. 207-210.

M. Mazo, A. Anta, and P. Tabuada, “An ISS self-triggered implemen-
tation of linear controllers,” Automatica, vol. 46, no. 8, pp. 1310-1314,
2010.

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

Q. Du, V. Faber, and M. Gunzburger, “Centroidal Voronoi tessellations:
Applications and algorithms,” SIAM Review, vol. 41, no. 4, pp. 637-676,
1999.

J. Cortés, S. Martinez, T. Karatas, and F. Bullo, “Coverage control for
mobile sensing networks: Variations on a theme,” in Mediterranean
Conference on Control and Automation, 2002, pp. 9-13.

A. Okabe, B. Boots, K. Sugihara, and S. N. Chiu, Spatial tessellations:
Concepts and applications of Voronoi diagrams. John Wiley & Sons,
2009.

M. Emelianenko, L. Ju, and A. Rand, “Nondegeneracy and weak global
convergence of the Lloyd algorithm in R%,” SIAM Journal on Numerical
Analysis, vol. 46, no. 3, pp. 1423-1441, 2008.

D. M. Stipanovi¢, C. J. Tomlin, and G. Leitmann, “Monotone ap-
proximations of minimum and maximum functions and multi-objective
problems,” Applied Mathematics & Optimization, vol. 66, no. 3, pp.
455-473, 2012.

M. J. Miller and N. H. Vaidya, “Minimizing energy consumption in sen-
sor networks using a wakeup radio,” in IEEE Wireless Communications
and Networking Conference, 2004, pp. 2335-2340.

A. De Luca, G. Oriolo, and M. Vendittelli, “Control of wheeled mobile
robots: An experimental overview,” in RAMSETE — Articulated and
Mobile Robotics for Services and Technologies, S. Nicosia, B. Siciliano,
A. Bicchi, and P. Valigi, Eds. Springer-Verlag, 2001, pp. 181-226.
Q. Du, M. Emelianenko, and L. Ju, “Convergence of the lloyd algo-
rithm for computing centroidal voronoi tessellations,” SIAM Journal on
Numerical Analysis, vol. 44, no. 1, pp. 102-119, 2006.

M. Santos, Y. Diaz-Mercado, and M. Egerstedt, “Coverage control
for multirobot teams with heterogeneous sensing capabilities,” IEEE
Robotics and Automation Letters, vol. 3, no. 2, pp. 919-925, 2018.

Erick J. Rodriguez-Seda received the B.S. degree
in electrical engineering from the University of
Puerto Rico, Mayagiiez, in 2004 and the M.S. and
Ph.D. degrees in electrical and computer engineering
from the University of Illinois, Urbana-Champaign,
in 2007 and 2011, respectively. He is currently
an Associate Professor with the Department of
Weapons, Robotics, and Control Engineering at the
United States Naval Academy. From 2011 to 2013,
he was a Postdoctoral Research Associate at the
University of Texas at Dallas. His current research

interests include networked control, collision avoidance, multi-agent systems,
and cybersecurity of control systems.

Xiaotian Xu received a B.S. degree in vehicle en-
gineering from the Shandong University of Science
and Technology, China, in 2015, and an M.S. degree
in mechanical engineering from the Marshall Uni-
versity, WV, USA, in 2018. He is currently working
toward a Ph.D. degree in mechanical engineering
with the Collaborative Controls and Robotics Labo-
ratory at the University of Maryland, MD, USA.

His research interests include distributed control
and collaborative control of multi-robot and swarm
systems.



Josep M. Olm received the M.Sc. and Ph.D. degrees
in Physics from the University of Barcelona and
the Universitat Politécnica de Catalunya, both in
Barcelona, Spain, in 1989 and 2004, respectively.

Since 2003 he is with the Universitat Politecnica
de Catalunya, where he is currently an Associate
Professor at the Department of Mathematics and a
researcher at the Institute of Industrial and Control
Engineering. His research interests are in the field of
control theory, including sliding, adaptive, repetitive,
and complex networks control. He is author or co-
author of 90 journal articles and conference papers, and one book.

Dr. Olm served as Associate Editor of the IEEE Transactions on Circuits
and Systems-I: Regular papers for the term 2014-2015.

Arnau Doria-Cerezo was born in Barcelona, Spain,
in 1974. He received an undergraduate degree in
electromechanical engineering and a Ph.D. degree in
advanced automation and robotics from the Univer-
sitat Politecnica de Catalunya (UPC), Barcelona, in
2001 and 2006, respectively, and the D.E.A. degree
in industrial automation from the Institut National
des Sciences Appliqueés de Lyon, Villeurbanne,
France, in 2001.

He is currently an Associate Professor with the
Department of Electrical Engineering, UPC, and
carries on his research activities with the Advanced Control of Energy Systems
Group, at the Institute of Industrial and Control Engineering, UPC. From
2003 to 2004, he was a Control Training Site-Research Fellow with the
Laboratoire des Signaux et Systemes, Supélec, France. In 2010, he was
a visitor at the Technische Universiteit Delft, Delft, The Netherlands. His
research interests include modelling and control of electrical systems and
automotive applications.

Since 2017, Dr. Doria-Cerezo is an Associate Editor for Control Engineer-
ing Practice.

Yancy Diaz-Mercado (S’14-M’16) earned his
Ph.D. degree in Electrical Engineering from the
Georgia Institute of Technology in 2016, and M.S.
degree in in Electrical Engineering from the same
institution in 2014. He graduated with a B.S. degree
in Electrical Engineering from the University of
Puerto Rico at Mayagiiez in 2011. From 2016 to
2018, he was a Senior Research Scientist with the
Johns Hopkins University Applied Physics Labora-
tory, working on Advanced Concepts for Guidance,
Navigation, and Controls applications.

In 2018, he joined the faculty of the Department of Mechanical Engineering
at the University of Maryland, College Park as an Assistant Professor.
He is the director of the Collaborative Controls and Robotics Laboratory,
whose research focus is on developing collaborative autonomy for multi-agent
systems, robotics, and enabling human-swarm interactions using notions from
optimal control, nonlinear control, and graph theory. He is a member of the
Maryland Robotics Center, and has several accolades for his work on swarm
robotics including keynotes and patents.




