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Abstract—In this letter, we propose a novel method to merge a
Gaussian mixture on matrix Lie groups and present its application
for a simultaneous localization and mapping problem with sym-
metric objects. The key idea is to predetermine the weighted mean
called a midway point and merge Gaussian mixture components at
the associated tangent space. Through this rule, the covariance ma-
trix captures the original density more accurately, and the need for
the back-projection is spared when compared to the conventional
merge. We highlight the midway-merge by numerically evaluating
dissimilarity metrics of density functions before and after the merge
on the rotational group. Furthermore, we experimentally discover
that the rotational error of symmetric objects follows heavy-tailed
behavior and formulate the Gaussian sum filter to model it by
a Gaussian mixture noise. The effectiveness of our approach is
validated through virtual and real-world datasets.

Index Terms—Gaussian mixture, matrix Lie group, object
detection, SLAM.

I. INTRODUCTION

AGAUSSIAN mixture (GM) is prevalent in engineering
problems such as state estimation and target tracking due

to its ability to model multiple hypotheses. A radar altimeter
exhibits a GM noise characteristic in vegetated areas by multiple
returns from the ground and vegetation canopy [1], [2]. The
posterior intensity is represented by a GM in the probability
hypothesis density filter [3] for the efficient update recursion.
Especially in robotics research, GM is a versatile tool to perceive
the surrounding real-world environment. In simultaneous local-
ization and mapping (SLAM) problems, multiple loop closure
and data association hypotheses can be encoded in GM distri-
butions [4], [5]. It is common to model the map as a mixture
of local Gaussian distributions for better registration [6], [7].
Multiple pose hypotheses of symmetric objects are modeled in
a GM distribution [8], [9].
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Fig. 1. Rotational error estimated by a 6 DOF pose detector [10] of a mug in
the YCB-Video dataset [11]. The symmetric z-axis exhibits heavy-tailed noise
distribution due to self-occlusion.

The Bayes rule plays a central role in estimation prob-
lems, and the Bayesian filter is solved analytically in a linear
Gaussian system. However, once a GM is introduced in either
process or measurement distributions, the Bayesian recursion
exponentially increases the number of hypotheses [12], [13].
To maintain a tractable size of a state dimension, Gaussian
components should be merged or pruned with the minimum
information loss. On the other hand, in the aspect of modeling a
state-space representation, a matrix Lie group is a natural tool to
deal with the underlying geometry, for instance, describing the
three-dimensional position and attitude of a rigid body [14], [15].
Filtering on matrix Lie groups [16], [17] has shown promising
consistency and accuracy over the conventional parameteriza-
tion in a vector space.

However, dealing with a GM on matrix Lie groups is not
straightforward. A question arises in how to define GMs and
a reduction procedure on matrix Lie groups. To this end, we
propose to merge a GM at a common tangent space that is called
a midway point, a weighted matrix of mean matrices. Through
this merge rule, we prove that the approximation error is less
than the conventional merge by Ćesić et al. [18] when deriv-
ing the merged covariance matrix. Furthermore, our approach
eliminates the need for the back-projection leading to a lighter
computational burden over the conventional merge.
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We present a promising application example in object SLAM
with pose ambiguity. Since a pioneering work of object-based
SLAM [19], these systems have shown promising results over
conventional low-level SLAM by capturing semantically as well
as geometrically meaningful information. However, estimating
the 6 degrees of freedom (DOF) pose of a symmetric object with
occlusion is still very challenging. For instance, we experimen-
tally discover that the rotational error along the symmetric axis
of a mug behaves as a heavy-tailed distribution, as shown in
Figs. 1 and 5. A standard Gaussian distribution cannot capture
this behavior and properly weight these outliers. To tackle this,
we fit the noise distribution by a GM and formulate a Kalman
filter with the proposed GM merge method using a 6 DOF pose
detector as a sensor. The main contribution of this letter is as
follows.
� We propose a novel GM merge on matrix Lie groups that is

called Gaussian mixture midway-merge, where probability
density functions (PDF) are transformed at the tangent
space of the predetermined midway point, then merged.

� The strength of our merge method is validated through the
numerical evaluation of PDF dissimilarity metrics on the
special orthogonal group SO(3).

� We formulate a Kalman filter with the proposed merge
for object SLAM with pose ambiguity and demonstrate
its effectiveness in a Monte-Carlo simulation, photo-
realistic simulator, and real-world dataset. We open our
implementation1 for the benefit of the community.

II. RELATED WORKS

A. Gaussian Mixture Merge

A GM distribution approximates any arbitrary PDFs but leads
to exponentially increasing hypotheses in Bayesian recursions.
To restrain the inflation, GM reduction includes two main steps:
component selection and merging. The goal of the selection is
to pick the most similar densities among components. Williams
and Maybeck [20] proposed the integral square difference (ISD)
as a dissimilarity measure. Runnalls [21] derived an upper
bound for the Kullback-Leibler divergence (KLD) between
PDFs before and after the moment-preserving merge. Assa and
Plataniotis [22] adopted the Wasserstein distance to preserve the
geometric shape of GMs. However, previous works were limited
to PDFs in a vector space. We focus on a GM merge on matrix
Lie groups.

The most relevant work to ours is [18]. Built upon the Gaus-
sian PDF on matrix Lie groups [23], [24], they transform one
of the densities in a pair of Gaussian components to the other
tangent space, then merge the components as done in a vector
space. After this step, the density should be back-projected to
matrix Lie groups for a zero-mean at the new associated tan-
gent space. However, their approach assumed that the distance
between mean matrices in a GM should be small to make a
valid PDF after the merge, and the back-projection involves
two matrix multiplications per a merge. In contrast, we directly
merge components at the midway point.

1[Online]. Available: https://github.com/lastflowers/midway

B. Object SLAM

In the context of object SLAM, object poses, as well as
robot poses, are jointly estimated. Primitive shapes are em-
ployed to model objects such as spheres [25], ellipsoids [26],
cuboids [27], and cylinders [28]. Others use an accurate CAD
model to formulate likelihoods [19]. In the aspect of estimator
consistency, [29], [30] proved that unobservable bases do not
depend on a linearization point in a framework of the invariant
extended Kalman filter (IEKF). However, previous approaches
did not explicitly consider ambiguous object measurements.

To deal with multiple hypotheses due to the ambiguity,
PoseRBPF [31] represents the marginalized pose distribution by
the augmented autoencoder [32], but their method only includes
a single object for a detector that ignores the correlation between
objects. Fu et al. [8] utilized a max-mixture [4] for multimodal
pose estimates in the back-end implementation, but the approx-
imation is vulnerable to bad initialization. To overcome the
sensitivity in initialization, Lu et al. [9] proposed a heuristic
technique to re-initialize a hypothesis, but their noise assumption
for a mug did not reflect the real-world noise characteristic.
Merrill et al. [33] introduced the prior keypoint heatmap as
an input to a deep neural network, but they did not explicitly
consider the noise behavior of symmetric objects. We focus
on representing the actual noise distribution of a symmetric
object and formulate a Kalman filter to account explicitly for
its uncertainty.

III. PRELIMINARIES

A. Matrix Lie Group

A matrix Lie group G is a group as well as a smooth manifold
where its elements are matrices. A Lie algebra identified on the
identity matrix consists of a vector space g with the Lie bracket.
The hat operator (·)∧ transforms an element in g to a vector
element and the inverse mapping is designated as (·)∨. Elements
in both structures are related through the matrix exponential and
logarithm map,2

exp(x∧) = X, ln(X)∨ = x (1)

where x ∈ RN , x∧ ∈ g, and X ∈ G. Closed-form expressions
for certain matrix Lie groups can be found in [14].

We use an approximated Baker-Campbell-Hausdorff (BCH)
formula throughout this letter,

ln (exp(x∧1 ) exp(x∧2 ))
∨ ≈ x1 + Jl(−x1)

−1x2 (2)

where the higher-order term O(‖x2‖2) is assumed to be 0,
‖x‖2 = xTx is a 2-norm, Jl(x) =

∑∞
n=0 ad(x)n/(n+ 1)!, and

ad(x) is an adjoint of a Lie algebra. Based on (2), a useful
equation is obtained

ln (exp(−x∧1 ) exp((x1 + x2)
∧))
∨ ≈ Jl(−x1)x2 (3)

if x2 is small [18].

B. Gaussian Distribution on Matrix Lie Groups

A Gaussian distribution on matrix Lie groups is defined
through a vector element at the identity [23],

X = exp(−ξ∧)X̂. (4)

2The matrix logarithm is one-to-many, but it is uniquely defined, for instance,
if the magnitude of the rotational part in SO(3) is ‖φ‖ < π.
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We follow the right-invariant error convention [16], X̂ ∈ G is a
mean matrix, and ξ ∼ N(0, P ), a Gaussian distribution with a
zero-mean and covariance P . Assuming that ξ is concentrated
at the identity and by changing the coordinate dX = |Jl(ξ)|d ξ,

1 =

∫
RN

(2π)−
N
2 |P |−

1
2 exp

(
−1

2
ξTP−1ξ

)
d ξ

=

∫
G

η exp

(
−1

2
ln(X̂X−1)∨

T

P−1ln(X̂X−1)∨
)
dX (5)

where η = (2π)−
N
2 |Jl(ξ)PJl(ξ)

T |− 1
2 . We denote the last line

of (5) asX ∼ NG(X̂, P ). As introduced in [18], a GM on matrix
Lie groups is expressed as∑

i

wiNG(X̂i, Pi) (6)

where a weight of the ith component wi satisfies
∑

i wi = 1.

C. Moment-Preserving Merge in a Vector Space

It is straightforward to merge two Gaussian distributions in
a vector space by preserving the first and second-moment [21].
Suppose that we are given a GM with two components,

w∗1N (x̂1, P1) + w∗2N (x̂2, P2) (7)

where w∗1 and w∗2 are normalized weights. Then, their moment-
preserving merged distribution is N(x̂m, Pm) where

x̂m = w∗1x̂1 + w∗2x̂2

Pm = w∗1P1 + w∗2P2 + w∗1w
∗
2(x̂1 − x̂2)(x̂1 − x̂2)

T . (8)

IV. GAUSSIAN MIXTURE MERGE

We review the uncertainty transformation in [18] and reveal
a limitation that would yield information loss with increasing
distance between means of GM components. Then, we introduce
a Gaussian mixture midway-merge to mitigate this.

A. Uncertainty at the Transformed Mean

To merge a GM on matrix Lie groups, it is straightforward to
merge them at the same mean. Assume that we wish to express
NG(X̂i, Pi) at some common point X̂c. Using notations in Sec-
tion III, we can write the ith random vector as ξi = ln(X̂iX

−1)∨.
Substituting X = exp(−ξ∧c )X̂c,

ξi = ln
(
X̂iX̂

−1
c exp(ξ∧c )

)∨
= ln (exp(Δx∧i ) exp(ξ∧c ))

∨

(3)
≈ Jl(Δxi)(ξc +Δxi) (9)

if Δxi is small where exp(Δx∧i ) := X̂iX̂
−1
c . Then, substituting

(9) to the first line of (5), we obtain

1 ≈
∫

RN

(2π)−
N
2

∣∣P̄i

∣∣− 1
2

× exp

(
−1

2
(ξc +Δxi)

T P̄−1i (ξc +Δxi)

)
d ξc (10)

where we used d ξi = |Jl(Δxi)|d ξc and the new covariance is
P̄i = J−1l (Δxi)PiJ

−T
l (Δxi). Therefore, the random vector at

the new mean follows, ξc ∼ N(−Δxi, P̄i) [18].
It is clear that as the distance between mean matrices ‖Δxi‖

increases, (10) is no longer a valid PDF, hence P̄i cannot capture

Fig. 2. Schematic illustration of the proposed merge with the corresponding
equations at each step.

the correct uncertainty. Also, being a valid density in the line of
(5) requires back-projection to make a zero-mean. To mitigate
the assumption and remove the additional computation, we
merge GM components at a midway point in the following
section.

B. The Midway-Merge

Given two components in a GM on matrix Lie groups,

w1NG(X̂1, P1) + w2NG(X̂2, P2) (11)

the key idea is to merge them at the fused mean,

X̂f =
(
X̂2X̂

−1
1

)w∗2
X̂1 (12)

where w∗2 = w2/(w1 + w2) is a normalized weight. Eq. (12) is
analogous to linear interpolation in a Lie algebra [14]. We call
X̂f as a midway point as it is placed between X̂1 and X̂2 as
schematically seen from Fig. 2. If we express NG(X̂1, P1) at
the midway point using (10),

ξf ∼ N
(
−Δx1, P̄1

)
Δx1 = ln

(
X̂1X̂

−1
f

)∨
P̄1 = J−1l (Δx1)P1J

−T
l (Δx1) (13)

where we assume thatO(‖Δx1‖2) = 0. Likewise, we transform
the second component to the midway point,

ξf ∼ N
(
−Δx2, P̄2

)
Δx2 = ln

(
X̂2X̂

−1
f

)∨
P̄2 = J−1l (Δx2)P2J

−T
l (Δx2). (14)

Again, we assume that O(‖Δx2‖2) = 0.
We merge the transformed distributions in (13) and (14) at

the tangent space on X̂f by preserving moments as introduced
in Section III-C,

Δxf = − w∗1Δx1 − w∗2Δx2

= − w∗1 ln
(
X̂1X̂

−1
f

)∨
− w∗2 ln

(
X̂2X̂

−1
f

)∨
. (15)

We define the distance between X̂1 and X̂2 as

exp(Δx∧) := X̂2X̂
−1
1 . (16)



JUNG AND PARK: GAUSSIAN MIXTURE MIDWAY-MERGE FOR OBJECT SLAM WITH POSE AMBIGUITY 403

Fig. 3. The differences of the (a) Kullback-Leibler divergence and (b) integral
square distance between the proposed and previous method [18].

Substituting (12) and (16) to (15) yields

Δxf = − w∗1 ln (exp (−w∗2 Δx∧))
∨

− w∗2 ln (exp (Δx∧) exp (−w∗2 Δx∧))
∨

= w∗1 w
∗
2Δx− w∗2(1− w∗2)Δx

= 0. (17)

This implies that the merged distribution at the tangent space of
X̂f is a valid distribution as a line of (5). Using (8), the merged
covariance is

Pf = w∗1 P̄1 + w∗2 P̄2 + w∗1 w
∗
2 (Δx2 −Δx1)(Δx2 −Δx1)

T

= w∗1 P̄1 + w∗2 P̄2 + w∗1 w
∗
2 ΔxΔxT , (18)

and the weight is

wf = w1 + w2. (19)

Fig. 2 illustrates the overall procedure of the Gaussian mixture
midway-merge in which each component is transformed to the
same mean and merged in a vector space. It is remarkable to
note that our approach does not require any back-projection to
matrix Lie groups by virtue of (17) that was needed in [18]. This
spares computing the adjoint when merging the covariance.

C. Approximation Error Analysis

We have assumed that both ‖Δx1‖2 and ‖Δx2‖2 are zero
when deriving the merge method. This approximation is actually
less significant than the assumption (in our notation, ‖Δx‖2 =
0) in the previous method [18].

Theorem: Given ‖Δx1‖, ‖Δx2‖, and ‖Δx‖ in (13), (14), and
(16), respectively, then, ‖Δx1‖2 + ‖Δx2‖2 ≤ ‖Δx‖2

Proof: From the definition we can see that the distance be-
tween X̂1 and X̂f is

Δx1 = ln (exp(−w∗2Δx∧))
∨
= −w∗2 Δx. (20)

Likewise, the distance between X̂2 and X̂f is

Δx2 = ln (exp((1− w∗2)Δx∧))
∨
= (1− w∗2)Δx. (21)

Therefore,

‖Δx1‖2 + ‖Δx2‖2 = (w∗21 + w∗22 )‖Δx‖2

≤ ‖Δx‖2 (22)

since 0 ≤ w∗1 ≤ 1, 0 ≤ w∗2 ≤ 1 and w∗1 + w∗2 = 1. �

It is remarkable to note that the approximation error in
the Gaussian mixture midway-merge is always less than the
conventional method [18] except when w∗1 = 1 or w∗2 = 1. In
these extreme cases, a merge is not required. Based on (22),
our approach can estimate the merged covariance matrix more
accurately when merging Gaussian distributions on matrix Lie
groups.

V. GAUSSIAN MERGE ON SO(3)

The objective of this test is to investigate dissimilarity between
densities before p(X) and after the merge q(X) with increasing
distance of mean matrices. Suppose that we are given densities
on SO(3) such that

p(X) = 0.5︸︷︷︸
w∗1

NG

⎛
⎜⎝exp([0, 0, 0]T

∧
)︸ ︷︷ ︸

X̂1

, 52I3︸︷︷︸
P1

⎞
⎟⎠

+ 0.5︸︷︷︸
w∗2

NG

⎛
⎜⎝exp([φ,−φ, φ]T ∧)︸ ︷︷ ︸

X̂2

, 102I3︸ ︷︷ ︸
P2

⎞
⎟⎠ (23)

q(X) = NG

(
X̂f , Pf

)
(24)

where the angle, φ is increased from 5 to 60 deg with the interval
of 5 deg. The KLD and ISD are defined as follows

DKL(p || q�) =
∫
SO(3)

p(X) ln

(
p(X)

q�(X)

)
dX

ISD(p, q�) =

∫
SO(3)

(p(X)− q�(X))2 dX (25)

where p(X) is defined in (23), and q�(X) either could be
the proposed merge q1(X) or the previous method q2(X)
[18].

Since a direct numerical integration on SO(3) is intractable,
we numerically integrate the KLD and ISD on so(3) with a
0.3 deg interval using the BCH formula up to the 5th order terms.
By definition of KLD,

DKL(p || q) =∫
so(3)

(
η1 exp

(
−1

2
ξTP−11 ξ

)
+ η2 exp

(
−1

2
ξT2 P

−1
2 ξ2

))

× ln

⎛
⎝η1 exp

(
− 1

2ξ
TP−11 ξ

)
+ η2 exp

(
− 1

2ξ
T
2 P

−1
2 ξ2

)
ηf exp

(
− 1

2ξ
T
f P

−1
f ξf

)
⎞
⎠ dξ

(26)

where ξ, ξ2, and ξf are random vectors on X̂1, X̂2, and X̂f ,
respectively. The normalizers are

η1 = w∗1(2π)
− 3

2 |P1|−
1
2 ,

η2 = w∗2(2π)
− 3

2 |P2|−
1
2
|Jl(ξ)|
|Jl(ξ2)|

,

ηf = (2π)−
3
2 |Pf |−

1
2
|Jl(ξ)|
|Jl(ξf )|

. (27)
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Fig. 4. (a) Virtual trajectory with a mug where the asterisk marks the first
camera pose. (b) Average execution time of a single run in 100 Monte-Carlo
simulations.

Algorithm 1: GM-IEKF with Midway-Merge.

Input: {w(h), X(h), P (h)}N
−
h

h=1, {Yj}Mj=1, um

Output: {w(h), X(h), P (h)}Nh

h=1
// prediction for every hypothesis

1: for h = 1 to N−h do
2: (X(h), P (h))← Prediction (X(h), P (h), um)
3: end for

// update for every hypothesis
4: for h = 1 to N−h do
5: for i = 1 to 2 do
6: w(h+)← weightUpdate (w(h), X(h), P (h), Ri)
7: (X(h+), P (h+))←

Update (X(h), P (h), {Yj}Mj=1, Ri)
8: end for
9: end for

10: N+
h = 2N−h

11: while N+
h ≥ Nh do

midwayMerge (w(h), X(h), P (h))
12: end while

Using the BCH formula ξ2 is approximated as follows

ξ2 = ln(X̂2X
−1)∨ = ln(X̂2X̂

−1
1 X̂1X

−1)∨

= ln (exp(Δx∧) exp(ξ∧))∨

≈ Jl(ξ)
−1Δx+ ξ +

1

12
Δx∧Δx∧ξ − 1

24
ξ∧Δx∧Δx∧ξ

+
1

120
Δx∧ξ∧Δx∧ξ∧Δx+

1

120
ξ∧Δx∧ξ∧Δx∧ξ. (28)

Likewise, ξf is approximated as analogous to ξ2. We solve (26)
by the Euler method with Δξi = 0.3 deg interval,

12003∑
i=1

p(ξi) ln

(
p(ξi)

q(ξi)

)
Δξi. (29)

Fig. 3 shows the differences of each dissimilarity measure:
DKL(p || q2)−DKL(p || q1) and ISD(p, q2)− ISD(p, q1).
Since the differences are larger than zero at all φ, our method
more accurately captures the original density p(X) than the
conventional method. As expected from our error analysis in
Section IV-C, the differences become larger when φ increases.
This is originated from the violation of the assumption that
‖Δx‖2 ≈ 0.

Fig. 5. Rotational error histogram of the self-occluded mug estimated by Cosy-
Pose in the YCB-Video dataset. The Gaussian mixture captures the heavy-tailed
density, while the Gaussian fitting fails to account for it.

TABLE I
ROTATIONAL ROOT MEAN SQUARE ERROR AND AVERAGED NORMALIZED

ESTIMATION ERROR SQUARED IN 100 MONTE-CARLO RUNS

VI. OBJECT SLAM WITH SYMMETRY

We consider a SLAM problem with a symmetric object as a
promising example of the midway-merge. Specifically, we are
interested in jointly estimating robot and object poses parame-
terized by

X = (TR, T1, . . . , TM ) (30)

where TR represents a robot pose and {Tj}Mj=1 are object poses
in SE(3). The robot pose is driven by the odometry model,

d

dt
TR(t) = TR(t) (u(t) + nw(t))

∧ (31)

where u(t) ∈ R6 is the true body velocity, and nw(t) ∈ R6 is
a zero-mean white Gaussian noise with E[nw(t)nw(τ)

T ] =
Qδ(t− τ). We assume that objects are static d/dt Tj = 0.
An onboard sensor (RGB sensor with a deep neural network)
measures a relative pose of the jth object at a discrete time,

Yj(tk) = TR(tk)
−1 Tj(tk) exp(nj(tk)

∧). (32)

The measurement noise is a white GM that is uncorrelated to
nw such that

nj(tk) ∼ α1 N(0, R1) + α2 N(0, R2). (33)

We investigate around 10 k images of a mug in the YCB-Video
dataset [11] when its handle is self-occluded. The rotational error
histogram by CosyPose [10] with a single view is shown in Fig. 5.
It is clearly seen that the symmetric z-axis exhibits heavy-tailed
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TABLE II
ROOT MEAN SQUARE ERROR OF THE ROBOT AND MUG POSE IN THE YCB-VIDEO DATASET

TABLE III
AVERAGE EXECUTION TIME IN MILLISEC. FOR GM MERGES PER FRAME

behavior. We encode this by two GM components in nj for a
simple but effective representation.

We implement the Gaussian sum filter where each hypothesis
is an extended Kalman filter parameterized by the right-invariant
error based on [29].Weights of each hypothesis are recursively
updated according to the Bayes rule [12]. By introducing the
multimodal noise, it is evident that the number of hypotheses
exponentially increases. Unless otherwise noted, we merge two
Gaussian components sequentially that have the largest and
the smallest weight until the number of hypotheses reaches
the predefined threshold Nh. Also, we merge the largest and
second-largest weights of Gaussian components to summa-
rize the estimated quantity. Algorithm 1 shows the Gaussian
mixture invariant extended Kalman filter (GM-IEKF) with the

midway-merge. We implement it in MATLAB with Intel i5-7600
CPU at 3.50 GHz.

VII. EXPERIMENTS

Throughout this section, we designate GM-IEKF with the
proposed midway-merge as GM(midway), while GM-IEKF with
the conventional merge anchored at the tangent space of the
larger weight [18] as GM(TL). We define pose error as

ε = ln(T̂ T−1)∨ (34)

by the convention in (4). In the simulation part, we present
the averaged normalized estimation error squared (ANEES) to
measure estimator consistency. At a specific time, ANEES is
defined as

ANEES =
1

N Ns

Ns∑
i=1

εTi P
−1
i εi (35)

where N = 6 + 6M is a dimension of the state, Ns = 100 is
the number of simulative runs, and P is the error covariance.
Therefore, ANEES should be the unity if the covariance fully
explains the actual error.
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Fig. 6. The rotational error of the symmetric axis of the mug in the 0022
sequence. Our filtering method successfully mitigates large errors by virtue of
prior information and the GM noise modeling.

A. Monte-Carlo Simulation

We generate a virtual trajectory shown in Fig. 4(a), odom-
etry readings, and pose detection based on a sensor specifi-
cation. The odometry noises are set as 0.026 deg/s/

√
Hz and

0.002m/s/
√
Hz, respectively. A virtual detector outputs a 6

DOF pose of the mug where only the rotation z-axis gives the
GM noise, that is

α1 = 0.7,√
R1 = diag(4◦, 4◦, 4◦, 0.01m, 0.01m, 0.01m),

α2 = 0.3,√
R2 = diag(4◦, 4◦, 12◦, 0.01m, 0.01m, 0.01m). (36)

To expose merge methods in an extreme case, we merge the most
distant components after the filter update. Given a single object,
we set Nh = 4 in our simulation.

Table I reports averaged rotational root mean square error
(RMSE) and ANEES in 100 runs. We increase the process
noise deviation

√
Q to simulate low-grade sensors. The proposed

merge decreases the estimation error further and outputs more
consistent estimates as

√
Q increases. The more uncertain the

process model is, the more opportunities multimodal a posteriori
occurs. That is, ‖Δx‖2 in (16) becomes larger. Furthermore, as
our method directly merges distributions at the predetermined
midway point, it spares computing the adjoint to back-project
the merged distribution. This reduces execution time, as shown
in Fig. 4(b). We also provide a comparison result with a longer
moving distance in a photo-realistic simulator. Please see our
supplementary video for further details.

B. Real-World Dataset

In the YCB-Video dataset [11], we validate the object-
based SLAM formulated by GM-IEKF with the midway-merge
method. The goal of this test is to investigate the efficacy of
the midway-merge and how estimation error decreases with
respect to the state-of-the-art 6 DOF pose detector, object SLAM
(RIEKF [30]) and low-level SLAM (ORB-SLAM3 [34] with
RGB-D). Among possible candidates such as CosyPose [10] and
PoseRBPF [31], we use CosyPose with a single view as a sensor
trained by the authors because of its superior performance.

Fig. 7. Temporally consecutive images (image index: from 206 to 209) that
include the occluded mug in the 0022 sequence. We render measurements (top
row) and filtered pose (bottom row) on top of the image. The measurement
clearly exhibits a large error along the symmetric axis.

We select data sequences that contain a mug in scenes that
possess heavy-tailed noise distribution along the symmetric axis
as analyzed in Fig. 5. The noise characteristic of CosyPose is
predictable since the authors introduce the symmetric distance
in the training loss function. This allows the network to train
symmetric objects, but at the same time, this admits estimation
errors due to the symmetry. We model this error by a GM
distribution in the filter update.

Objects other than the mug in scenes are also modeled as
heavy-tailed distribution for a generalization of the proposed
approach. Given multiple objects, we set Nh = 12. Please note
that we exclude objects that output very unstable estimates,
such as bricks and bowls. Since odometry measurements are
unavailable in the dataset, we use a constant velocity model.

Table II reports RMSE of the robot (camera) and mug pose,
and robot-mug relative pose. GM-IEKF with two merge methods
outputs almost identical estimation error. We interpret this is due
to the low noise level Q (slow and smooth motion) as analyzed
in Table I. However, the midway-merge consistently reduces
execution time with respect to the conventional merge [18]
as summarized in Table III by sparing the back-projection
procedure. The execution time for GM(midway) corresponds
to the time to process the 11 line in Algorithm 1 per frame,
while the midway-merge is replaced by the conventional merge
in GM(TL). The back-projection involves two dense matrix
multiplication in a state dimensionN . In the YCB-Video dataset,
N = 36 depending on the number of objects, and Table III
indicates that 13 times GM merge on average per frame is not
trivial.

In contrast, filtered pose by our approach GM(midway) re-
duces 49.5% of relative rotation error when compared to Cosy-
Pose. We observe the significant rotational error reduction in
the sequence 0022 where the mug handle is occluded in most
scenes. Figs. 6 and 7 highlight this that the pose detector suffers
from the large deviation when the handle is occluded, while our
approach mitigates this by perceiving the prior pose. Please see
our supplementary video for further visualization. RIEKF [30],
fed by the identical 6 DOF pose as ours, also improves pose error
when compared to CosyPose thanks to the prior information.
However, the method cannot explicitly address the noise due to
symmetry as opposed to ours, which leads to a large rotation
error as highlighted in Fig. 6. Lastly, GM(midway) improves
the robot localization accuracy with respect to ORB-SLAM3
(RGB-D) in most sequences, even without using depth mea-
surements. This implies that objects possess rich information
for localization and mapping.
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VIII. CONCLUSION

We have proposed the Gaussian mixture midway-merge that
merges Gaussian distributions on matrix Lie groups. Specifi-
cally, our approach computes the merged mean and transforms
the covariance matrices at the corresponding tangent space. This
simple but powerful technique decreases information loss when
the distance between mean matrices increases and computation
time by sparing the adjoint. As a promising example, we for-
mulate GM-IEKF, the Gaussian sum filter with the proposed
merge for a symmetric object SLAM problem. A thorough
Monte-Carlo simulation and demonstration on real-world as
well as synthetic datasets reveal that the midway-merge has a
lighter computational burden and a nice property when the noise
level increases when compared to the conventional merge. We
believe that our method has great potential in state estimation on
matrix Lie groups that deals with Gaussian mixtures. Our future
work includes evaluating the presented approach with diverse
symmetric objects in a long-range scenario. We would like to
generalize our GM noise model to explain a symmetric object
such as a bowl without any distinguished textures.
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