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Abstract— Iterated Extended Kalman Filter is a promising
and widely-used estimator for real-time localization applica-
tions. It iterates the observation equation to find a better
linearization point and, simultaneously, only maintains the
state estimation in a single time to save the computation
resources. Inspired by the recent development of the iterative
closest point algorithm, this paper investigates an accelera-
tion approach to the iterations in iterative error state Kalman
filters (IESKFs). We show that the IESKF can be seen as
a fixed point problem, and the Anderson acceleration (AA)
can be elegantly applied to the iterations of IESKF since the
error state naturally lies in the tangent space and does not
require additional transforms. However, the tangent space of
the current estimation may change during the iterations, so
we should switch the tangent space to the starting point to
perform the Anderson acceleration. We propose the AA-IEKF
and apply it to the lidar-inertial odometry (LIO) systems to
estimate the ego motion of a lidar. The experiments show that
the Anderson acceleration can efficiently reduce the number
of iterations in ESKF and achieve a lower computational cost.

I. Introduction

Extended Kalman filter (EKF) is one of the most
important sequential state estimators in simultaneous
localization and mapping (SLAM) research from early
Lidar/vision-based SLAM systems [1], [2] to recent
Lidar-inertial SLAM systems like the FastLIO series [3]–
[5]. EKF linearizes the motion and observation equations
and finds an optimal solution between the predicted
prior and the observation data [6], [7]. Many previous
studies have thoroughly discussed the advantages and
disadvantages of EKF [8], [9]. For example, EKF is real-
time and fast, but its Markov property makes it hard to
tackle long-time associations like large-scale loop closing
[10]. If the landmarks are also considered unknown states
to estimate, the dimension of EKF would be too large
for real-time applications. The covariance matrix would
then be dense, and the inversion of a dense matrix would
be O(3) in this case. From the optimization perspective,
EKF can also be regarded as a single-time, non-iterating
factor graph with three factors (the prior, the motion,
and the observation) that immediately marginalizes the
previous state [11].
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However, in many practical applications where the
map is pre-built or considered fixed, EKF is still a
favored choice if the landmarks are accurate enough. In
that case, we only need to estimate the robot’s/vehicle’s
pose and its uncertainty instead of all the landmarks.
In Lidar odometry (LO) or Lidar-inertial odometry
(LIO) algorithms, EKF is a prevalent backend estimator
choice since the lidar point clouds are usually accurate
enough to build a local map [12]. There are also many
recent studies focusing on improving the performance of
traditional EKF. For example, the error state Kalman
filter (ESKF) is normally a better alternative to EKF
since the error state is typically close to zero to make
better linearization [13], [14]. The observation equation
could be iterated instead of directly merged into the
estimator [15]. Multiple states can also be integrated
into a single EKF to make a longer estimation window
to prevent the system from falling into an erroneous
working point [16], [17]. As a result, IEKF/MSCKF
acts as a compromise and practical choice between the
traditional, single-time Kalman filter and the full-states
offline optimization [18].

The EKF in LIO or VIO systems usually estimates
a high-dimensional state rather than the simple Euler
angles plus a translation vector in early research [19]. The
state variable, in these cases, lies in a high-dimensional
manifold M, and the linearization is performed in
the tangent space of the current estimation. Such on-
manifold linearizations are widely used in modern filters
and optimizers [20], [21]. If the EKF or EKSF in LIO
is iterated, the observation model would be very similar
to the iterative closes point (ICP) process, where we
will alternatively find the closest neighbors and solve
for an optimal solution [22], [23]. The original ICP
aims to find the best pose T ∈ SE(3), but ESKF will
find the Maximum a Posteriori (MAP) solution between
the prediction and the observation [24]. On the other
hand, the ICP can also be regarded as a majorization-
minimization algorithm, where the solution of the nearest
neighbor (the correspondence estimation step) in each
iteration is a surrogate function of the original function
[25]. The Anderson acceleration [26] and other local
quadratic approximates can be employed to improve
its convergence speed into second-order rather than the
linear speed in the original ICP [27], [28].

In this paper, we show that the IESKF could be
converted to a fixed point problem, and we can integrate
the Anderson acceleration into an IESKF to obtain
better convergence speed. The recently-proposed AA-
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ICP [29] or FRICP [25] either uses the Euler angles that
may suffer from singularities or require the logarithm
map to convert the on-manifold pose to its Lie algebra.
The error state in the IEKF naturally lies in the tangent
space that does not need extra conversion. However,
when we perform iterations on the observation model, the
tangent space of the current estimation will change with
the iteration, which brings additional Jacobian matrices
to switch those tangent spaces. To perform the AA of
the error state, we should project the estimation into the
tangent space of the start point in IEKF.

The contribution of this paper can be summaries as
follows:

1) We give the formulation of applying AA in iterated
error state Kalman filter (IESKF).

2) We tackle the problem of switching the tangent
spaces during iteration, which is different in AA-
ICP or similar methods.

3) We also utilize the AA-IEKF to build an LIO sys-
tem and test its convergence speed and accuracy.
We show that the AA-IEKF achieves better con-
vergence speed and less computation cost, which is
practically meaningful for future applications.

II. Related Work
The SLAM problem was formulated as a state estima-

tion problem solved by various filters in early research,
e.g., ESKF [14], particle filters (RBPF) [30], and many
other variants [31]. Many research focus on the theo-
retic characteristics of EKF, such as observability and
inner consistency [8], [32]. It was later shown that the
sequential filter-like approaches are to some degree equal
to the nonlinear optimization approaches, such as the
bundle adjustment in VSLAM [18], which can be further
interpreted as a graph optimization or factor graph [33].
However, for LIO or LO, the bundle adjustment-like
approaches are normally more expensive in computation
than the filter-like approaches since the projection of the
landmark relationships will be explicitly modeled [34],
[35]. Many prevalent Lidar SLAM systems like LOAM
[12] and LeGO-LOAM [36] still treat landmarks as static
point clouds and only estimate the lidar poses.

On the other hand, recent developments in point
cloud registration show that the classical ICP can be
accelerated using a quadratic approximation [37] or ℓp
norm minimization [38]. Furthermore, ICP can also be
treated as a fixed-point iteration process that can be
accelerated by Anderson acceleration [25], [29], which
was initially proposed by Anderson Donald for solving
general nonlinear integral equations [26], [39]. The ac-
celerated ICP shows a faster convergence speed in these
studies, but the problem is usually formulated as Euler
angles or Lie algebra that needs an additional logarithm
map from the manifold. Inspired by these studies, we
propose the on-manifold Anderson accelerated IEKF in
this paper and adapt it into a lidar-inertial odometry
system.

III. On-Manifold Error State Kalman Filter
A. Formulation

We first give the derivation of the ESKF here and then
discuss the prediction and update process in detail. The
state variable is defined on a high-dimensional manifold
M:

x = [p,R,v,bg,ba,g]
T ∈ M, (1)

where p is the position, R is the rotation, v is the
velocity, bg and ba are IMU biases, and g is the
gravity. All the variables are defined as vectors/matrices
transforming the body frame to the world frame, e.g.,
RWB , so the subscripts are omitted. The state variable
is a Cartesian product of M = R3 × SO(3)×R9 × S(2).
The order of the state variables is arbitrary, but the
form of the Jacobian matrices will depend on the order
of the states, so we assume the states are stored in a
fixed order.

In ESKF, the true state variable xt can be divided
into the nominal state and the error state:

xt = x� δx, (2)

where xt is the true state, x is the nominal state, and
δx is the error state. The � operation is defined between
the manifold and the tangent space: � : M � V → M
[40]. For variables that lie in the vector space, such as
p, it is the same as p+ δp. For R ∈ SO(3), it is defined
with the exponential map:

Rt = RExp(δR), (3)

where δR is typically denoted as δθ ∈ R3. The exponen-
tial map of SO(3) is the same as Rogridues’ formula. Let
θ be decomposed by its norm and unit-length direction
θ = θn, then the exponential map from so(3) to SO(3)
is:

Exp(θ) = exp(θ∧)

= cos θI+ (1− cos θ)nnT + sin θn∧,
(4)

where ∧ is an operator that converts a vector to its skew-
symmetric matrix.

For x ∈ S(2), the δx is defined in R2, and the �
operator is defined as:

x� δx = Exp(B(x)δx)x, (5)

where B(x) ∈ R3×2 is given in the equation (39) in the
appendix.

ESKF maintains the mean of the nominal state x and
the covariance of the error state δx ∼ N (0,P). The
details of the state dynamics are given in the appendix
section (Eq. 32). When the IMU data u and lidar data z
come, the inertial measurements will be integrated into
the nominal state in the prediction stage, and the noise
and observation will be added into the error state in the
update stage. Finally, the error stated will be added to
the predicted nominal state and used as the full state
estimation. Readers can also refer to [13] for a more
elaborate description of the ESKF pipeline.



B. IEKF Prediction
The Kalman filter is formed in two stages: prediction

and update. The prediction is not iterated since we only
have one group of IMU measurements. Assume we are
moving from time k to k+1, the prediction can be written
as:

xpred(k + 1) = f(x(k),u(k)), (6)

where f is the abstract motion equation and u is the
abstract input. The noise items are tackled in the error
state equation:

δxpred(k + 1) = f ′(δx(k),u(k),w(k)), (7)

where f ′ is the nonlinear motion equation of the error
state and w is the noise vector. Using the definition
of (1), we can write out the exact form of the error
state dynamics (see equation (32) of Appendix A). To
compute the predicted covariance, we linearize the error
state dynamics as:

δxpred(k + 1) = F(k)δx(k) +w′(k), (8)

where F is the Jacobian matrix of f ′ and w′ ∼ N (0,W)
is the linearized Gaussian noise item. The covariance
matrix of the prediction will be:

Ppred(k) = F(k)P(k)FT (k) +W(k), (9)

which is just a linear transform of state estimation at
the last time. We will drop the k in the following text
since the discussion is always limited in time k:

Ppred = FPFT +W. (10)

C. IEKF Update
The abstract observation equation on the nominal

state can be written as:

z = h(x) + v, (11)

where h is the abstract observation equation, z is the
observed data, and v is the noise variable satisfying v ∼
N (0,V).

The Jacobian matrix of the error state can be solved
using the chain rule:

H =
∂h

∂x

∂x

∂δx
, (12)

where the latter item can be written out using the
definition of the full state x:

∂x

∂δx
= I, for x ∈ R3, (13)

∂R

∂δθ
=

∂Log(RExp(δθ))

∂δθ
= J−1

r (R), (14)
∂x

∂δx
= M(x� δx) ∈ R3×2 for x ∈ S(2), (15)

where J−1
r (R) ∈ R3×3 is the inverse of the right Jacobian

matrix in SO(3), which could be derived from the linear
form of the Baker-Campbell-Hausdorff formula [7], and
M is given in (40) in the appendix.

The update step can be iterated in different lineariza-
tion points, so we will denote the state variable of the
j-th iteration as xj , the incremental part as δxj , and
the start point as x0. Note that since the linearization
point will change in each iteration, we need to project
the resulting Gaussian estimation in the tangent space
from the starting point x0 to xj , which gives an extra
Jacobian matrix Jj :

Jj =
∂xj � δx� xj

∂δx
. (16)

In this way, we can simply convert the predicted covari-
ance matrix Ppred into the current tangent space:

Pj
c = JjPpred(J

j)T , (17)

and also the error state:

δxj
c = Jj(xj � x0), (18)

where the subscript c denotes the variable in the current
tangent space. The j-th update step can be summarized
as:

Kj = Pj
c(H

j)T (HjPj
c(H

j)T +V)−1, (19)
δxj+1 = Kj(z− h(xj) +Hjδxj

c)− δxj
c, (20)

which is the same as the traditional Kalman filter, except
the error state is used here instead of the nominal state.

Then the current estimation of the nominal state is
updated using:

xj+1 = xj � δxj+1, (21)

and finally, if the filter converges, we will get the
posterior mean and covariance estimation. The mean is
just the xj+1, where j is the last iteration number. But
for the covariance matrix, we need to project Pj+1 into
the tangent space of xj+1:

Pj+1 = (I−KjHj)JjPpred(J
j)T , (22)

Pupdate = LPj+1LT , (23)

where

L =
∂xj+1 � δx� xj+1

∂δx
. (24)

IV. Anderson Acceleration on IEKF

A. The AA Iteration

The fixed point problem is to find a variable u that
satisfies the equation u = G(u). Given the initial value
u0 of u, the solution of u can be accessed by iteratively
solving u1 = G(u0), . . . ,un+1 = G(un). In IESKF, we
take the error state δx as u since the updated nominal
state estimation xj converges to the true state. If IEKF
converges, the incremental part xj�x0 will also converge



Fig. 1. The relationship of the IEKF update δxj+1 and the
Anderson accelerated update δx̃j+1. Note that the AA update is
always in the tangent space of x0.

in that case. So the j-th estimation of the error state can
be regarded as the best estimation of:

(δxj+1)∗ = argmin
δx

∥z−Hj(xj � δx)∥2V︸ ︷︷ ︸
observation

+

∥∥xj � x0 + (Jj)−1δx
∥∥2
Ppred︸ ︷︷ ︸

prior

,
(25)

where ∥ · ∥P means taking the Mahalanobis distance
with the covariance matrix P. The above least-square
problem is solved by the Kalman gain and updating using
equation (19).

AA aims at accelerating the solving stage of the fixed
point problem. The basic idea is to use historical iter-
ations to guess the current iteration. We can accelerate
the convergence by combining the previous iterating
directions by multiplying the weights θi. However, to
perform the AA in IESKF, we should use a variable in
the same tangent space that does not move during the
iterations. Therefore, we use a slightly different δx̃j that
is always defined in the tangent space of the start point
(see Fig. 1):

δx̃j = xj � δxj � x0. (26)

With the definition of δx̃j , the update of the mean
estimation will be:

xj+1 = x0 � δx̃j+1 (27)

Unlike the formulation in [25] and [38], the error state
δx̃j+1 naturally lies in the tangent space of xpred, which is
a well-formed vector space. The general AA will calculate
the j-th iteration using the weighted m previous iterates
δx̃j−m, . . . , δx̃j :

δx̃j+1
AA = G(δx̃j

AA)−
m∑
i=1

θ∗i (G(δx̃j−i+1
AA −G(δx̃j−i

AA ))),

(28)

where θ∗1 , . . . , θ
∗
m are the paramters estimated by the

following linear least-square equation:

(θ∗1 , . . . , θ
∗
m) = argmin

∥∥∥∥∥Gj −
m∑
i=1

θi(Gj−i+1 −Gj−i)

∥∥∥∥∥
2

,

(29)
where Gj is short for G(δx̃j

AA).
In AA-IEKF, we will try the AA iteration first and

use the point-to-plane residuals in the lidar observation
equation as an indicator of accepting the AA iteration.
If the AA iteration gives an estimation worse than the
previous iteration, we will directly use the current δxj

as the best estimation rather than δx̃j
AA. The algorithm

is summarized in Algorithm 1.

Algorithm 1 AA-IEKF
Input: mean and cov of last time: x(k − 1),P(k − 1)
Output: mean and cov of this time: x(k),P(k)

1: Prediction:
2: Ppred = FPFT +Q
3: x0 = f(x,u), δx0 = 0
4: Iteratively update starts from x0

5: for j = 0, . . . , n do
6: Project δxj into the tangent space of xj :
7: Compute Jj with (16)
8: Set δxj

c = Jj(xj � x0),Pj
c = JjPpred(J

j)T

9: Compute Qj = (Hj)TV−1Hj + (Pj
c)

−1

10: Compute Kj = (Qj)−1(Hj)TR−1

11: Set δxj+1 = Kj(z−Hjxj) + (KjHj − I)δxj
c

12: Set xj+1 = xj � δxj+1

13: Set δx̃j+1 = xj+1 � x0

14: Compute δx̃j+1
AA using (28).

15: Set xj+1 = x0 � δx̃j+1
AA .

16: if algorithm converges then
17: Compute Pj+1 = (I−KjHj)JjPpred

18: Update the final covariance.
19: else
20: return to 5.
21: end if
22: end for
23: return xj+1,Pupdate

In practice, the prediction will be triggered by high-
frequency IMU input, and the update step is triggered
by lidar point cloud matching. The Jacobian matri-
ces of the point-to-plane residuals are given in the
appendix section. The convergence condition is set as
∀i ∈ [1, d], |δxj

i | < 10−3, where d is the dimension of
δxj .

B. First Estimate Jacobian (FEJ) and Inconsistency
There has been a well-known issue about EKF. The

filter may converge to an over-confident solution if
the Jacobian matrices are not evaluated at the first
linearization point [41]. Hence, FEJ would be employed



to avoid inconsistency in EKF estimation. However, the
inconsistency effect is a significant issue in filters where
the landmarks will be estimated persistently (like in
many visual SLAM systems [42]), or the pose states
will be kept for a short period (like in MSCKF/SWF
cases [43], [44]). For the IEKF in this paper, the current
state will only exist in the update stage and will be
marginalized instantly after the current IEKF iteration
ends. Therefore, FEJ is only meaningful in the current
iterations, so inconsistency is not a big issue in our LIO
system. The effect of FEJ is tested in our first experiment
and will be turned off by default in the next experiments.

V. Experiments
A. Synthetic Data

First, we use the synthetic data to test the point cloud
alignment accuracy and convergence speed. The point
cloud used in this section is selected from the EPFL
statue repository, which contains real-world point clouds
reconstructed from photos1. Next, we will generate a
random pose affected by Gaussian noise (with rotation
noise of σr = 5 deg and translation noise of σt = 0.1m)
and use this pose to transform the target cloud. Then
we test the point cloud alignment performance using the
IEKF observation module. The IEKF will start from an
identical pose and iteratively converge to the correct
pose. Since the ground-truth pose is known, we can
record the pose error in each iteration using the equation
here:

r = Log(RT
g Rk) + (tg − tk), (30)

where Rg, tg are ground-truth pose and Rk, tk are the
estimated pose in the k-th iteration. The norm of pose
error can be used as an indicator of the convergence
speed and is shown in Fig. 2. The point cloud model
includes “aquaris”, “monkeys,” “kneeling lady,” and
“archer.” We can see that the IEKF with AA achieves
a faster convergence speed in these experiments. The
results are similar to that mentioned in pure point cloud
registration papers like [25], [29], except that the state
variable is a high-dimensional error state rather than a
6 DoF pose.

B. Cost Decrease in Each Iteration
Second, we investigate the lidar point cloud resid-

ual distribution during the raw IEKF and AA-IEKF
iterations in LIO. However, unlike pure point cloud
registration research, the LIO incrementally constructs
the point cloud map starting from roughly correct initial
guesses. The constructed local map will change with the
pose estimation and will also be used as the target point
cloud in future estimates. Therefore, when comparing
the results with or without AA, the filters are always
set to the same starting point. In each align step, we
test the AA-IEKF update, roll back to the initial guess,
and then update the raw IEKF observation model. We

1https://lgg.epfl.ch/statues_dataset.php
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Fig. 2. The ground-truth pose residual decrease with relation to
the number of iterations in EPFL dataset.

record the median of the lidar point cloud residuals in
each IEKF iteration and normalize them by dividing
the initial residual. Hence, both the AA-IEKF and raw
IEKF will always start from the same point cloud with
the initial residual equal to one. We set the maximum
iterations to 10 in the experiments.

The datasets are selected from AVIA [3], NCLT [45],
ULHK [46], UTBM robocar dataset [47], and LIO-SAM
[48], containing hand-held solid-state lidar and spinning
lidar point clouds from self-driving vehicles.
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Fig. 3. The median point cloud residual distribution with relation
to the number of iteration. Solid lines: AA residuals; Dashed lines:
IEKF residuals.

Fig. 3 shows the median residual of each iteration
in the sequences mentioned above. Furthermore, Fig. 4
shows the squared error distribution from iterations 0
to 4 of sequence NCLT02. Both results show that AA-
IEKF typically achieves faster convergence speed and a
lower final cost. The algorithm usually converges in three
or four iterations. But the error may still decrease after
nine iterations in some sequences. Note that the residual
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Fig. 4. The squared error distribution in each iteration of NCLT02
sequence. The An denotes the n-th iteration of AA-IEKF and In
for IEKF.

may also grow due to the outliers, and the no-converging
sequences may have larger residuals in later iterations.

C. Average Number of Iterations in LIO
In the second experiment, we test the average itera-

tions in AA-IEKF and raw IEKF. Using the convergence
condition described in Algorithm 1, we compare the
number of iterations in each sequence in the dataset. We
record the average iterations from the starting point to
the optimal solution. The maximum number of iterations
is also set to 10 in this experiment (see Fig. 5). It can be
seen that Anderson acceleration can effectively reduce
the number of iterations in optimization. For solid-state
datasets, the AA-IEKF almost requires two iterations to
converge, and for spinning lidar datasets, the number of
iterations is slightly larger than that.
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Fig. 5. Average iterations in each sequence.

D. Accuracy Evaluation
This section evaluates the LIO’s accuracy in terms

of the absolute pose error (APE) and relative pose
error (RPE) in 100m with several open-source state-
of-the-art LIO algorithms, including FastLIO2 [3], [4],
LIO-SAM [48], and LiLi-OM [49]. We adopt the LIO
framework from our previous work [5] by replacing the

IEKF iterations with AA-IEKF. In the accuracy and
time usage evaluation, we set the maximum iterations in
IEKF to 10 while keeping other parameters unchanged.
The experiments are conducted on a desktop with an
AMD R7-5800X CPU and 64 GB memory. The dataset
is selected from NCLT [45], UTBM [47], ULHK [46], and
LIO-SAM [48]. The loop closing function is turned off to
evaluate the odometry performance fairly.

E. Time Usage Evaluation
Finally, we evaluate the time cost in AA-IEKF. As

shown before, AA will reduce the average iterations in
IEKF, but AA itself will also bring extra computation
costs to obtain an AA step. We record the processing
time of each scan from sequences in different datasets.
The results are displayed in Table II. Note that LIO-
SAM and LiLi-OM are keyframe-based LIO systems that
employ distributed odometry and optimization nodes. In
that case, we will compute the processing time by adding
the odometry and optimization time together. For IEKF
and AA-IEKF, we set the maximum iterations to ten
to make the algorithm fully converge, but the maximum
iterations in FastLIO2 are still set to 4 as default2.

The results show that when the maximum iterations
are enlarged, IEKF is generally slower than FastLIO2,
even with the acceleration from the better nearest neigh-
bor structure in [5]. But AA-IEKF generally outperforms
the other approaches since the average iterations in AA-
IEKF are smaller. The LIO-SAM campus sequences are
exceptional, where IEKF and AA-IEKF perform almost
the same because the algorithm converges quickly (2-
3 iterations) in these sequences. In summary, the AA-
IEKF can run at more than 150 Hz on a laptop-level
CPU platform (like i7-10750H).

VI. Conclusion
In this paper, we present an Anderson-accelerate

approach for a general on-manifold error state Kalman
filter and apply it in an LIO system. The Anderson
acceleration is performed in the tangent space of the
starting point in IEKF, preventing additional transforms
from the manifold to its Lie algebra. The AA-IEKF can
effectively reduce the number of necessary iterations and
obtain a low final cost in the point cloud alignment while
keeping the time usage in a reasonable range. We think
our approach can also be adopted in other IEKF-based
systems and can be helpful for future studies.
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TABLE I
Accuracy Evaluation in RPE (% drift per 100 meters) and APE (m)

Map ID AA-IEKF (%/m) IEKF (%/m) FastLio2 (%/m) LIO-SAM (%/m) LiLi-OM (%/m)
nclt 1 0.524/1.89 0.491/1.93 0.448/1.75 - -
nclt 2 0.386/0.95 0.370/0.94 0.347/0.91 0.430/1.11 -
nclt 3 0.392/1.65 0.394/1.94 0.346/2.12 0.366/5.83 -
nclt 4 0.481/1.31 0.513/1.32 0.408/0.82 - -

utbm 1 0.665/13.7 0.666/14.5 0.714/12.7 - 2.261/63.1
utbm 2 0.828/14.7 0.830/15.1 0.836/13.3 - 1.199/82.0
utbm 3 0.443/14.1 0.444/14.8 0.481/14.6 - 1.800/102.3
utbm 4 1.523/7.59 1.524/7.77 1.797/7.22 - 1.319/48.0
utbm 5 0.273/14.4 0.273/15.2 0.295/12.9 - 1.995/76.2
utbm 6 1.176/13.7 1.181/14.2 1.184/13.3 - 6.718/77.9
ulhk 1 2.086/0.65 2.186/1.24 1.477/1.20 1.363/1.48 1.877/9.98
ulhk 2 1.700/0.65 1.701/1.13 1.624/1.10 1.369/1.81 1.414/10.3

liosam campus small 1.014/0.81 1.106/1.77 0.751/0.83 0.654/0.47 -
[1] We do not adjust the parameter settings for LIO-SAM and LiLi-OM, which may cause the older algorithms to not run perfectly
in newer datasets.
[2] “-” means the algorithm failed in this sequence due to large drift or lack of necessary input data.

TABLE II
Processing Time of Each Scan

Map ID AA-IEKF (ms) IEKF (ms) FastLio2 (ms) LIO-SAM (ms) LiLi-OM (ms)
nclt 1 6.26 9.67 6.59 70.77 25.36
nclt 2 4.75 7.07 7.90 42.19 30.65
nclt 3 6.27 9.56 6.29 61.62 16.38

utbm 1 6.12 7.94 9.48 - 35.25
utbm 2 6.48 8.06 8.60 - 33.43
utbm 3 6.49 8.12 8.58 - 33.45
ulhk 1 5.13 9.61 6.90 26.37 25.9

liosam campus small 3.13 3.10 7.99 48.47 -
liosam campus large 3.51 3.45 6.51 50.88 -

[1] The maximum number of iterations in AA-IEKF and IEKF is set to 10, while in FastLIO2 it is set to 4 as default.

(Z201100006820047) from Beijing Municipal Science
and Technology Commission.

Appendix

In the appendix section, we give the exact forms of
the dynamics and the Jacobian matrices mentioned in
the previous sections.

A. Nominal State and Error State Dynamics

The nominal state is propagated by the gyroscope and
accelerator inputs: u(k) = [ω,a]T (k), which is affected
by the IMU noise: w(k) = [ng,na,nbg,nba]

T .
The prediction equations of the nominal state are:

xpred(k + 1) = f(x(k),u(k))

=


p(k) + v(k)∆t

R(k)Exp((ω − bg)(k)∆t)
v(k) + (R(k)(a− ba(k)) + g(k))∆t

0
0
0

 .
(31)

The error state dynamics are same with [13]:

δxpred(k + 1) = f ′(δx(k),u(k),w(k)) =
δp+ δv∆t

Exp(�(ω � bg)∆t)δθ � Jr((ω � bg)∆t)δbg∆t+ ng∆t
δv + (�R(a� ba)

∧δθ �Rδba � g∧B(g)δg)∆t+ na∆t
δbg + nbg∆t
δba + nba∆t

δg

 ,

(32)

where Jr(x) is the right Jacobian matrix in SO(3):

Jr(x) =
sin(||x||)

||x||
I+ (1− sin(||x||)

||x||
)
xxT

||x||2

+
1− cos(||x||)

||x||
x∧

||x||
.

(33)

B. Jacobian Matrix of the Motion Equation

The Jacobian matrix of the motion equation is just
the linearized form of (32):

F =


I 0 I∆t 0 0 0
0 FRR 0 FRbg

0 0
0 FvR I 0 −R∆t Fvg

0 0 0 I 0 0
0 0 0 0 I 0
0 0 0 0 0 I

 , (34)



where

FRR = Exp(−(ω − bg)∆t), (35)
FRbg = −Jr((ω − bg)∆t)∆t, (36)
FvR = −R(a− ba)

∧∆t, (37)
Fvg = −(g∧)B(g)∆t. (38)

The Jacobian matrix of S(2) is:

B

(ab
c

) =
1

l

 −b −c
l − bb/(l + a) −bc/(l + a)
−bc/(l + a) l − cc/(l + a)

 , (39)

where l =
√
a2 + b2 + c2.

The M(x, δx) in S(2) is given as:

M(x, δx) = −Exp(B(x)δx)x∧Jr(B(x)δx)B(x). (40)

C. Jacobian Matrix of the Observation Equation
For a lidar point pi and its nearest neighbor, we

denote the corresponding plane si by a norm vector ni

and a center qi. Then point-to-plane distance di can be
calculated by the residual function:

di = h(x) = nT
i (Rpi + p− qi). (41)

The partial derivatives of the states are:

H(δθ) =
∂h

∂R

∂R

∂δθ
= −nT

i Rp∧
i , (42)

H(δp) =
∂h

∂p

∂p

∂δp
= nT

i . (43)
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