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Probabilistic Framework for Hand—Eye and
Robot—World Calibration AX =Y B

Junhyoung Ha

Abstract—Hand—-eye and robot-world calibration is a problem
in which the unknown homogeneous transformations X and Y
must be estimated for a loop closure equation AX = Y B for
a set of transformation measurement pairs {(A;, B;)}. Previous
studies on AX = Y B have mainly relied on linear least-squares
minimization followed by nonlinear iterative optimization for so-
lution refinement to minimize the distances between A; X and
Y B,;. However, these methods have not been fully clarified, par-
ticularly in terms of calibration dependence on the coordination of
A, B, X,and Y along the system loop, as well as the underlying
noise distributions of A; and B;. They also lack flexibility in the
noise properties of individual measurements; thus, they cannot
incorporate the relative reliability between measurements. To ad-
dress these limitations, we propose a probabilistic framework for
hand-eye and robot—world calibration. The proposed framework
clarifies the unclear aspects of existing methods by revealing their
underlying assumptions regarding system noise. Consequently, it
identifies the applicability of distance minimization to a given
calibration problem and provides the optimal coordination of
transformations for distance minimization. For cases in which
distance minimization is inapplicable, an iterative algorithm for the
maximum likelihood estimation is proposed, whereby the different
noise properties of individual measurements can be accounted for.
An estimation uncertainty analysis is presented for the proposed
iterative algorithm to quantify the expected estimation accuracy.
The presented theories and the proposed algorithm are validated
using a set of numerical and hardware experiments. The code for
the iterative algorithm and the estimation uncertainty is available
at https://github.com/hjhdogl/probabilisticAXYB.

Index Terms—Frame calibration, hand—eye and robot-world
calibration, hand-eye calibration, maximum likelihood estimation.

1. INTRODUCTION

AND-EYE calibration is a common problem in robotics
and computer vision that arises when a robot manipu-
lator and a camera are integrated with an unknown relative
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Fig. 1. Two rigid bodies incorporated with two measurement systems. The
loop closure equation is formulated as A; X = Y B;.

transformation [1], [2], [3]. Two versions of this problem exist:
1) the traditional formulation of hand—eye calibration A; X =
X B; and 2) simultaneous hand—eye and robot—world calibration
A; X =Y B;. Here, A;, B;, X, and Y are 4 x 4 homogeneous
rigid-body transformation matrices that belong to the special
Euclidean group SE(3). In these problems, transformations
X and Y are identified using the transformation matrix pairs
{(A;, B;)}, which are obtained from camera measurements
and robot transformations. The more general notions of these
problems are “one-frame sensor calibration” and “two-frame
sensor calibration” [4], respectively, based on the fact that loop
closure equations appear not only for robots with cameras but
also for any integration of two transformation measurement
systems.

The two-frame sensor calibration problem is physically in-
terpreted in terms of two rigid bodies in relative motion, each
of which has two body frames [4], as illustrated in Fig. 1. In
this case, X and Y are the unknown constant transformations
defined on each rigid body, whereas A; and B; are measurement
transformations that vary with respect to the relative motion of
the two rigid bodies. The two-frame sensor calibration is reduced
to a one-frame sensor calibration A;X = X B; when the two
rigid bodies are identical or when the loop closure equations
of two measurement pairs (A;, B;) and (A;, B;) are merged to
eliminate Y as A;'A; X = XB; ' B;.

Extensive studies on the two-frame sensor calibration prob-
lem can be found in the literature. When no measurement
noise exists in {(4;, B;)}, the algebraic solutions are those
presented in [4], [5], [6]. In the presence of measurement noise,
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transformations X and Y that best fit the equation A; X =
Y B, should be determined. This is generally formulated as
an optimization problem using various objective functions and
representations of the elements of SFE(3). In [3] and [5], the
rotation parts of X and Y were represented using unit quater-
nions. Furthermore, a linear least-squares minimization was
formulated with the quaternion representation. Dual quaternion
representations were used for homogeneous transformations
to simultaneously identify the rotation and translation compo-
nents [7], whereas a method based on the Kronecker product was
proposed in [8]. Moreover, global polynomial optimization was
applied to this problem using convex linear matrix inequality
relaxations [9]. Nonlinear iterative solvers were used in [4]
and [10] to solve X and Y simultaneously for AX =Y B.
In [11], a least-squares solution to AX = Y B was derived for a
relaxed orthogonality constraint. Reprojection error of calibra-
tion patterns was considered as an objective in [12], [13], [14].
A reprojection error-based approach was also presented in [15],
where hand pose uncertainties were additionally accommodated.
An intensive comparative study was presented in [14] to assess
various objectives and algorithms.

Although many of these studies relied on linear least-squares
minimization, in which an analytic minimizer was available,
they posteriorly refined the linear solutions through iterative
local optimization [5], [7], [10], [11] as follows:

i d(A; X, Y B;)?. 1
X,Yrglsl}s(:s)zi: (4:iX, Y Bi) M

This optimization could also be directly solved using global
optimization frameworks [4], [9]. In the above, d(-, -) denotes the
distance between the two transformations, which varies between
the methods. The objective of this minimization is to further
reduce the distance between the left and right sides of the loop
closure equation A; X =Y B;, which appears to be perfectly
reasonable.

However, the true meaning of this minimization has not been
fully clarified. For details, we refer to Fig. 1. Although the
transformations A;, B;, X,and Y have already been coordinated
in this figure, they can be coordinated in different ways. There are
three other possible options for the coordination that also yield
the identical loop closure equation as 4; X = Y B;, which can
be imagined by inverting and/or swapping the transformations.
Then, the following question arises: Which coordination gives
the best calibration result? For further discussion, we examine a
coordination that differs from that in Fig. 1. From the optimiza-
tion perspective, selecting a different coordination is equivalent
to swapping and inverting the transformations in the objective
function, for example,

min

> dB XY A )
X, YeSE(3)

i

The distance d(B; X 1, Y 1 A;) is different from d(A; X, Y B;)
because there is no bi-invariant distance on SE(3) [16]. This
suggests that four different optimizations are available, which
all differ in terms of the resulting solutions. However, it has never
been clarified which solution yields the best calibration result.
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Another unclear aspect of the distance minimization ap-
proaches is the individual noise properties of the measurements.
For example, suppose A; is a noisy measurement, whereas B;
is relatively noiseless. We would like to trust B; over A;, but it
is impossible to do so in the distance minimization framework.
In fact, it is even unclear what assumptions on the system noise
underlie the distance minimization.

To address these ambiguities and achieve optimal calibration
results for various system noise configurations, we propose a
probabilistic framework for hand—eye and robot—world cali-
bration or, more generally, two-frame sensor calibration. The
proposed framework differs from the previous probabilistic
approaches [17], [18], [19], which probabilistically recover
X and Y under missing correspondences between {A;} and
{B;}. Our study assumes known correspondences, with which
the proposed framework is formulated to achieve the optimal
calibration result based on the noise probabilistic distributions
of individual measurements. A notable prior work includes [20],
where the loop-closure error was selected as the likelihood
function, and the optimal positional weight in the error function
was estimated iteratively. In our study, we further investigate the
system noise properties and aim to find the correct likelihood
function that incorporates various system noise configurations.
The main contributions of this study are as follows.

1) Three possible noise configurations in the two-frame sen-
sor calibration problem are identified in the context of
the proposed framework. Subsequently, we formulate the
maximum likelihood estimation for each class of noise
configuration.

2) The existing distance minimization approaches are clearly
interpreted within the proposed framework by revealing
their underlying assumptions on system noise; that is,
A is noiseless, whereas B is noisy with right-translated
isotropic noise. This finding not only helps identify the
applicability of the distance minimization to a given cali-
bration problem but also enables the optimal coordination
of transformations for distance minimization approaches.

3) This work presents an iterative algorithm that maximizes
the likelihood function using the exact analytic gradients,
which is applicable to a system in which the assumptions
of the distance minimization approaches are not valid. The
rotational and positional noises of measurements A; and
B; in our formulation are modeled in a general form as
anisotropic noise. The proposed algorithm allows individ-
ual noise distributions for each measurement.

4) The estimation uncertainty covariance is derived to quan-
tify the expected estimation accuracy of the proposed
algorithm.

The proposed algorithm and theories were validated using
both numerical and hardware experiments.

The remainder of this article is organized as follows. The three
possible noise configurations in the two-frame sensor calibration
problem are described in Section II. The maximum likelihood es-
timation for each noise configuration is formulated in Section III.
Thereafter, the existing distance minimization approaches are
explained in terms of the proposed probabilistic framework in
Section IV. The iterative algorithm for the maximum likelihood



HA: PROBABILISTIC FRAMEWORK FOR HAND-EYE AND ROBOT-WORLD CALIBRATION AX =Y B 3

Measurement

Measurement

True pose

(a) (b)

Fig. 2. Examples of noisy measurements. (a) Object tracking through the
vision system. (b) Robot hand localization by robot kinematics.

estimation and its estimation uncertainty analysis are presented
in Sections VI and VII, respectively, followed by numerical
and hardware experiments in Sections VIII and IX, respectively.
Section X concludes the article.

II. NOISE CONFIGURATIONS IN THE HAND-EYE AND
ROBOT-WORLD CALIBRATION PROBLEM

The measurements A; and B; are homogeneous rigid-body
transformations that can be acquired by various devices. Fig. 2
shows a few examples of transformation measurements in the
presence of measurement noise. When an object is localized
through a vision system, as indicated in Fig. 2(a), a localization
error exists, which is represented by the relative transformation
from the true pose to the measured pose. In Fig. 2(b), transforma-
tion of the robot hand is acquired using robot kinematics. Pose
errors also exist in this case because of the actuation error and
unmodeled factors (e.g., joint and link compliance). The same
situation arises for any system that estimates transformations,
such as electromagnetic (EM) sensors. Throughout this arti-
cle, these error transformations are considered as measurement
noises, which are random variables drawn from their underlying
probabilistic density functions (PDFs). The error properties are
typically provided by the manufacturers as device specifications,
or the error distributions for various vision systems and local-
ization methods can be found in the literature [17], [21], [22],
[23].

Prior knowledge of the noise properties can be utilized to
obtain optimal estimations of X and Y. To do so, we first
identify the possible noise configurations in the two-frame sen-
sor calibration problem. We remark again that the calibration
problem can be interpreted as two measurement systems work-
ing on and with two rigid bodies, as illustrated in Fig. 1. For
each measurement system, let “reference frame” refer to the
coordinate frame of a measurement system (e.g., the camera
frame, robot base frame, and EM field frame) and let “target
frame” refer to the frame under observation (e.g., the object body
frame, robot hand frame, and EM sensor frame). Two possible
configurations of the frames on the two rigid bodies exist: i) Each
reference frame is on each rigid body and ii) the two reference
frames are on the same rigid body. These two configurations are
illustrated in Fig. 3(a) and (b), respectively. Note that the noise
transformations NV, M € SE(3) are present at the target frames,
which are drawn from the PDFs p(N) and P(M).
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Fig. 3. Two possible configurations of measurement systems. (a) Each refer-
ence frame is on each rigid body. (b) Two reference frames are on the same rigid
body. The transformations /N and M represent the measurement noise.

In the presence of measurement noise, equation AX =Y B
does not strictly hold. Alternatively, from Fig. 3, the two con-
figurations i) and ii) can be expressed by the following strict
equations:

NAX =YBM™! 3)
AN'X =YBM~.. 4)

As aspecial case of these configurations, one of the measurement
systems can be considered noiseless. Without loss of generality,
this case is established by coordinating the noisy measurement
as B and setting N = I in one of the above equations, which
yields the following strict equation:

AX =YBM L. 3)

This case is handled separately as the third noise configuration.
Thus, the three noise configurations that are considered in this
study are summarized as follows.
1) Noise configuration 1: Defined as (3) and Fig. 3(a).
2) Noise configuration 2: Defined as (4) and Fig. 3(b).
3) Noise configuration 3: Defined as (5). Fig. 3(a) and (b)
corresponds to this noise configuration when NV = I.

III. PROBABILISTIC FORMULATION OF HAND-EYE AND
ROBOT-WORLD CALIBRATION

The calibration problem can be formulated as a maximum
likelihood estimation for each noise configuration presented in
the previous section.

A. Noise Configuration 1: N;A; X = YBl-M[1

Starting with noise configuration 1, (3) associated with a
measurement pair (A;, B;) is given as follows:

N;AX =YBM; ' = C; 6)

where C; € SE(3) is a transformation variable introduced to
express IV; and M; in the following decoupled forms:

N, =C; X tA! (7)
M; = C; 'Y B;. ®)



For given X, Y, and {C;}, the likelihood function
L(X,Y,{C;}) is calculated by

L(X,Y,{Ci}) = Hp(M)p(Mi). ©9)

The probabilistic hand—eye and robot—world calibration is then
formulated as the maximization of (9) with respect to X, Y, and
{C;}; that is,

max
X,Y,C;eSE(3)

subject to (7) and (8), where L(-) is defined in (9).

L(va? {Cz}) (10)

B. Noise Configuration 2: A;N;'X =Y B;M; "

A similar maximization is derived for noise configuration 2,

where the loop-closure equation is expressed as follows:
ANTIX =YBM; ! = ;. (11)

Compared to noise configuration 1, M; remains identical to (8),

whereas [V; is replaced with
N; = XC; A, (12)

The maximum likelihood estimation is then expressed as (10),
where N; and M; are given in (12) and (8), respectively.

C. Noise Configuration 3: A; X =Y B;M; !

Finally, we consider noise configuration 3 given in (5). Be-
cause the only random variable in this case is M;, the maximum
likelihood estimation is reduced to the following:

N R (13
for the reduced likelihood function
L(X,Y) =[] p(M) (14)
where M is given by
M; = X 1A'V B, (15)

Note that C; does not appear in this case because it was intro-
duced to decouple N; and M; in the previous cases.

IV. CONNECTION TO EXISTING METHODS

In this section, we demonstrate that the probabilistic calibra-
tion problem can be reduced to the existing distance minimiza-
tion methods under a particular setting of the noise PDFs. This
reveals the hidden assumptions in the distance minimization
methods and aids in understanding the existing methods better
for correct adaptation to real-world problems.

A. Assumptions on System Noise in Existing Methods

The distance minimization in previous works [4], [5], [7], [9],
[10], [11] is formulated as

i d(A; X, YB;)? 16
x 2 ) D AAK Y B 19
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where d(-, ) is a distance function on SE(3), which varies be-
tween the methods. Most of the previous works use left-invariant
distance functions such that

d(ToTy, ToTs) = d(Ty,T2) (17)

forany 71, T € SE(3) and Ty € SE(3). This is a natural prop-
erty of a distance function such that the distance is coordinate
invariant; thatis, the distance is preserved with respect to a global
rigid-body transformation.

Now, we refer to noise configuration 3 discussed in
Section III-C, where A; is noiseless and B; is noisy. Further-
more, we assume that the probability distribution of the noise
transformation M/; is unimodal and centered at I. This is a
natural noise property of a valid sensor; unbiased measurements
are acquired around the ground truth. More precisely, p(M;) is
assumed to decrease exponentially with respect to the squared
distance between I and M; according to

d(I, M;)?

p(M;) = kexp (—2> (18)

a

where o € R is an arbitrary positive scalar, and £k € R is a
normalizing constant that satisfies

d(I,T)?
/ kexp (—(’2>) dT = 1.
SE(3) g

We remark that the integration of SE(3) is discussed in Ap-
pendix A, based on which the random samplings on SF(3) are
derived for our later numerical experiments. Now, substituting
(15)into d(1, M;) and applying the left invariance of the distance
function yields

d(I,M;) = d(I, X 'A;'Y B;) = d(A; X, Y B;).
Thus, the likelihood (14) is reduced to

19)

(20)

L()(7 Y) =k" exp <_%i2 Zd(AZX, YB1)2> (21)

where n is the number of measurement pairs. By taking log
on the above equation, the maximum likelihood estimation
becomes
1
o =5 Z d(A; X, Y B;)?> + nlogk (22)
which is identical to distance minimization in (16) when the
constant factors # and nlog k are ignored. This result con-
firms that the distance minimization method is the maximum
likelihood estimation under the assumption that A; is noiseless
and that B; is noisy, with the PDF of the noise transformation
expressed by (18). This type of noise is referred to as “isotropic
noise” in this article, as the noise PDF only depends on the
distance between I and M; but is invariant to the direction of
M; with respect to I.

B. Distance Function Parameter in Existing Methods

A typical form of the distance function in various previous
works is the one that decouples rotation and translation

d(T1,T)* = dsos)(R1, R2)* + €|lp1 — pa? (23)
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Fig. 4. Examples of combination of robot and measurement system.
(a) Camera on robot hand. (b) Tracking system localizing the marker frame
on the robot hand.

where dgos)(-,-) is a distance function on SO(3), € € R is
a positive scalar, and R; € SO(3) and p; € R? for i € {1,2}
denote the rotation and translation of the transformation 7; €
SE(3), respectively. This distance becomes a left-invariant
geodesic distance if dgo(s)(:,-) is the popular bi-invariant
geodesic distance on SO(3) [16], [24], [25]. In most previous
studies [4], [5], [9], [10], [11] the Frobenius norm was used
instead for the distance on SO(3), that is, dgo(s)(R1, R2) =
||R1 — Rzl||F, which is bounded equivalent to the bi-invariant
geodesic distance on SO(3) [26].

The only user parameter in the distance function (23) is
the positional weight factor €, whose physical meaning can
be interpreted from the system noise perspective as follows:
Substituting (23) to (18), the PDF p(M;) becomes

')

dsos) (I, Rar,)? €
— o1 )P 752 lpar;
(24)

202

where Ry, € SO(3) and pys, € R? are the rotation and trans-
lation of M, respectively. Given the above PDF, the rotational
and translational noises are independent and isotropic, with
standard deviations (STDs) of o and o /+/e, respectively. Thus,
e represents the noise property of B, such that 1/4/€ is the STD
of the translational noise relative to that of the rotational noise
in B under the assumption that both rotational and translational
noises are isotropic. Note that A is assumed to be noiseless.

p(M;) = kexp <—

C. Correct Adaptation of Existing Methods

Recall that there are always four possible choices for coor-
dination of A, B, X, and Y for a given calibration problem.
When a distance minimization approach is applied according to
(16), it is implied that A is noiseless and B is noisy, the noise
transformation of which is right-translated and isotropic. Thus,
A, B, X,and Y should ideally be coordinated such that the noise
configuration matches the implied assumption.

Two examples of AX = Y B are shown in Fig. 4. In Fig. 4(a),
a camera is attached to the robot hand, and it captures a checker-
board. In Fig. 4(b), a set of markers is attached to the robot
hand, and the marker frame is tracked using a tracking system.
We assume that the robot kinematics is sufficiently accurate to
be considered noiseless, and the measurements of the camera
and tracker are relatively noisy. In these two examples, A must
be coordinated to represent a noiseless transformation, that is,
the robot transformation. However, the direction of A is yet

to be determined for each case. Considering the assumption
of the right-translated isotropic noise of B, it is natural for
B to be coordinated such that its distal end points toward the
target frame. Finally, all the transformations are coordinated
accordingly, as shown in the figures.

In summary, the basic rule when using the distance minimiza-
tion approach is to coordinate B as the dominantly noisy trans-
formation with right-translated isotropic noise and coordinate A
as the less noisy measurement. However, a challenging situation
arises when both measurements contain similar levels of noise, in
which case, the noise assumptions of the distance minimization
approaches are no longer valid (e.g., the integration of two
cameras). In Section VI, to handle this situation and, more
generally, the situations where different noise distributions are
given for individual A; and B;, an iterative algorithm is derived
to maximize the likelihood function for given noise distributions
of A; and B;.

V. COMPARISON TO AX = X3 FORMULATION

The AX =Y B formulation reduces to the earlier AX =
X B formulation when Y is eliminated for two measurement
pairs; two equations A; X =Y B, and 4; X = Y B; merge to
A 1AjX = XB, 1Bj. Then, the measurement pairs for AX =
X B are given as

{(Aij, Bij)} = {(A;'4;, B; ' B))} (25)

fori # j. Herein, we will discuss the AX = XI5 formulation in
two aspects: i) The noise assumption in distance minimization
and ii) its probabilistic formulation.
The existing distance minimization approaches for AX =
X B [27], [28] can be expressed as
. 2
Xéggﬂ(g) d(A;; X, XB;;)°.

7]

(26)

In a similar manner as in the previous section, the above min-
imization with a left-invariant distance function can be inter-
preted as a maximum likelihood estimation under the assump-
tion that A4 is noiseless and /5 contains right-translated isotropic
noise. However, the actual measurement noise in 5 is more
complicated than this; the noises are not independent between
B;; and B, because they share a common noise inherited
from B;. Noting that the likelihood function (9) is a product
of individual noise PDFs because the noises are independent,
the maximum likelihood estimation in this case will be different
from (26) once the noise dependency is considered.

Another issue with the noise assumption is the right-translated
isotropic noise. Note that we merged A; X = Y B; and A; X =
Y B; as if they were strict equations. In practice, they do
not hold because of measurement noises. In noise configura-
tion 3, for example, the strict equations are given as A; X =
YB;M; and A;X =Y B;M;, which merge to A;lAjX =
X B; ' M; ' M; B;. Here, B;; contains noise transformations be-
tween B; ! and B, which indicates that it is unrealistic to model
the measurement noise to be simply right-translated isotropic.
Along with the previously discussed noise dependency, this
complicated noise property makes it challenging to find a correct
probabilistic formulation.



Overall, in the AX = X5 formulation, i) the noise assump-
tion of the distance minimization is difficult to meet, and ii) a
probabilistic formulation is challenging for modeling the com-
plicated noise property. Thus, we focused on the AX =Y B
formulation in this study, while our experiments included a com-
parison of our approach to an existing AX = X 3 approach [27].

VI. GRADIENT ASCENT ALGORITHM FOR LOG-LIKELIHOOD
MAXIMIZATION

Noise distribution was assumed to be isotropic in the distance
minimization approaches. In this section, we further generalize
the noise distribution to be anisotropic while remaining uni-
modal and use it to derive a gradient ascent algorithm for the
maximum likelihood estimation. The translational part of the
noise transformations is modeled using a multivariate Gaussian
distribution in the following form:

p~N(03x1,%p)

where ¥, € P(3) is the positive-definite covariance matrix. A
similar extension is possible for the rotational part:

27

R ~ kexp <;wTEw1w> (28)
where w € R3 is defined by [w] = log R, and %, € P(3) is
a 3 x 3 positive-definite matrix that plays a similar role to
the covariance matrix in the multivariate Gaussian distribution.
Here, the notation [-] denotes the 3 x 3 skew-symmetric matrix
representation of a 3-D vector. In this case, k is the normalizing
constant that satisfies

/ k exp <1wTZw1w) dR =1
50(3) 2

where the integration measure dR is given in Appendix A as
dR = 22510 gy, dw, dw., as in (73). Notably, the PDF in

el AT .
(28) is different from the Gaussian distribution in the exponential

coordinate

(29)

w ~ N(03><17 Ew) (30)

because the integration measure d 2 differs from dw,dw,dw..
Further details can be found in Appendix B, in which a random
sampling method for (28) is presented.

Given this noise model, the log-likelihood is obtained by
taking log of (9), which yields

1 _ -
log L(X, Y, {Ci}) = — 5 > (wﬁzw}v wN, + DN,y PN,

T y-1 T y-1
+w1\/1i2w1wi wn; + pJWiZPM?vai)
3D
where wy, € R3 and wy;, € R? are the rotational vectors of

N; and M;, respectively, and py, € R3 and p M,; € R3 are the
translational components of IV; and M;, respectively; that is,

N; =T(wn,,pn,), M; =T (wn,,par,) (32)
with T'(-,-) € SE(3) defined as
_ |exp([w]) q
T(w,q) = [ 01xs J (33)
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for w € R® and ¢ € R®. Note that the noise covariances
Yy, Vpn, » Zwyy, » and Xy, represent the noise distributions
of the individual measurements.

Subsequently, each iteration of the gradient ascent is given as

X «— XT(A’wx, AqX)
Y « YT(A’u)y, AqY)

O,; < CiT(AwC“Ain) (34)

where Aw(,) € R? and Aqy € R? are scaled gradients in the
rotation and translation of the subscripted variables, respectively.
The gradients for each noise configuration are presented in the
following subsections.

A. Noise Configuration 1: N;A; X = YBZ-M;1 =C;

Here, the gradients of (31) with respect to X, Y, and C; are
derived for noise configuration 1. Note that as /N; and M, are
functions of X, Y, and C}; in (7) and (8), the algebraic derivation
of the gradients of (31) involves complicated chain rule-based
differentiation. Alternatively, the gradient of a function can
be derived using the Taylor expansion. When a scalar-valued
function f(x) is defined for a variable z, the gradient 0 f /0x is
acquired as the coefficient of the first-order term in the Taylor
expansion for a perturbation dx, as follows:

of
fla+0x) = f(2) + 5 ()0 + -
Note that a gradient derived in this manner is not an approxi-
mation but an exact formula because the first-order term of the
Taylor expansion truly reflects the exact gradient.

In our case, f(x) corresponds to the log-likelihood and x cor-
responds to (X, Y, {C;}). For the Taylor expansion, suppose that
perturbations occur in X by XT'(dwx, dqx ), where dwx € R?
and dgx € R3 are the perturbations in rotation and translation,
respectively, and Y and C; are similarly perturbed. Again, 7'(-, -)
is defined in (33). The corresponding perturbations of N; and
M; are denoted by dwy,,dpn,,dwyy, € R3, and dpyy, € R3
for rotations and translations of N; and M;, respectively. We
refer to [29] for various examples of SFE(3) perturbations.
Using the expressions of N; and M; in (32), in the presence
of perturbations, (7) and (8) become

(35)

T(wn, + 0wn,, pN, + pn,)

= C;T(0we,, dqc,) T (dwx,d0qx) "X 1AL (36)
T(war, + 0wnr,, par, + 0P, )
=T (swc;,6qc,) C;7 YT (swy, gy ) B;. (37)

The Taylor expansion of the above equations involves expansion
of the exponential map. As the explicit expansion up to the
first-order term is sufficient for our purposes, let us expand the
exponential map as follows:

exp([w + dw]) = exp([w]) + [dexp,,dw] exp([w]) + - -

(38)
where the differential of the exponential map dexp,, € R3*? is
presented in [30]. When w = 0, the above equation is reduced
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to the Taylor expansion of the matrix exponential, that is,
exp([ow]) = I + [dw] + (39
Substituting (38) and (39) into (36) and (37) yields the following:

6wNi = dexp;}v RCi (6wC7, - 6’LUx) +o

[pc; — pN,] Re, (dwe, — dwx)
+ Re, (0qc, — 0qx) +

5PN,- =

Swyy, = dexp,) (—dwe, + RG, Ry dwy) +

i

opm, = — [P ] (—5wci + RaRy(Swy) + 0qc;

+ RE, [py — pe,] Rydwy + RE Rydqy + -+
(40)

The change in the log-likelihood (31) given these perturbations
is calculated as follows:

5logL:fZ (wT

%

~, OWN, + PN, % 5PN

+wy, ZwM Swar, + Pas, Spny 5PM ) +-
(4D
After substituting (40) into (41), the gradients of log L with
respect to the rotational and translational displacement vectors

of X, Y, and C; can be obtained from the first-order terms as
follows:

dlog L
s
Olog L
dlog L _
WC. =Ui+V;— P%@Em\l@ [Re, (py — po,)]
Olog L 1
dox Zp N, B
dlog L _
Pt = = 3wy,
dlog L - _
aqi = x50 Re, +par Sy ) (42)
where U; € RY3 and V; € RY3 are given by
U= _w%IZL_u}VL dexp;}vi RC«; - p%i Z;]};L [pCz‘ - pNi}RCi
Vi = wiy, EwM deXP;Li — Ph, Z;,j,i [RE, Ry ps,]. 43)

For nonzero w € R3, the inverse of the differential of the expo-
nential map is provided in [30] as
Nlwll Jwl] 2
cot .

(44)

1 1
dexp ' =171 —
P 2 e (

When w = 0, it is simply given as dexp,' = I.
Note that the gradients associated with X and Y in (42) are
summations over the n measurement pairs. To achieve similar

convergence rates between (X, Y") and {C; }, the gradient ascent
in (34) is performed with normalized scales of gradients, which

are expressed by Aw() = Le, 031;% )L and Aq() = L¢, dalgiL
for X and Y aswell as Awe, = €, %lgg L and Aqe; = € aalgg L

Here, €, € R and ¢, € R are the step sizes for rotation and
translation, respectively.

B. Noise Configuration 2: AiNile = YBZ-M[1 =C;

For noise configuration 2, the noise transformations /N; and
M; are expressed in terms of X, Y, and C; by (8) and (12),
respectively. As in the first noise configuration, considering
perturbations of X, Y, and C; in (8) and (12) and substituting
these equations into (31) yields the following gradients:

Odlog L _ —Zsi

8wX

Olog L
awci
Odlog L
dqx
dlog L
dqc,

=Si+Vi—pis Eﬂﬂl@ [Re, (py — pc,)]

=- ZprE;zlvi Rx

= DN, szv Rx + pu; EpM (45)

where V; is the same as in (43), and S; € R'*3 is defined as

S = wk ot A; = Pcy))-

(46)
The gradients associated with Y remain the same as those
described in the previous subsection. A detailed derivation is

omitted because it is almost identical to the previous case.

(dexp,, Rx — pi, Spy, [Rx RE, (P

C. Noise Configuration 3: A; X =Y B;M; !

The final noise configuration is where A; is noiseless and only
B; is noisy. The log-likelihood in this case is given by taking
log in (14), which yields

1 _ _
—5 0 (whZah, wan + 525k par,) -

Z (47)
Considering perturbations in X and Y in the noise transforma-
tion M; in (15), the gradients are again derived from first-order
terms of the Taylor expansion of (47), as follows:

log L(X,Y) =

Olog L
owx - Z (Di pM [pM D
3 log L Z ( T T
- DiRar RY, +ph, 5,0 Ru, RBI_[pBJ)
8wy 7
Olog L
aqx = ZpM IJM
Olog L -
85/ =~ p5, L R RE, (48)
where D; € R*3 is defined as
D; = wjy, EwM dexp, ! (49)



VII. ESTIMATION UNCERTAINTY

The transformations X and Y acquired through the maximiza-
tion outlined in the previous section are estimations of the true
transformations, of which the estimation uncertainty depends on
the noise levels of A; and B;. The confidence of the estimations
can be quantified by identifying this uncertainty. To do so, let
X*,Y*, and C; denote the maximum likelihood estimations of
X,Y, and C;; that is,

* * * .
(X5 Y7 {C7}) = arg min L.

RN

(50)

When no measurement noise exists, the estimations are identical
to the true transformations. If measurement noise exists, the
estimations deviate from the true transformations as follows:

X" :XT(U}X7QX)
Y =YT(wy,qy)

Oz* = CiT(wCi,in) (51)
where (-) represents the true transformations, and w(.) € R3
and q( € R? denote the rotational and positional error vectors
of the subscripted transformation, respectively. Let us assume
that noises of A; and B; are small; thus, the resulting errors
are also small. In this case, the error vectors (w.), g(.)) can be
approximated in the tangent space of SF(3), which is simply
a six-dimensional vector space. In the following subsections,
we derive the error covariance matrix as a function of the noise
covariances for each noise configuration.

A. Noise Configuration 1: N;A; X = YBiM-’1 =C;

In noise configuration 1, the measurements (~ y B;) are ex-
pressed in terms of the true transformations (A;, B;) and true
noises (V;, M;), as follows:

A; = N7 *A;, B; = B;M,. (52)
By substituting (51) and (52) into (7) and (8), we obtain
N; = éiT(wCiaQCi)T(wX7QX)71X7114i_1Ni

M; = T(we,,q0,) " Ci VT (wy,ay)Bidl;  (53)

where C’Z = AZX = }732 Given the small error vectors, the
first-order approximations of the above equations are determined
as follows:

WN, = R@(“’Ci —wx) + wg,
= [péi]RC'i (we, —wx) + RCE: (gc

T
= wg,; + R@R?U’Y + Wyt

PN, qx) +pg,

WL,

PMm, = qo; + [Rg (py — p@)]RaRwa +py,- (59

where w , py , wy; € R?, and py; € R? denote the true ro-

tational and positional noise vectors in N and M, respectively;
that is, N; = T(wg,,qy,) and M; = T'(wy;, qy,)- The above
equations can be expressed using a single linear equation

v=CQa+p (55)

IEEE TRANSACTIONS ON ROBOTICS

_ [T T T T 1T _ [T T .T
where v = [le...sN"le...sMn] , o= [SX Sy Sgy -
T 1T _ [T T T T : 6 Jo_
Scn] ,and 8 = [81\71 Sy Sy st] with sy € R" de

fined as s(.) = [w(r) q(r)]T for the subscripted variable. Matrix
Q@ is a 12n x (6n + 12) matrix, the elements of which are
filled with the coefficients of the deviation vectors in (54).
Then, the log-likelihood (31) is expressed using v as log L =
—%VTW’W, where W is a 12n x 12n matrix in which the
3 x 3 diagonal blocks are E“,N ,EPN ,Z“,M , and Z,,M and
the off-diagonal blocks are zero. Combined with (59), the log-
likelihood becomes
logL = —%aTQTW’lQa —BTW Qo — %BTW*%.
(56)
Given the collection of true noises as 3, the concatenated error
vector « is the maximizer of the above equation of the form

—@"wWQ)tQ"w's. 57)
As B ~ N (0, W), the PDF of « is expressed as a ~ N (0, Z),
where Z = (QTW~1Q)~!. Note that Z is the (12 + 6n) x
(12 4+ 6n) covariance matrix of the error vectors of X*, Y™,

and C. We are most interested in the first 12 x 12 block of Z,
which represents the uncertainty covariance of X" and Y*.

B. Noise Configuration 2: A;N; ' X =Y B;M;* = C;

For noise configuration 2, only matrix (Q is derived differently
from the previous case. The elements of matrix @) are filled
with coefficients of the deviation vectors in the following linear
equations:

WN; = RX’(wX - wci) + Wy,

pn; = [px]Rg(wx —we,) + Rg(ax —qc;) +pyp,- (58)

The equations associated with wyy, and pjs, remain the same as
those in (54).

C. Noise Configuration 3: A; X = YBiM;1

For noise configuration 3, where A; is noiseless, the only
noise transformation M; in (15) is expressed in terms of X * and
Y™ as follows:

x—1 4— *
M; = X*'A;'Y*B;. (59)

By substituting (51), B; of (52), and A; = A; into the above
equation, the first-order approximations of wyy, and py,, are
derived as follows:

wy, = —wx + ngti + Wy,

PM, = —qx — Rgi [pg,Jwy + Rgqu + D, (60)
Because N; and C} are not present in this case, the vectors o,
B, and ~y are defined in smaller sizes: o = [s% sL]T € R12,

T T 6 T 6
B = [81\7[1"'31\2] € R, andy = [s], ... s}, |7 € RO™

Matrix @ is now a 6n x 12 matrix, the elements of which are
filled with the coefficients of deviation vectors in (60). The
covariance of « is a 12 x 12 matrix as Z = (QTW~1Q)~!
whereas matrix W is now a 6n x 6n matrix in which the 3 x 3
diagonal blocks are > and 2

WL, M,
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VIII. NUMERICAL EXPERIMENTS

Four numerical experiments are presented in this section. The
first experiment demonstrates the varying accuracy of an exist-
ing distance minimization approach with respect to differently
coordinated A, B, X, and Y, where it is revealed that the coordi-
nation suggested by the proposed probabilistic framework yields
the best calibration result. In the second experiment, the analysis
of the estimation uncertainty presented in Section VII is vali-
dated by running the calibration numerous times and comparing
the error vector distribution with analytically derived covariance
matrices. In the third experiment, a performance comparison
between the proposed method and the distance minimization
approach is presented. The final experiment demonstrates the
effect of incorrect selection of the noise configuration on the
estimation accuracy.

The first subsection describes the generation of noiseless
datasets, which were used in the experiments presented in the
following subsections. The distance minimization, most fre-
quently used for comparison, is that presented in [4], which
was reported in [31] and [32] to be the most reliable for a small
number of measurements and the most accurate compared to the
methods in [5] and [11]. In addition, the methods in [7] and [8]
were compared with the proposed method for their remarkable
performance reported in [14]. The method in [27] was also
chosen for comparison as a representative method based on the
AX = X B formulation.

A. Noiseless Data Generation

For the numerical experiments, multiple sets of noisy mea-
surements (A;, B;) were synthetically generated together with
X and Y, that is, the true transformations of X and Y.

1) Generation of X and Y: The transformations X and ¥
were first randomly generated by

Ry, Ry ~U(R)

PPy ~ N(pa,: Isxs) (61)

where R(y and p() are the rotation and translation of the
corresponding transformation, respectively. In this case, U(R)
denotes a uniform distribution on SO(3), a sampling method of
which is described in Appendix B.

2) Generation of A; and B;: A random transformation A, €
SE(3) was sampled using X and Y in (61). Subsequently,
the noiseless transformations A; were generated around Ap as
follows:

R; =R R;

1
pi, ~N (01x3, 2IS><3>

where R; € SO(3) was sampled according to the distribution
(28) with X, = I53. Appendix B presents a detailed sampling
method for (28). Once {fli} were generated, the transformations
{B;} were generated by

(62)

(63)

B, =Y '4;X. (64)

B. Accuracy of Existing Method Regarding Coordination of
A B, X, andY

The distance minimization approaches are equivalent to the
maximum likelihood estimation if A is assumed to be noiseless
and B is assumed to be noisy with right-translated isotropic
noise. When a distance minimization approach is applied, the op-
timal calibration result will be obtained from the transformations
A, B, X, and Y that are coordinated to respect these assump-
tions. To verify this, distance minimization was performed for
the four possible coordinations of the transformations, between
which the estimation accuracy was compared.

Synthetic noisy datasets were generated with noiseless A and
noisy B. When generating each noisy dataset, a noiseless dataset
is generated as explained in Section VIII-A, following which
B is corrupted with the measurement noise M; as B; = B; M,
where M, is generated as follows:

Pm; NN(O?)XthMi) (65)

Ry, ~ kexp (;wM EwL wMi) . (66)
In the above, Ry, and pyy, are the rotation and translation of
N;, respectively, and wyy, is given by [wyy,] = log Ryy,. The
matrices Xy, and X, were set to Xp,, = Xy, = €l3x3,
where € = 0 Ol5 This value of € corresponds to the STDs of 2.86°
for the rotational noise and 0.05 for the translational noise. The
transformation A; remains noiseless as A; = A;.

Once a dataset {(A;, B;)} is prepared, distance minimiza-
tion [4] is applied by the following four minimizations:

N ) ) 2
mip Z d(A:X,Y B;)

ip 2

. 1o 2
r§171§12d(BiX Ly 1Ai)

B ly-1 X_lA-_l)Q

. 1 —1\2
r)r(lg/lZd (A7YY, X B )
K3
Note that only the first minimization corresponds to the correct
coordination. Once the minimizations are solved, the accuracy
of the estimations can be evaluated using the following error
terms in rotation and translation:

« = llog (RER3)" ||, ery = [|log (RERy)

(67)

\

epy = Ipx —pxlls €py = oy — 0yl (68)

where the notation ¥ denotes the vectorization of the skew-
symmetric matrix, that is, [w]" = w.

In this experiment, 100 calibration datasets were generated
with a set size of n = 20. The means and STDs of errors for
100 calibrations are presented in Fig. 5, where the bars and
ranges represent the mean and standard deviation, respectively.
The coordination numbers 1, 2, 3, and 4 in the figure correspond
to the first, second, third, and fourth minimizations in (67), re-
spectively. The first coordination resulted in the best accuracy in
both X and Y, thereby confirming the hidden assumptions in the
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Fig.5. Box plots of rotational and translational errors of X and Y of distance

minimization for 100 numerical experiments. The red lines are the medians,
edges of the boxes represent the 25th and 75th percentiles, and boundaries of
the whiskers represent the minimum and maximum errors.

existing distance minimization approaches regarding the mea-
surement noise; A is noiseless, and B contains right-translated
isotropic noise.

C. Validation of Estimation Uncertainty

We compared the covariance matrix that was theoretically
derived in Section VII with numerous experimental results and
verified that the covariance was correctly derived. For this
purpose, a single noiseless dataset was generated, and 3000
noisy datasets were generated by corrupting the same noiseless
dataset for noise configuration 1 with Xy, =%, = X,
Ypy, = 0.05. Subsequently, the proposed method was applled
to each noisy dataset. The estimation errors were represented
with two 6-dimensional vectors (wx , ¢x ) and (wy, gy ), which
were acquired from

XﬁlX* = T(U})(,qX)

Y ly =T (69)

Again, X* and Y* are the estimations, and 7T'(-, ) is defined in
(33). We selected four pairs of two dimensions among the six
dimensions to visualize the error vectors of X on a 2-D plane.
The 2-D error vectors are plotted in Fig. 6, together with the
ellipsoids of the numerically computed and analytically derived
covariance matrices. In practice, the true transformations X , }7,
and C; are not available. The ellipsoids of the analytic covariance
when the estimations X*, Y*, and C; were used instead are also
plotted in the figure. The three ellipsoids matched one another
very well, which confirmed that the analytic covariance was
derived correctly, and the use of the estimations to compute the
analytic covariance was acceptable.

(wy, qy)-

D. Comparison of Log-Likelihood Maximization and Existing
Methods

The proposed method was compared with various ap-
proaches [4], [7], [8], [10], [27] for noise configurations 1 and 2,
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Fig. 6.  Numerically computed error vectors (wx,qx ) compared to analyt-
ically derived covariance ellipsoids on planes of two selected dimensions. (a)
wx,y VS. Wx 2. (b) gx,z V8. gx,y- (€) wx,y VS. gx, .. The gray dots are
the error vectors, the red ellipsoids represent the numerical covariances that
were statistically computed using the error vectors, the green ellipsoids are the
analytical covariances that were computed using the true transformations, and
the blue ellipsoids are the analytic covariances that were determined using the
estimated transformations.

where both A and B contain measurement noises. These meth-
ods are referred to as “Dist. Min.,” “Li,” “Shah,” “Tabb,” and
“AX=XB,” respectively, in the result figures. Note that “Dist.
Min.,” “Li,” “Shah,” and “Tabb” are based on the AX = Y B for-
mulation, where “Li” and “Shah” are linear approaches, whereas
“Dist. Min.” and “Tabb” are nonlinear approaches. In addition to
this experiment, the equivalence between the proposed method
and distance minimization [4] for noise configuration 3 with
isotropic noise was demonstrated.
To generate each noisy dataset for noise configuration 1,

a noiseless dataset {(AZ,B )} was first generated and was
corrupted by A; = N; 'A; and B; = B;M;, where the noise
transformations N; and M; were randomly sampled by

DPN; NN(OSXIaEpNi)
1
Ry, ~ kexp (—2wﬁi2w}vi wm)
Pm; NN(OSXIaZpM,i)
1
Ry, ~ kexp <2wM zwlM > ) (70)

Here, Ry, and Ry, are the rotations, while py, and py, are the
translations of N; and M;, respectively; the noise covariances
were selected as X, = X = Xy, = 2p,, = €l3y3 with
€ = 0.05. Noisy datasets for noise Cofiﬁgurati(;n 2 were also
generated by A; = fLNi and B; = BiMi, where N; and M
were randomly sampled in the same manner as described above.
For noise configuration 3, A; and B; were generated by A; = A;
and B; = B; M, respectively.

In the experiment, 100 noisy datasets were generated with
a set size of n = 20 for each noise configuration. The means
and STDs of the errors in X and Y for noise configuration 1 are
shown in Fig. 7 and those for noise configuration 2 are presented
in Fig. 8. In the figures, the bars and ranges represent the errors
and standard deviations, respectively. The errors of the proposed
algorithm are smaller than those of the compared approaches for
both cases.
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25th and 75th percentiles, and boundaries of the whiskers represent the minimum
and maximum errors. The maximum error of Tabb’s method in rotation of X is

9.78°.
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rotation of X is 7.19°.

Given the isotropic noise in noise configuration 3, the pro-
posed method is reduced to a geodesic distance minimization.
The comparison in this case is presented in Fig. 9, which
indicates that the two methods have almost identical errors.
This result was expected based on the equivalence discussed in
Section IV. In terms of the individual solutions, the rotations of
X andY differed by less than 0.01% of the mean rotational errors
between the two methods, whereas the translations differed
by only 0.0033% to 0.21% of the mean translational errors.
This slight difference was due to the varying numerical criteria
between the two methods and/or the bounded equivalence be-
tween the distance functions, which could be violated for large
d(A; X, Y B;).

noise configuration 3. The red lines are the medians, edges of the boxes represent
the 25th and 75th percentiles, and boundaries of the whiskers represent the
minimum and maximum errors.

In our MATLAB implementation, the average computational
time of the proposed method for n = 20 was approximately
1.8 s, which is reasonable for the purpose of offline calibration.
The computational time was observed to be almost linearly
related to n. For example, when n = 100, the computational
time was 8.3 s on average.

E. Estimation Bias Owing to Inaccurate Noise Configuration

Recalling that distance minimization is identical to the pro-
posed method for noise configuration 3 given isotropic noise in
B, the results of the previous experiment can also be interpreted
as an accuracy comparison between the correct and inaccurate
noise configurations. It may be expected that, even with inac-
curate noise configuration, the estimations of X and Y would
be sufficiently accurate, given a large number of measurement
pairs. However, it can also be hypothesized that inaccurate noise
configurations may result in biased estimations, even for a large
number of measurement pairs. To determine which argument is
correct, the calibration accuracy was evaluated for correct and
inaccurate noise configurations with an increasing number of
measurement pairs.

In this experiment, a noiseless dataset was initially generated
with a set size of n = 1000 and was contaminated with noise as
noise configuration I, where ¥y, = Xp =Xy, = Xy, =
el with ¢ = 0.05. Thereafter, the distance minimization [4]
and the proposed method with the correct noise configuration
were applied 100 times for m randomly selected measurement
pairs for each m € {10, 20,...,90,100,200,...,1000}. The
averaged calibration errors of X and Y for the 100 calibrations
for each m are plotted in Figs. 10 and 11, respectively. Interest-
ingly, the calibration errors decreased as m increased initially;
however, the errors then became almost saturated as m increased
further. The proposed method attained smaller saturated errors,
particularly in the translations. This experiment can be con-
sidered a comparison of the calibration accuracy between the
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Fig. 11.  Average calibration errors for Y of distance minimization and pro-
posed method in terms of number of measurement pairs.

correct noise configuration (noise configuration 1) and incorrect
noise configuration (noise configuration 3). The result suggests
that an inaccurate noise configuration can produce a significant
estimation bias, particularly in translations, even with numerous
measurement pairs.

IX. HARDWARE EXPERIMENTS

Two hardware experiments are presented in this article. In
the first experiment, a camera attached to a robot hand captured
a checkerboard. The second experiment involved two rigidly
combined cameras that captured two different checkerboards.
Both were formulated as AX = Y B, whereas the noise config-
urations differed.

A. Camera on Robot Hand

In this experiment, a webcam (Logitech C920) was attached
to the end effector of a UR3e manipulator [33]. A7 x 6 checker-
board with ablock size of 12.46 mm was captured by the webcam
under 88 different manipulator configurations. To include vari-
ous robot and camera poses, the measurements were collected
by manually back-driving the robot. The intrinsic parameters
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Fig. 12.  Experimental setup for hand—eye calibration. A webcam attached to
a UR3e manipulator captured a checkerboard.

of the camera were calibrated using the method of Zhang [34],
and the checkerboard transformations were computed by solving
the perspective-n-point problem using the OpenCV library. The
experimental setup is shown in Fig. 12.
For the correct coordination of transformations, we refer
to Section IV-C. Considering the small manipulation error of
UR3e (i.e., £0.03 mm of repeatability error [33]), the correct
coordination of A, B, X, and Y is shown in Fig. 12. With
the correct coordination, distance minimization is identical to
the proposed probabilistic method with isotropic covariance
matrices. As this identity has already been validated in a numer-
ical experiment, a comparison between the proposed method
and distance minimization is not presented here. Instead, we
investigate the difference in the calibration results between the
four cases in which A, B, X, and Y are differently coordinated:
1) Case 1: The transformations were coordinated as in
Fig. 12.

2) Case 2: A and B were swapped and inverted from case 1;
thus, X and Y were also swapped and inverted from case 1.

3) Case 3: A and B were swapped from case 1; thus, each of
X and Y in case 1 was inverted.

4) Case 4: Each of A and B was inverted from case 1; thus,
X and Y in case 1 were swapped.

The distance minimization approach [4] was applied to the
four cases, where the four cases corresponded to the four min-
imizations in (67). The positional weight factor in the distance
function was set to %, which weighed a rotational error of 1°
as equivalent to a positional error of 3 mm.

When dealing with real data acquired in a hardware experi-
ment, the ground truth transformations X and Y are generally
unknown. Thus, although case 1 was expected to provide the
best calibration accuracy, a direct comparison of the calibration
accuracy between the cases was not possible. Instead, we es-
timated X and Y using all of the measurement pairs for each
case and considered these to be the best estimations of that case.
Subsequently, the coordination of A, B, X, and Y that yielded
closer estimations of X and Y to the best estimations for smaller
numbers of measurements could be considered superior.

The best estimations of X and Y for each case were acquired
using all 88 measurement pairs. Thereafter, the estimations using
subsets of the 88 measurement pairs were compared with the
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Fig. 13.  Average difference from best estimations of X in cases 1, 2, 3, and 4
for different numbers of measurements of the robot hand and webcam.
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Fig. 14.  Average difference from best estimations of Y in cases 1, 2, 3, and 4
for different numbers of measurements of the robot hand and webcam.

best estimations. The subsets were sampled for various set sizes
between 10 and 88, with 500 random subsets generated for
each subset size. Figs. 13 and 14 depict the results, where the
differences between the best estimations and the estimations
using the subsets were averaged over the 500 random subsets
for each subset size. The figures show that case 1 yielded
the closest estimations of X and Y to the best estimations,
which implies that the correct coordination truly improves the
calibration result.

B. Two Rigidly Combined Cameras

In this experiment, two webcams (Logitech C920) were
rigidly combined, and each camera captured each of the two
checkerboards, as illustrated in Fig. 15. As shown in the figure,
the fields of view of the two cameras did not overlap each
other. The calibration problem in this situation was formulated as
AX =Y B. The transformation from camera 1 to checkerboard
1 was measured as A;, and the transformation from camera
2 to checkerboard 2 was measured as B;, which is also de-
picted in the figure. Calibration of the camera and computation

Checkerboard 1 X

|
~ _p

Checkerboard 2

i

Rigidly combined
webcams
-

Fig. 15. Experimental setup with two rigidly combined webcams and two
checkerboards. Each checkerboard was captured by each camera. The lower
right image depicts combined webcams.

Optical tracker l
! . Checkerboard 1

o u

Checkerboard 2

(b)

Fig. 16. Measurement of ground truth distances between two checkerboards.
(a) Optical tracker placed facing checkerboards. (b) Probe with passive markers
targeting corner points of checkerboards.

of the checkerboard transformation were performed using the
OpenCV library. In total, 183 measurement pairs were collected
manually by moving the combined cameras to capture the
checkerboards from diverse angles. The transformations X and
Y were calibrated using the proposed method and the distance
minimization [4] using these measurement pairs. As discussed
in Section II, the noise transformations were assumed to be
present at the target frames, that is, the checkerboard frames.
Accordingly, this case was handled as noise configuration 2 in
the proposed method, where noise covariances of the camera
measurements were set to (1°)27 for the rotation and (3 mm)?
for the position. To ensure consistency, the positional weight
factor in the distance minimization approach was set to %.

Although the ground truth for Y (the relative camera frame)
was unavailable, the transformation X could be verified by
measuring the distances between the corner points of the two
checkerboards. An optical tracking system (NDI Polaris Spec-
tra) and a probe equipped with four passive markers were used
to collect accurate 3-D corner positions, as shown in Fig. 16.
The tracking system that was used is known to have a tracking
accuracy of 0.64 mm [35]. The tracking error was expected to
be approximately 1 mm, including the manual probing error,
which is a fraction of a millimeter.
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TABLE I
ERRORS IN DISTANCES BETWEEN THE CORNER POINTS OF THE TWO
CHECKERBOARDS
Distance minimization | Proposed method
Mean error (mm) 4.83 0.50
Max. error (mm) 5.33 0.94
Min. error (mm) 4.57 0.19
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Fig. 17. Average error in the distances between corner points of the two
checkerboards in terms of number of measurements used in calibration. The
average errors were evaluated for {5, 10, 15,...,100} measurements.

All four bounding corner points of each checkerboard were
collected by averaging 100 consecutive tracking measurements,
and the distances were computed for 16(= 4 x 4) pairs of corner
points by pairing a point of checkerboard 1 with a point of
checkerboard 2. The distances varied from 512.08 to 605.25 mm,
which were compared with the distances computed using X es-
timated by the distance minimization and the proposed method.
Table I presents acomparison in which the average error of the 16
distances was 0.50 mm for the proposed method and 4.83 mm
for the distance minimization. The accuracy of the proposed
method was superior to that of the distance minimization method
by more than 4 mm on average, which is significant considering
the expected optical tracking error (= 1 mm).

To demonstrate the performance for a smaller number of
measurements, the two methods were executed multiple times
using smaller datasets. Fig. 17 presents the average errors in
the 16 distances of the proposed method and the distance min-
imization when using subsets of the 183 measurement pairs.
The subsets were sampled with set sizes varying from 10 to
100. As a large number of possible subsets existed, the subsets
were randomly sampled 500 times for each set size, and the
errors were averaged. The proposed method yielded a smaller
calibration error compared to the distance minimization method
for any number of measurement pairs.

X. CONCLUSION

In this study, a probabilistic framework was proposed for
hand-eye and robot—world calibration or, more generally, for
two-frame sensor calibration. This suggests that the existing dis-
tance minimization approaches are maximum likelihood meth-
ods under the assumption that A is noiseless and B contains
isotropic noise. This enables efficient coordination of A, B, X,
and Y along the system loop for distance minimization ap-
proaches, which was validated using a set of numerical ex-
periments and a hardware experiment in which a camera was
combined with a robotic hand. An iterative algorithm for maxi-
mizing the likelihood of the measurements was presented, along
with an estimation uncertainty analysis. The proposed algorithm
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and uncertainty analysis were validated using numerical experi-
ments, and the algorithm was further validated with a hardware
experiment using two cameras. The experiments demonstrated
the importance of careful coordination of A, B, X, and Y for the
distance minimization approaches and confirmed the superior
accuracy of the proposed algorithm compared to various existing
approaches.

APPENDIX A
INTEGRATION ON SE(3)

Consider an integration on SE/(3) of the form

/ F(T)dT

where f(T) is a scalar function of T € SFE(3). The integration
measure d7 is expressed as d1' = dRdp, where dp and dR are
the integration measures on R? and SO(3), respectively. The
positional integration measure dp is given straightforwardly as
dp = dp,dpydp., where p,,p,, and p, are the x-, y-, and z-
positions, respectively, whereas the algebraic expression of dR
depends on the parameterization of R € SO(3). For the ZX Z
Euler angle representation R = Ry x z(«, 3,7), the integration
measure dR is given by [18], [36] as

(71)

dR = sin fdadBdy. (72)

For the exponential coordinate w = [w, wy, w,]”, where R =
exp([w]), dR is expressed as [37]

_ 2—2cos|lw]|

dR = dw,dwydw.,. (73)

[Jwl|?
When (72) is used, integration is performed over «, y € [0, 27],
B € [0,7],andp,, py, p. € R.When (73)is used, the integration
is calculated over w € U and p;, py, p- € R, where U is an open
ball of radius 7 in R3. Equations (72) and (73) are also known
as the volume forms of SO(3), which relate the infinitesimal
volume on SO(3) to the infinitesimal volume in the parameter
space (e.g., a cuboid in R3 for (a, 3,7) or an open ball in R3
for w). These volume forms can be exploited when expressing a
given PDF on SO(3) equivalently in the parameter space, which
is explained in detail in Appendix B, where random samplings
on SO(3) are described.

APPENDIX B
RANDOM SAMPLING ON SO(3)

The numerical experiments in this study involved two random
samplings on SO(3), including i) uniform sampling R ~ U(R)
and ii) the random sampling described in (28). Random sampling
algorithms for these two distributions are presented as follows.

A. Uniform Sampling by R ~ U(R)

Uniform sampling of SO(3) is traditionally derived based
on the subgroup algorithm presented in [38], [39]. Another
possible approach is to exploit the volume form of SO(3) in
the exponential coordinate provided in (73). Note that when
w in the exponential coordinate is sampled uniformly, the
resulting samples on SO(3) are not uniform. Imagine a PDF on
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the exponential coordinate, p(w), for which the corresponding
distribution on SO(3) is uniform. Subsequently,

/U dR/

holds for any open set on SO(3) and the corresponding open
set on the exponential coordinate, where R = exp([w]). By
substituting the volume form (73), the above equation becomes

/U(R)Q_i W =

As U(R) is uniform (i.e., constant), the PDF p(w) becomes

proportional to %‘ffj‘w” Based on this fact, a random w is

sampled from p(w) by uniformly sampling w in an open ball of
radius 7 and randomly taking or rejecting it with a probability
proportional to %’HS{J”H . Note that the supremum of %‘Trg“w”
is 1, and the detailed sampling algorithm is determined as
follows:

1) Uniformly sample w € R3 from {w||jw| < 7}.

2) Uniformly sample » € R from [0,1].

3) Ifr < 2200l ety R = exp([w]). Otherwise, we

|
repeat from d).

(74)

(75)

B. Sampling by R ~ kexp(—iw? ¥ w)

Given a PDF of SO(3) expressed as p(R)=
k exp(— 3w S, 'w), where R = exp([w]), let p(w) denote the
corresponding PDF on the exponential coordinate. Similar to
the case of uniform sampling, PDF p(w) satisfies

/p(R)de = /p(w)dw

for any open set on SO(3) and the corresponding open set
on the exponential coordinate. Again, p(w) is proportional
to %‘W exp(—swT ¥, 1w). Thus, the sampling algorithm
can be derived as follows.

1) Uniformly sample w € R from {w||jw| < 7}.

2) Uniformly sample r € R from [0,1].

3) If r< %’Hﬂ‘wuexp( wl'y, tw),

exp([w]). Otherwise, we repeat from (1).

(76)

return R =
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