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Abstract—Animal locomotion results from a combination of
power modulation and cyclic appendage trajectories, but combin-
ing these two properties in small-sized robots is difficult. Here, we
introduce and characterize a new elastic actuation system based
on an inverted cam that is capable of generating cyclic locomotion
with controlled elastic energy charge and release for small-sized
robots. We designed a leg linkage and attached to the inverted
cam to develop a single legged hopping platform with one actuated
degree of freedom. The hopping platform was able to continuously
hop forward at 1.82 Hz. The average horizontal hopping distance
was 18.7 cm, and the average forward speed was 0.34 m/s. This
speed was corresponding to a Froude number of 0.14. The energy
consumed for one hop was 2.09 J, and the corresponding energetic
cost of transport was 6.43. The combination of inverted cam and
cyclic trajectory generation has the potential to be used in other
robotic applications, such as flapping wings in the air and tail fin
waving in water.

Index Terms—Elastic actuation, legged robots, mechanism
design, underactuated robots.

I. INTRODUCTION

ANIMALS often achieve continuous dynamic locomotion,
such as hopping [1], wing flapping [2], [3], and tail wag-

ging [4], [5] by means of a combination of power modulation
and cyclic appendage trajectories [6], [7]. Power modulation
is a strategy in which the animal stores energy in its tendons
over a short time before releasing it all at once for explosive
movement [8]–[13]. Cyclic trajectory allows the animal to have
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Fig. 1. PEA and SEA. PEA connects the body and the leg with the actuator
and elastic element in parallel. This structure allows the actuator to store elastic
energy in the elastic element until a physical release trigger is activated. SEA
connects the actuator and the elastic element in series. The elastic element in
SEA stores energy when the appendage have contact with an environment. Both
systems may have a gear box to increase the output torque with reduced operating
speed.

continuous locomotion and seamless transition between energy
storing and releasing phases during the locomotion [10]. In this
article, cyclic trajectory refers to a continuous trajectory that is
repeatedly traveled in one direction. Properly combining power
modulation and cyclic movements in relatively small-sized
legged robots is difficult. Although there have been many efforts
to apply power modulation to relatively small-sized robotic plat-
forms [14]–[33], to the best of authors’ knowledge, all of them
had limitations either in generating cyclic appendage trajectories
or in storing elastic energy due to uncontrolled energy charge
and release.

The weights of the cited small-sized platforms range from 1.1
g [24] to 1.3 kg [26]. Generally, legged robots heavier than 1.3 kg
combine power modulation and cyclic appendage trajectories
with multiple actuators [34]–[37]. The increased number of
actuators increases power output and degrees of freedom, but it
also increases the weight of the platform. The increased weight
then requires the actuators to be more powerful and heavier to
support the increased weight [38]. This phenomenon is more
significant in small-scaled robots, thus increasing number of
actuators is not an ideal solution to provide power modulation
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and cyclic appendage trajectory for small-scaled robots. Here,
our goal is to combine both in a system with a single actuator.

Power modulation has been recreated in small-scaled robotic
platforms through the use of elastic actuation systems [14]–[30],
[32], [33]. These systems are comprised of an elastic element
and an actuator. The single actuator strategy keeps weight down
in systems equipped with elastic actuation. The application of
elastic actuation systems is particularly widespread in robotic
hoppers because hopping requires lightweight and instantaneous
high power output to push a body off the ground. There are
two types of elastic actuation systems: parallel-elastic actuation
(PEA) and series-elastic actuation (SEA) [39]–[41] (see Fig. 1).

The PEA used in the hopping platforms couples an actuator
and an elastic element in parallel. The actuator continuously
provides energy to be stored in the elastic element. At a given
stored energy level, a passive trigger is activated. At this point,
the actuator and the elastic element are no longer in contact, and
the elastic element releases the stored energy. This controlled
energy storing and releasing strategy allows PEA to increase
the elastic energy capacity by using stiffer elastic element and
adjusting the trigger activation timing. However, the parallel
structure between the actuator and the elastic element requires a
rigid connection between the elastic element and the fixed struc-
ture of the robot. This prevents PEA systems from generating a
cyclic trajectory and instead limits them to oscillatory motion.
In this article, oscillatory motion refers to following a trajectory
with back and forth motion created by changing the direction
at each tip of the trajectory as opposed to cyclic motion, which
corresponds to a closed trajectory without reversal of direction.

The EPFL jumper [14] is an example of a hopper equipped
with PEA. The EPFL jumper used an eccentric cam to store
elastic energy in a torsion spring. The robot was capable of
storing elastic energy into the torsion spring and releasing it
when the cam radius reached its maximum. With the controlled
energy storage and release, the EPFL jumper could jump ver-
tically 138 cm (27 times its body size). However, the parallel
structure hindered EPFL jumper from using a cyclic trajectory.
Since the torsion spring was fixed to the body, the tip of the leg
connected to the torsion spring could only generate an oscillating
arc-shaped trajectory due to the limited range of the spring. Also,
energy storing and releasing generated opposite foot trajectory
directions along the arc-shaped trajectory. As a result, the robot
was stationary on the ground while storing energy because the
body movement direction was opposite to the take-off direction.

On the other hand, SEA couples an actuator and an elastic
element in series. This series connection allows the appendage
to change its position as the actuator runs without constraint
from the elastic element [40]. Thus, the appendage attached to
the elastic element is capable of generating a cyclic trajectory.
However, the series connection means that the energetic state of
the elastic element is not directly controlled by the actuator, but
rather by an external force. As a result, SEA generally provides
limited elastic energy and peak power [42] due to premature
energy release.

Salto [32], [33] is an example of a hopping robot equipped
with SEA. Salto resolved the problem of premature release of
elastic energy by tuning the mechanical advantage, i.e., the ratio

of output force to input force. During the energy storage phase
when the foot is in contact with the ground, the linkage leg of
Salto has low mechanical advantage. With the low mechanical
advantage, Salto could not produce an output force higher than
its own weight although the input is higher than its own weight.
As a result, Salto is able to bend its leg for a longer period to
store more energy in the elastic element until the mechanical
advantage switches to a higher value. However, the specific
mechanical advantage profile required for storing higher elastic
energy limits the motion range of the actuator and prevents the
actuator from continuously rotating in one direction. Therefore,
the combination of SEA and specific mechanical advantage
profile could not generate a cyclic foot trajectory.

II. GENERAL CONCEPT OF INVERTED CAM

Here, we propose a novel elastic actuation system, called the
inverted cam (see Fig. 2), to combine a cyclic trajectory and
power modulation with controlled energy charge and release.
The inverted cam inverts the stationary and rotary parts from
a conventional eccentric cam. It consists of a crank for the
appendage linkage and a cam-shaped shell with a gradually de-
creasing radius. The crank is connected to the output shaft of the
motor and rotates inside the cam-shaped shell. The crank con-
sists of the following three parts: two links (light and dark orange
in Fig. 2) connected to each other through a torsion spring. This
connection makes the motor and the crank an SEA with the tor-
sion spring acting as the elastic element. Although regular SEA
stores energy passively, the inverted cam stores elastic energy in
the torsion spring like a PEA by forming a parallel structure with
the cam-shaped shell as the crank rotates inside the shell (Fig. 2
right diagram). Because of this quasi-parallel-elastic structure,
the elastic energy is determined by the output shaft angular posi-
tion when the crank is inside the cam-shaped shell. As the tip of
the crank moves along the cam-shaped shell, the reducing shell
radius exerts a force to compress the torsion spring in the crank.
At the end of the cam-shaped shell, the crank loses contact with
the shell, and the torsion spring releases the stored elastic energy.

This mechanism provides the advantage of having both series
and PEA characteristics by coupling the SEA with the cam-
shaped shell in parallel. The energy-charging strategy of this
quasi-PEA increases the elastic energy capacity by enabling
the actuator to control energy capacity by pressing the elastic
element onto the cam shell. At the moment of energy release,
the parallel connection breaks, and the elastic energy is re-
leased. By shifting the mode between quasi-parallel-elastic and
series-elastic, the system combines the advantages of high elastic
energy capacity offered by PEA and of cyclic trajectory offered
by SEA.

The inverted cam also has the nice property that the electric
motor continuously turns in the same direction (i.e., there is
no back and forth movements). The continuous rotation of the
motor allows a fast locomotion frequency because the motor
does not have to change direction during the locomotion cycle.
In addition, producing cyclic trajectory through the continuous
motor rotation allows a system to have initial velocity in favor
of the motion before the release of elastic energy.
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Fig. 2. Inverted cam diagrams. The middle diagram shows the inverted cam with the modes specified with the texts “SEA Zone” and “quasi-PEA” Zone. The
quasi-PEA zone is when the crank has contact with the radius reducing shell to bend the embedded torsion spring and store energy. The blue shaded regions indicate
the connection between the leg and the crank. SEA zone is where the crank loses the contact with the radius reducing shell and releases the stored elastic energy.
The left and right diagram pictorially show the status of the SEA zone and quasi-PEA zone, respectively. The yellow and blue arrows on the compression springs
indicates the direction of the spring deformation.

In order to validate the proposed mechanism, we built a one-
legged hopping platform that is equipped with the inverted cam
and capable of continuous repeated hopping. We aimed to build
a 150 g platform with 15 cm × 15 cm based on the choice of the
electric motor.

The rest of this article is organized as follows. We characterize
the inverted cam, describe the appendage design of the proposed
system, provide the modeling and corresponding simulation
of hopping performance, and finally validate the design with
experimental results obtained with the one-legged prototype.

III. INVERTED CAM CHARACTERIZATION

A. Input Torque Calculation

The inverted cam allows for customization of the maximum
amount of stored elastic energy based on the application as well
as the required motor input torque. For a given maximum stored
energy, it is important to be able to design the motor input torque
profile. Doing this requires a model, thus, in this section, we
develop and validate one.

The required input motor torque profile to fully charge the
torsion spring can be determined using the principle of virtual
work. Fig. 3 shows the inverted cam parameters used for the
torque calculation. Assuming no friction losses, the work of
the inverted cam output shaft must be used to store the energy
in the torsion spring, thus

δWo = δWs (1)

where δWo is the work from the inverted cam output shaft and
δWs is the work done on the spring. Because work is torque
times the change of angle, (1) can be rewritten as

τoδθo = τsδθs (2)

Fig. 3. Parameters of the inverted cam. L1 and L2 are the lengths of the links
consisting of the crank. r is the length of the third side of the triangle formed by
L1 and L2 links. θO is the output shaft angle with respect to the inverted cam
entrance. As θO increases, r decreases due to the increase in the spring angle,
θS .

where τ and δθ with subscripts are torque and change in angle,
respectively. The subscript o indicates output shaft and s indi-
cates spring. Spring torque equals the spring constant ks, times
the spring angle θs, and the zero deflection angle of the spring
θs,i, therefore, (2) can be rewritten as

τo = ks(θs + θs,i)
δθs
δθo

(3)

where δθs
δθo

is determined by the lengths ofL1 andL2 and the shell
radius function, r(θo). Specifically, the relationship between θs



4 IEEE TRANSACTIONS ON ROBOTICS

and θo is

θs = π − arccos
L2
1 + L2

2 − r2(θo)

2L1L2
. (4)

r(θo) is specific to the inverted cam design. For the prototype
developed here, a linear function is used

r(θo) = −L1 + L2 − rf
θo,f

θo + L1 + L2 (5)

where rf and θo,f are the radius of the cam-shaped shell and
the inverted cam output shaft angle at the exit of the cam-shaped
shell, respectively. rf is defined using the law of the cosine for
the triangle formed by link L1 and link L2

rf =
√

L1
2 + L2

2 − 2L1L2 cos (π − θs,max). (6)

Equations (4)–(6) can be plugged into (3) to calculate the
output shaft torque required to operate the cam. Because there is
a gearbox placed between the inverted cam output shaft and the
motor output shaft, the relationship between the inverted cam
output torque, τo, and the motor torque, τm, is

τm =
τo
cGR

(7)

where cGR is the reduction ratio of the gearbox.
The maximum amount of elastic energy in the torsion spring

Es,max is determined by the choice of spring constant ks and the
maximum torsion spring angle θs,max as shown in the following
equation:

Es,max =
1

2
ksθ

2
s,max. (8)

B. Validation

To validate the theoretical model, we measured the motor
torque values through experimentation. We installed two 1 Ω
resistors in parallel in between the motor controller and the
voltage regulator (see Fig. 4). We could not install the resistors
between the motor and motor controller to directly measure
the motor torque because a flex cable was connecting between
the motor and the motor controller. We used an oscilloscope to
measure the voltage drop over the installed resistors while the
motor was operating the inverted cam system. The measured
voltage could be converted to current with Ohm’s law. We also
measured the average current used to only operate the motor
controller and subtracted this value from the current measure-
ment in order to get the current used only for the motor. With
known stall torque and stall current of the motor, the measured
current could be converted to motor torque. The information
about the motor, motor controller, and the gearbox is presented
in Section VI-A. The parameters used for the simulation and
experiment are shown in Table I.

With the test setup, we obtained motor torque values with
motor speed from 1000 to 10 000 r/min with an interval of 1000
r/min. For each motor speed, we ran the motor while the inverted
cam operated for five cycles and recorded three trials. Since the
motor output shaft torque was transmitted to the inverted cam
output shaft through a three step gearbox with a cGR of 61.875,

Fig. 4. Experimental setup of motor torque measurement. The red line con-
necting the components is the power, and the black line is the ground. In between
the motor controller and the voltage regulator, two 1 Ω resistors were placed
in parallel. The voltage drop over the resistors was measured and converted to
current using Ohm’s law with the known resistance value.

TABLE I
INVERTED CAM PARAMETERS

the output shaft of the inverted cam rotated 61.875 times slower
than the motor output shaft.

The theoretical motor output shaft torque values are presented
in Fig. 5 alongside experimental results for motor speed of 7000
r/min. To reduce the effect of the transient behavior related to the
motor dynamics, we neglected the first cycle and plotted only the
second, third, and fourth cycles. Just one motor speed is selected
for the plot because the comparison between experimental re-
sults and theoretical calculations at different motor speed were
similar to each other. 7000 r/min is selected because this is the
motor speed used for the hopping experiment. As was predicted
by the theoretical calculation, the motor generated the highest
torque at the beginning, and then exponentially decreased as the
tip of the crank approached the exit of the inverted cam. It was
observed that the measured torque values were higher than the
theoretically calculated torque values except the very beginning
of each cycle. This phenomenon is likely caused by friction
from the rough surfaces of the inverted cam, gears, and joints
and imperfect alignment of the gears. The uneven surfaces on the
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Fig. 5. Theoretical calculation and experimental results of the motor torque
profile during the continuous three cycles of cam operation. Three trials are
shown with the solid black line (mean) and the shaded region (standard devia-
tion). Both the theoretical calculation and experimental results had exponentially
decreasing torque profiles. However, the measured motor torque was higher than
the theoretical calculation throughout the entire profile. The motor operated at
7000 r/min, which resulted in 1.89 Hz at the inverted cam output shaft.

inverted cam, joints, and gears required extra torques at random
moments. Thus, the noise was generated in an unpredictable
way. By taking an integral of the motor torque profile over the
motor angle in radian, the total mechanical energy input can
be obtained. The average energy input for one cycle from the
motor and the energy stored in the spring were 0.44 J and 0.25 J,
respectively. Thus, the mechanical efficiency of the inverted cam
was 57.2% at 7000 r/min. These losses stem from friction in
joints and gear mesh and could probably be reduced with higher
quality construction.

The electric efficiency was also calculated based on the con-
sumed electric energy. The average electric energy used per one
cycle at 7000 r/min was 1.21 J, and this number corresponds
to 20.8% energy efficiency. This extra loss is due to the motor
inefficiency including the joule heating loss.

IV. APPENDAGE DESIGN

For a hopping platform, the appendage needs to generate a
foot trajectory with both a stance and swing phase. During the
stance phase, the foot is in contact with the ground and has to
push the body forward and off the ground by releasing the stored
energy in the inverted cam. While the swing phase, the foot is
in the air and the appendage needs to bring the foot back to the
starting point of the stance phase for the next cycle.

A Stephenson type III linkage [43] produces a close approx-
imation of the desired foot trajectory and is used as a starting
point for a further design refinement process. The final design of
the leg linkage was found through iterations of simulations based
on a dynamic modeling and experiments with actual prototypes.
The current leg linkage design (see Fig. 6) has a relatively flat
foot trajectory to push the body forward at the beginning of the
stance phase (Stance phase w/o spring activation in Fig. 6) and
a curved-down foot trajectory at the end of the foot trajectory to
take off (Stance phase w/ spring activation in Fig. 6). This foot
trajectory also has a swing phase that does not overlap with the
stance phase to prevent the system from an early touchdown [44].

Fig. 6. Linkage design with corresponding foot trajectory (left) and a CAD
model of the linkage on the robot (right). The alphabets indicate the joints, and
the colored rigid bodies and the solid lines indicate the links. The foot trajectory
is drawn when the crank indicated with “O–S–C” rotates counter-clockwise
around joint “O.”

TABLE II
LEG LINKAGE PARAMETERS

The leg linkage parameters are tabulated in Table II. The status
of the prototype, inverted cam, and energy level throughout the
entire cycle is shown in Fig. 7.

V. MODELING AND SIMULATION

A mathematical model using the Lagrange formulation was
derived to simulate the hopping performance of the robotic
platform equipped with the inverted cam and six-bar leg linkage.
The robotic system was modeled as a floating base [45] in a
two-dimensional space (see Fig. 8). We used five generalized
coordinates (q ∈ R5) to represent the system. The horizontal and
vertical positions with respect to the base frame were represented
as q1 and q2, respectively, and q3 was used to represent the pitch
rotation. To simplify the dynamics of the multiple links in the
leg linkage, the crank of the inverted cam, and leg linkage were
assumed to be a single appendage with an actuated revolute joint
(q4) and prismatic joint (q5).

A. Input Calculation

To use the generalized coordinates q4 and q5, we need to know
how to map the inverted cam output shaft angle, θO , in Fig. 9 to q4
and q5. We first obtain the inverted cam crank kinematics. Then,
we calculated the corresponding foot trajectory kinematics. The
schematic of the inverted cam crank is shown in Fig. 9, and the
position and corresponding acceleration of joint C, pC and p̈C ,
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Fig. 7. Status of the hopper, inverted cam, and energy during a cycle. The grey bar indicates the energy level changes in the torsion spring as the robot follows the
locomotion cycle. The yellow and orange bars are the crank of the inverted cam and presents the change in spring angle. The CAD rendering of the entire platform
shows how the leg linkage changes as the crank rotates over the cycle.

Fig. 8. Schematic for the robot model. Generalized coordinates (q1–q5) are
used to model the robot. q4, the leg angle, and q5, the leg length, are defined with
respect to the “B” frame and are the actuated coordinates. There is a constraint
at the foot point “pf .” One linear spring and one torsional spring are connected
to the leg.

can be expressed as

pC
O = pS

O +RO
SpC

S , pS
O = OS

[
cos θO

sin θO

]
(9)

p̈C
O = p̈S

O + R̈O
SpC

S + 2ṘO
S ṗC

S +RO
S p̈C

S (10)

Fig. 9. Schematic for inverted cam crank. The crank consists of two links and
one torsion spring. Joint “O” is the output axis of the inverted cam, joint “S” is
where the torsion spring is embedded, and joint “C” is where the power from
the crank is transmitted to the leg. θO is the output shaft angle, and θS is the
spring angle.

where the superscripts and subscript in p describe the frame
where the term is described in and the joint name, respectively.
RTo

From ∈ SO(2) is a rotation matrix whose superscript represents
the frame after transformation and subscript represents the cur-
rent frame. In (9) and (10), the only variable is θO, and the other
terms are determined by the geometry of the crank and θO. We
assume that the motor is controlled at a constant angular velocity.
Therefore, p̈S

O only has a normal direction acceleration and can
be written as

p̈S
O = −‖ṗS

O‖2
OS

x̂S
O (11)
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where the hat indicates a unit vector. The position, velocity, and
acceleration of point C with respect to frame S are

pC
S = RS

C

[
SC

0

]
(12)

ṗC
S = SCωsŷC

S (13)

p̈C
S = − ‖ṗC

S‖2
SC

x̂C
S + αsSCŷC

S (14)

where ωs and αs are the angular velocity and acceleration of
point C rotating around joint S. When the roller on the crank
is making contact with the cam-shaped shell, ωs and αs can be
calculated using geometry with a given motor angular speed.
When the roller loses contact with the shell, the spring on joint
S releases energy, and the corresponding angular acceleration is

αs =
τs
ISC

(15)

where τs is the spring torque and ISC is the inertia of link SC.
τs can be calculated using

τs = −ks(θs + θp) (16)

where ks is the torsion spring constant and θp is the zero
deflection angle of the spring. The prototype had a value of
−π

2 for θp.
With (10)–(16), the positions of joint C can be determined for

the entire cycle using a differential equation solver. The known
kinematics of joint C are then used to calculate the correspond-
ing foot kinematics with the known leg linkage geometry. Then,
q4 becomes the angle with respect to the body frame in Fig. 8,
and q5 becomes the length of the vector connecting the foot and
the center of mass of the body. Taking derivatives of the known
q4 and q5 values, the required q̈4 and q̈5 and corresponding input
torque and force can be determined.

B. Modeling for Different Phases

To provide a nonslipping condition on the foot, we assumed
that the foot is a pin joint by making a constraint at the foot
with the ground [45], [46]. The constraint conditions are zero
velocity and acceleration at the foot, which are

ṗf = Jcq̇ = 0 (17)

p̈f = Jcq̈+ J̇cq̇ = 0 (18)

where pf is the foot position, and Jc is a Jacobian matrix, are

pf =

[
q1

q2

]
+R(q3 + q4)

[
q5

0

]
(19)

Jc =
∂pf

∂q
. (20)

The equation of motion of the model with the foot constraint is

Mq̈+Cq̇+ g + JT
c Fc = STτ + Fext (21)

where M is the mass and inertia matrix, C is the centrifugal
and Coriolis effect matrix, g is the gravitational force vector,
Fc is the reaction force vector at the foot, ST is the matrix

TABLE III
SIMULATION PARAMETERS

that maps two by one input vector to generalized coordinates
for a dimension match [45], τ is the actuator input vector,
and Fext is the external force vector. Fext contains the force
and torque on the leg created from the springs. In addition, it
captures the effects of boom inertia acting against the rotation
around the boom. The effects of a boom are required because
although the simulation is in two-dimensional space, the actual
platform was connected to a boom and hopped around in a circle
(see Section VI experimental method). The linear spring force,
torsional spring torque, and inertia effect are

Fl = kl(q5,o − q5) (22)

Ft = kt(θf − θf,i) (23)

Fb = − Ibαb

Lb
(24)

respectively, where kl is the linear spring constant, kt is the
torsion spring constant, q5,o is q5 without spring deformation,
θf,i is the angle between the leg and the ground, θf,i is the
angle between the leg and the ground at the beginning of stance
phase, Ib is the boom inertia, Lb is the boom length, and αb, is
the angular acceleration of the system. Once the model reached
the condition for take-off, we removed the nonslipping condition
on the foot and the effects of the springs, and the equation of
motion simply becomes

Mq̈+Cq̇+ g = STτ + Fext. (25)

After take-off, we considered the effect of leg retraction to the
initial configuration in the dynamics. The external force only
contained the effect of the boom during the swing phase. The
parameters used for the simulation are presented in Table III
where m, I , and L refers to the mass, inertia, and length, respec-
tively. These values were obtained from a computer-aided design
(CAD) model. kl and kt were estimated from experiments.

C. Simulation Results

Fig. 10 shows the simulation results of three continuous
hopping data for position, velocity, and pitch angle. In average,
the robot was able to travel 18.2 cm and 12.4 cm in horizontal and
vertical direction, respectively, for each hop. The velocity plot
showed that the velocities in both x- and y-direction suddenly
increased when the spring is activated. The velocity increase in
y-direction was higher because the foot trajectory had steeper
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Fig. 10. Simulation results with the dynamic modeling. (a) Center of mass
trajectory. (b) Velocity versus time plot. (c) Pitch angle versus time plot. The
trajectory plot is divided into three sections. For each line, three different line
styles and colors are used to indicate the three different phases of the hopping
cycle.

change in y-direction, as shown in Fig. 6. The peak x-velocity
was 0.54 m/s, and the peak y-velocity was 1.16 m/s in average.
The pitch angle increased to 22.3◦ in average before the spring
activation. No significant change in the pitch angle was observed
during the spring activation. Once the robot entered swing phase,
the pitch angle suddenly increased up to 32.3◦ and decreased
again to −4.7◦ due to the leg retraction. During this time, the
motor controller on the physical prototype was entering an error
mode when there was a sudden change in the speed, thus, the
system required a certain amount of time to reset the motor. This
delay was accounted for in the simulation. The three hops took
1.65 s, and the corresponding frequency was 1.82 Hz. From this
simulation, we verified that the inverted cam is able to provide
power modulation and produce repetitive hopping through cyclic
trajectory. We will compare the simulation results to the real
robot behavior in Section VII.

Fig. 11. Prototype and experimental setup pictures. The boom system is
counter balanced by connecting the same sized bar on the other side. The robot
can be operated by on-board battery or external power supply. For a long-term
experiment, the robot was powered by a power supply, but the robot carried a
battery to keep the weight.

VI. EXPERIMENTAL METHOD

A. Prototype

A one-legged hopping robot was built to experimentally vali-
date the simulation and inverted cam concept (see Fig. 11 ). The
inverted cam shell, gears, and body parts were 3-D printed with
ABS plastic. Gear shafts were cut from 2 mm and 3 mm diameter
stainless steel rods. Carbon fiber rods were used for the leg link-
ages and to assemble 3-D printed parts consisting the inverted
cam structure. Bearings were used to provide smooth rotation
in the joints and gearbox. The electric motor was a Maxon EC
20 flat 351005 model. This motor provided nominal torque of
7.59 mN · m and no-load speed of 10 000 r/min. In the experi-
ment, the motor speed was set to 7000 r/min during the stance
phase and was set to 10 000 r/min during the swing phase to
quickly retract the leg and prepare landing. It was connected to
a gearbox consisting of 3-D printed gears with 1:61.875 gear
reduction rate via three steps. An ESCON Module 24/2 from
Maxon was used as the motor controller, as this controller pro-
vides speed control using an embedded hall effect sensor in the
motor. A Raspberry pi zero W was used as the microcontroller.
The robot could be powered by a 2 cell Li-Po battery with 180
mAh, but a power supply was used during the experiment to
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TABLE IV
WEIGHT BREAKDOWN

avoid having to recharge the battery often. The weight of the
robot excluding components for a boom connection (bearings
and 3-D printed bearing mounts) and reflective markers was
134 g, and the total was 169 g. A weight breakdown is presented
in Table IV.

The foot was 3-D printed with TPU 95 A. The model shown in
Fig. 8 captures the spring-like characteristics of the TPU 95 A
through the combination of linear and torsional springs. The
angled struts in Fig. 11 were providing directionality to align the
deformation direction with the line connecting the center of mass
and the very front of the foot, as shown in Fig. 8. The flexible foot
could also deflect like a torsional spring. Two ABS plates were
attached on the top and bottom surfaces of the foot to prevent
uneven deformation of the foot. To be statically stable on the
ground in a two-dimensional space, the center of mass projection
on the ground must stay inside the contact line formed by the
foot. The length of the foot was chosen to be long enough with
a safety margin of 3 cm to place the center of mass projection
on the ground between the both ends of the foot when the robot
is at the beginning of stance phase.

B. Experimental Setup

The prototype was connected to a boom system to eliminate
the effects from yaw and roll rotations and to focus on the pitch
moment balance, which is the only rotation direction that we
considered in the two-dimensional model (see Fig. 11). The
prototype was able to freely rotate in pitch direction and follow
a circular path around the center of the boom system with a
fixed radius of 1 m. A 1 m carbon-fiber rod was added to the
opposite side of the boom from the prototype to counter balance
the mass of the boom. The hopping trajectory was measured in a
room equipped with an Optitrack motion capture system with 26
cameras that tracked the position and angle of reflective markers
on the prototype at a rate of 120 Hz. A high-speed camera was
also used for recording the experiment at 240 fps. The electric
energy consumption from the motor was also measured using
the same method used in Section III-B.

VII. EXPERIMENTAL RESULTS

As an example of a hop, video frames from one trial are shown
in Fig. 12. During the stance phase (Δt= 0 ms toΔt= 225 ms in
Fig. 12), the inverted cam simultaneously stored elastic energy
in the torsion spring and pushed off the ground. In between Δt

= 225 ms and Δt= 300 ms, the stored energy was released, and
the motor and torsion spring together produced amplified peak
power. While in the air, the leg continued to move and eventually
came back to the starting posture (Δt = 450 ms) just before
landing. While in the air, the inverted cam continued to store
energy in the spring to be released for the next hop. The robotic
platform stably landed on the ground and did not fall forward
or backward. With the fast and continuous motor rotation, the
entire cycle took around 525 ms. After landing, the platform was
able to hop again by repeating the identical procedure.

A. Continuous Hopping Locomotion

The boom-connected prototype was commanded to continu-
ously hop from a fixed starting point with the crouched posture
(Fig. 12 Δt = 0 ms). A total of five trials of experimental hops
were executed, and data, consisting of trajectory and pitch angle,
were collected. From these data, horizontal and vertical velocity
values were calculated. Mean values and standard deviations
were obtained and compared with simulation results in Fig. 13.

In average, the robot horizontally traveled 56.0 cm for three
hops, and the average horizontal and vertical distances trav-
eled per one hop were 18.7 cm and 11.0 cm, respectively.
We observed that the first hop was under performing com-
pared to the following two hops. From the video recorded
using the high-speed camera, we observed that the foot was
slipping for the first hop, but the foot did not show signifi-
cant slipping during the second and third hops. The average
horizontal and vertical distances traveled per hop excluding
the first hop were 20.4 cm and 11.5 cm, respectively. These
numbers are 12.0% and 6.9% lower than the simulation results
(18.2 cm and 12.4 cm).

In Fig. 13(b), the three different phases are indicated with
different shaded regions. The hopping frequency was 1.82 Hz for
the three hops and 1.70 Hz for the last two hops. The difference
was coming from the lower height gain of the first hop (leading to
a shorter step duration for the first hop). Both the x velocity and
y velocity matched well with the simulation. At the beginning
of the stance phase, velocities in both direction slowly increased
until the spring activation phase. The sudden changes in both
x and y velocities are observed during the stance phase with
spring activation. Excluding the first hop, the average peak x
and y velocities due to the spring activation were 0.54 m/s and
1.05 m/s, respectively. The percentage errors were 8.3% and
9.8%, respectively.

As the pitch plot shows in Fig. 13(c), the experimental data
matched well with the simulation. In average, the pitch angle
increased to 21.0◦ then decreased to 16.8◦ before the spring
activation. The pitch angle suddenly increased to 34.1◦ after
the spring activation and decreased to −4.7◦ until the end of
the swing phase. These sudden changes in the pitch angle are
observed in Fig. 12 with the orange arrows indicating the pitch
angle. When the spring was activated (Δt = 300 ms), the fast
backward swing of the leg caused the sudden change in the
pitch angle. When the leg was quickly retracted forward (Δt =
375 ms), the pitch angle decreased again. The pitch angle kept
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TABLE V
PROPERTIES OF JUMPING ROBOTS UNDER 1 KG WITH AN ELASTIC ACTUATION

aThe hopping frequency and average forward velocity are calculated only based on the energy charging time and self-righting time. Including the time in the air will decrease
these values.
bThe energy is calculated assuming that the voltage was constant during the experiments.
cEnergy charging time or hopping frequency is estimated from the corresponding publication manuscript and video.
dCompact jumping robot uses two servo motors to twist a metal strip. Passive untwisting of the metal strip drives the jumping locomotion.

Fig. 12. Hopping in time sequence. The second hop among the three continuous hops is presented here. The hopping performance was recorded with a high-speed
camera with 240 fps. Each frame has an interval of 75 ms. The orange arrows are presented to show the change in pitch angle. Note that there is an offset between
the orange arrows and the measured pitch angle.

decreasing until the landing (Δt= 525 ms) and recovered to the
original pitch angle.

Although the experimental and simulation results match well,
there are sources of errors that created the slight differences
between the simulation and experiments. First, the time required
by the electric motor to accelerate to the desired angular velocity
caused differences. Second, the simplification of six-bar linkage
leg to a single link contributed to the differences. The inertia
of the six-bar linkage leg changes at each moment, but, in the

simulation, the leg inertia was fixed to the average value
of the fully retracted and extended postures for simplicity.
The center of mass position of the leg linkage also varies
for different leg postures, but the center of mass position
was assumed to be located at the middle of the leg model.
To have a more accurate model, the dynamics of the six-
bar linkage has to be considered [47]–[49]. Third, the foot
slipping caused energy loss during the first hop. Fourth, the
constant spring stiffness assumption for the torsional spring
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Fig. 13. Hopping experimental results. (a) Center of mass trajectory. (b) Ve-
locity versus time plot. (c) Pitch angle versus time plot. Five sets of experimental
data are collected. The mean values are shown in solid lines, and the standard
deviation is shown with shaded regions. Simulation results are drawn with dashed
lines.

characteristics of the TPU foot could contribute to the differ-
ence in the pitch angle. It is reported that compliant material
springs have a reducing stiffness over their deflection [50].
In addition to these factors, friction in the six-bar leg linkage
and vibration of the boom could also affect the experimental
results.

B. Energetic Performance

We characterized the energetic performance of the system
and plotted in Fig. 14. In Fig. 14(a), we observe that the kinetic,
potential, and spring energy increases due to the energy input
from the motor. During the stance phase with spring activation,
energy transfer from the spring energy to kinetic and potential
energies is observed with significant changes in the kinetic,
potential, and spring energies. Right after the spring activation,
the kinetic energy does not increase anymore but is transferred
to potential energy. The total energy input from the motor for

Fig. 14. Energy status versus time during the hopping. (a) Kinetic, potential,
and elastic energy. (b) Energy input from motor. The kinetic energy and potential
energy are calculated from the experimental velocity and height data. The spring
energy is theoretically calculated with given spring constant and the change in
the spring angle over time.

three hopping cycles is 6.26 J, and the average energy input per
hop is 2.09 J.

A disadvantageous feature of the current platform is energy
dissipation during the landing as the beginning of the second
and third hop as shown in Fig. 14(a). Although biological and
artificial systems for repeated hopping take advantage of elastic
elements to recover part of the kinetic energy, our platform could
not recover the kinetic energy because the foot has a low stiffness
and shows spring bottoming out behavior for fixed frequency
hopping. Recovering the kinetic energy using a stiffer foot
requires detection of landing and precise timing control of the
motor for a synergy with the foot, but the current platform does
not have any sensors to implement such strategy. Adding extra
sensors would enable the robot to improve energy efficiency
with the help of foot energy recovery.

C. Comparison With Other Platforms

This article is compared with other robots under 1 kg equipped
with elastic actuation in Table V. We only listed robots with
enough information to compute the metrics on Table V, and
the best performances of the last four metrics are in bold. To
compare the speed, we used Froude number [51], [52], which
is a dimensionless unit for size-independent speed comparison
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and defined as

FR =
v2

gl
(26)

where v is a forward velocity, g is the gravitational acceleration,
and l is a length characteristic of the motion. For this comparison,
we selected l as the half of the platform height. With an average
forward velocity of 0.35 m/s, our platform had a Froude number
of 0.14. Among the robots capable of repeated hopping, our
platform placed third. The robot with the best Froude number
is SALTO 1-P [33], but the Froude number of SALTO 1-P was
calculated based on the best single hop. SALTO 1-P has to hop
vertically up after the long leap in order to balance itself. The
compact jumping robot [29] has the second best Froude number
of 5.59.

We also compared the energetic cost of transport (CoT) [52]–
[54], which is defined as

CoT =
Eel

mgd
(27)

where Eel electric energy consumed by the actuator, m is the
robot mass, g is the gravitational acceleration, and d is the
distance traveled by the platform. Our platform has a CoT of
6.43, which is the second best among the compared robots. The
robot with the best CoT was Glumper [25] with a CoT of 5.86.

In addition, our platform with the inverted cam demonstrated
balanced high-frequency continuous hopping. Balanced hop-
ping and landing with a single-actuator leg required a self-
righting strategy [15], [27], sprawling posture [16], [29], or
extra actuators for balancing [33]. That last strategy also has
advantages in more precise position control. The combination
of cyclic appendage trajectory and power modulation with fixed
amount of elastic energy and energy releasing moment allowed
continuous erect posture hopping with a single actuator and
feedforward actuator speed control.

VIII. CONCLUSION

This article introduces a new elastic actuation system called
the inverted cam, which is designed to provide mobility through
the combination of cyclic trajectory and controlled power mod-
ulation. The inverted cam is an SEA that becomes a quasi-PEA
while storing energy by making a contact with a radius reducing
shell. The decreasing radius of the shell bends the torsion spring
embedded in the crank. The parallel energy charging strategy
provides controlled energy charging time and releasing timing.

The relationship between the shell radius profile and required
actuator torque to pass through the shell was studied using
the virtual work principle to provide a design guide in the
selection of radius profile and actuator. A linearly decreasing
radius was tested in both simulations and experiments to validate
the mathematical model. The mechanical and electric energy
efficiencies of the inverted cam was 57.2 and 20.8%, respec-
tively, at 7000 r/min motor speed. A dynamic modeling using
Lagrangian formulation was derived to design the leg linkage
that can generate hopping motion with the inverted cam. A 6-bar
linkage was selected and tuned using the model and physical
prototype iterations.

The robotic platform equipped with the inverted cam was
constructed and tested on a boom. The robot was able to con-
tinuously hop forward at 1.82 Hz. The average horizontal and
vertical distances traveled per hop was 18.7 cm and 11.0 cm
in horizontal and vertical direction, respectively. The Froude
number and energetic CoT for current prototype were 0.14 and
6.43, respectively.

These results show that the inverted cam is capable of combin-
ing cyclic trajectory with power modulation by controlled energy
charge and release. The application of this technology is not
limited to hopping. Other locomotion strategies that are based
on cyclic trajectory and power modulation, such as flapping in
the air or waving a tail fin under water could benefit from the
inverted cam mechanism described here.

The inverted cam mechanism design has potential to be
scaled. Because the ratio of L1 and L2 in Fig. 3 determines
the mechanical advantage, reducing the length of L1 allows a
lower required motor torque, smaller cam-shaped shell size, and
reduced weight. However, the current inverted cam design has a
physical limitation that comes from the required space between
the output shaft and the torsion spring rotation axis, thus the
length of L1 has a minimum limit. This limitation could be
removed if a planetary gearbox is used instead.

In the future, we plan to explore the mechanism for bipedal
locomotion. A bipedal system composed of a pair of inverted
cams, appendages, and independent electric motors could be
used to study the generation of diverse gaits, such as walking,
running, and hopping.
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