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Kinematic Redundancy Analysis for (2n+1)R
Circular Manipulators

Zijia Li, Mathias Brandstétter, and Michael Hofbaur

Abstract—The kinematic analysis of redundant serial manip-
ulators with 2n 4+ 1 revolute joints (integer n > 3), which
we call circular manipulators, is presented in this paper. The
structure of the kinematic chain of circular manipulators has
special properties that can be seen in the Denavit-Hartenberg
parameters: all orthogonal distances are zero, all even-numbered
offsets are zeros, but odd-numbered offsets are not. Typical
manipulators that fulfill these properties are redundant 7R serial
chains (n = 3) that mimic the human arm, e.g., the lightweight
robot arm KUKA LBR iiwa. This 7R circular manipulator has
self-motion as rotation around an axis that goes through two
fixed points for a fixed pose. First, radical reparametrization is
presented based on the swivel angle of the closed-form inverse
kinematics solution for the 7R circular manipulator. Second,
for a six-dimensional task, the inverse kinematics solution for
redundant serial manipulators with 2n+ 1 revolute joints (n > 3)
is reparametrized by the swivel angle and other 2n — 6 rotation
parameters. From a geometric point of view, for a circular
manipulator with 2n+ 1 revolute joints, one can have n(n — 1)/2
choices of such circular rotations. Third, we conjecture numerical
kinematic singularities for circular manipulators in a recursive
formula, confirming n = 5,6, 7.

Index Terms—Redundant Robots, Kinematic Singularities, In-
dustrial Robots, Collision Avoidance, recursively solution

I. INTRODUCTION

Nowadays, robots, especially serial manipulators like an-
thropomorphic redundancy manipulators, which have a spher-
ical wrist (the last three rotational axes intersect at one point),
are well-implemented in industry and well-studied [1], [2], [3],
[4], [5], [6]. By symmetry, one can build a manipulator such
that the first three revolute joints intersect at one point called
the shoulder point. One well-known manipulator that came up
with this idea is the KUKA LBR iiwa (see Fig. 1a), which
has seven revolute joints. An additional joint called the elbow
connects its wrist and shoulder and is an intersection point of
three rotational axes. From a geometric point of view, we have
three important points for the KUKA LBR iiwa: the shoulder
point Ps, the elbow point P, and the wrist point P,,.

We can extend these manipulators with such three points
to a manipulator with n points for (integer n > 3). It can be
done by continuously adding two more joints at the current
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end such that the last three axes form a wrist/shoulder again.
For simplicity, in this paper, we let all twist angles o be
490 degree (one could consider cases with other twist angles
similarly). We call serial manipulators with such a structure
circular manipulators. More precisely, they are defined to have
all orthogonal distances equal to zero, and all even-numbered
offsets are zeros. However, odd-numbered offsets are nonzero
regarding standard Denavit-Hartenberg parameters [7]. As a
consequence, we can parameterize the inverse kinematics
solution by rotations. Following these rotations, the circular
comes from the fact that every elbow traces a circle around
the adjacent shoulder and wrist joints.

Although the closed-form inverse kinematics solution of the
KUKA LBR iiwa (7R) is well studied in the literature [1],
[5], [8] and recently some novel results as [9], [10], [11],
interesting properties have emerged from our analysis. Our
first novel contribution is a re-parametrization of the closed-
form solution for 7R circular manipulators using the swivel
angle. This re-parametrization contains a closed formula for
all angles and hence gives us the possibility to calculate the
rotational angles in parallel; namely, we solve the orientation
inverse procedure in advance (instead of solving it after we
know partial rotation angles as in [2], [5], [9], [10]). This paper
appears to be the first to simultaneously solve the closed-form
solution for the wrist and shoulder. Furthermore, we give a
clear pattern for the relations of the eight copies of the circle
described by the elbow, which appears to be new compared
to [10].

In redundant serial manipulators’ kinematic analysis, the
null space method is well studied and used in the literature,
e.g., to minimize joint displacements [12], avoid obstacles
[13], task-priority based redundancy control [14], minimize
kinetic energy [15] and optimize joint torques [16]. More
recent works involve a generalized framework for multiple
task management [17], and problems with joint saturation
[18], [19]. For optimization and general issues regarding
the redundancy analysis, we refer to the seminal work of
Nakamura [20]. One of the most significant advantages of
using the null-space method is that the control strategies can
be made following different decomposition of the null space.

Notice that the most significant advantage of these serial
manipulators is that their inverse kinematics and kinematic
singularities are easily computed [1], [2], [5]. Also, because
of the success of the KUKA LBR iiwa, they have many
applications in the industry nowadays. On the other hand, one
of its disadvantages might be that they have lots of kinematic
singularities, which reduces the workspace when the null space
method is used.
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Another novel contribution is a general inverse kinematics
solution for (2n+1)R circular manipulators based on this re-
parametrization. The 9 DoF circular manipulator built by
Schunk modules (Schunk 9R manipulator) is analyzed by this
re-parametrization method. A general framework for solving
the inverse kinematics problem of a serial manipulator can
be obtained by the automatic inverse kinematics solution [21].
Here we focus on a particular pattern; namely, we use the sub-
chain with the inverse kinematics solution of the 7R circular
manipulators. The swivel angle and 2n-6 additional rotation
parameters are used to solve the inverse kinematics problem.
From the geometric point of view, the solution corresponds
to a rotation around an axis that goes through two center
points where three adjacent axes intersect (excluding directly
adjacent center points). For a (2n+1)R circular manipulator,
there are exact n center points for the manipulator. The number
(1) = (n—1) = =102 for integer n > 3 gives us the
possibility to choose many 1-DoF closed-form solutions from
the high-dimensional inverse kinematic solution of a (2n+1)R
circular manipulator. Using this decomposition, we can also
develop more control strategies like the null space method.
The superiority is that we have proper forms compared to the
numerical null space method.

Kinematic singularities studies are also essential for mech-
anisms and manipulators, see [22]. This paper shows the
computation of kinematic singularity varieties for circular
manipulators. We can compute the intersection of their cor-
responding varieties using the prime decomposition. Based on
the particular shape of the circular manipulators, we conjecture
a recursive procedure to obtain the singularities varieties of
a (2n+1)R circular manipulator, and the conjecture confirms
when n = 5,6, 7 using Grobner Basis.

The remaining part of the paper is set up as follows. In
Section II, the elementary preparations for the paper, where
4 x 4 matrices combining Denavit-Hartenberg parameters for
the forward kinematics equations are introduced. In Sec-
tion III, a re-parametrization of the inverse kinematics for 7R
circular manipulators, using shoulder solution, elbow solution,
wrist solution, and swivel angle is shown. In Section IV,
we give an (closed-form) inverse kinematics solution for
(2n+1)R circular manipulators. In Section IV-B, we reveal the
geometric representations of the inverse kinematics solution
for circular manipulators. In Section V, we give a formula for
the kinematic singularities of (2n+1)R circular manipulators.
A summary of our results and a prospect for control strategies
will be presented in Section VI.

II. ELEMENTARY PREPARATIONS

The following elementary preparations serve the under-
standing of the subsequent chapters.

A. Geometry of circular manipulators

In order to obtain the kinematic model, we use the standard
geometric parameters in the Denavit-Hartenberg convention
[7]. However, with different choices (orientation of lines) for
locating the coordinate axes, we will only list one choice of
numerical Denavit-Hartenberg parameters in Tab. 1.

i-th Link a; d; (mm) o; 0;

1 0 d1 90 01

2 0 0 —90 02

3 0 ds 90 03

4 0 0 —90 04

2n —1 0 d2n71 90 92'”71
2n 0 0 —90 O2n,
2n+1 0 dopt1 0  fani1

TABLE I: Denavit-Hartenberg geometric parameter assign-
ment of (2n+1)R circular manipulators.

Fig. 1 shows a KUKA LBR iiwa 7R manipulator and a
Schunk 9R manipulator. For KUKA LBR iiwa 7, we have
d; = 0.340m, d3 = 0.400m, ds = 0.400m, d7 = 0.126 m.
For KUKA LBR iiwa 14, we have d; = 0.360m, d3 =
0.420m, d5 = 0.400m, d7 = 0.126 m. For the geometric
invariant parameters of the Schunk 9 DoF, we have d; =
0.380m, d3 = 0.360m, d5 = 0.328m, d; = 0.323m,
dg = 0.0824 m.

B. Matrix Notations

In kinematics, the 4 x 4 homogeneous transformation ma-
trices are widely used for describing the special Euclidean
group SE(3), i.e., the group of maps from R? to itself that
preserve Euclidean distances and orientation. We follow the
construction of the homogeneous transformation matrices from
[5]. Let M be a 4 x 4 matrix

1 0
M= (o)

where p is a vector in R3 and R is a 3 x 3 orthogonal matrix of
determinant 1. For instance, the subgroup of rotations around
the z-axis can be parametrized as

1 0 0 0
| 0 cos(d) —sin(d) O

M(6) = 0 sin(d) cos(d) 0 |’ M
0 0 0 1

where 0 is the rotational angle. By introducing ¢ := tan (g)

the rotational matrix in Eq. (1) can be reparametrized with the
parameter ¢ (tangent half-angle substitution) as

1 0 0 0

0 1—t2 2t 0
M@= | o 50EF

0 142 142 0

0 0 0 1

Using the Denavit-Hartenberg parameter convention, the
forward kinematics for (2n+1)R circular manipulators can be
written down as

M, = M, (t1)G1Ma(t2) - - - Mopy1 (tont1)Gong1,  (2)

where M, denotes the homogeneous transformation matrix of
the end-effector. Moreover, the rotations around the z-axis

1 0 0 0
2
0 17t§ - 2ti2 0
— 1423 1+t;
Mi (tz) - 0 ot lft? 0 )
142 142
0 0 0 1



(a) KUKA LBR iiwa 7R.

(b) Schunk LWA 9R.

Fig. 1: Two examples of redundant circular manipulators.

is used in Eq. (2) as well as the transformation matrices for
the displacements

1 0 0 0
a; 1 0 0
G; = 1—w? 2w
¢ O O 1+w? 1+w1.2
) 2w, 1—w?
d; 0 1+u§§ 1+w:2

where ¢; = tan (%) w; = tan (%), 0;, o;, a;, and d; for
1 =1,2,...,2n+ 1 are given in Table I. Then we have the
coordinate system for the manipulator with the origin at the
shoulder Ps. Moreover, the z-axis is along the direction of
the extension of the circular manipulators. Solving the inverse
kinematics can now be reduced to the following procedure:

Find all ¢; for a given M,.

C. Dual Quaternion Notations

For the kinematic singularities computation, we choose the
dual quaternions for the kinematic equations [23], [24], [25].
For describing SE(3), the group of maps from R? to itself
that preserve Euclidean distances and orientation, we employ
D := R+€R the ring of dual numbers, with multiplication de-
fined by €2 =0, and the quaternions H, the non-commutative
algebra, i.e., the DH := D @r H. The conjugation is taken
from the quaternion conjugation. In addition, we have a P” by
projectivizing DH as a real 8-dimensional vector space. The
Study condition [26] that hh is strictly real, i.e., its dual part
is zero, is a homogeneous quadratic equation which is called
the Study quadric, denoted by S. Let F be the linear 3-space
representing all dual quaternions with zero primal part, which
is contained in the Study quadric. The complement S — E
forms a Lie group, which is isomorphic to SE(3) (see [26,
Sect. 2.4]).

Using Denavit-Hartenberg geometric invariant parameters
[7], i.e., twist angles, orthogonal distances, and offsets, manip-
ulators can determine the geometric structure of manipulators.

Once the manipulator is assembled, we know all the rotation
axes using the geometric invariants. Here, we use a nonzero
dual quaternion h to represent a rotation (around with an
axis) if and only if hh and h + h are strictly real and its
primal vectorial part is nonzero. Furthermore, we take a new
formulation of the forward kinematics in the language of dual
quaternions for the kinematic singularities computation. The
rotation with axis determined by i and angle ¢ corresponds to
the dual quaternion (cos(2) — sin(2)i), which is projectively
equivalent to (1 — tan(Z)i). A formulation of the forward
kinematics mapping is

(17t1h1)(17t2h2)(17tnhn) Ehe, (3)

where hi,...,h, are dual quaternions specifying the rotation
axes in the initial position of the robot, the h. is a dual
quaternion specifying a pose of the end-effector, and the
“=" means projectively equivalent. The set G of all n-
tuple (t1,...,t,) € (PY)" fulfilling Eq. (3) is called the
configuration set (i.e., the inverse kinematics) of the robot arm
with respect to a fixed pose h.. In order to solve Eq. (3), one
can multiply it with the conjugation h, from both sides. Then
a system of equations is obtained by comparing both sides as
8-dimensional vectors.

III. A GEOMETRIC INVERSE KINEMATICS SOLUTION FOR
7R CIRCULAR MANIPULATORS

In this section, we first derive the closed-form solution
symbolically. Using the closed-form solution, we give two
numerical examples for demonstration.

A. Symbolic solutions computation

There are known closed-form solutions [1], [5], [8] for a
7R circular manipulator. We are going to show the symmetric
inverse kinematics solution.

Let P, = [z,y,2]T be the position of our end-effector,
which we assume is the intersecting point of the last three axes
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Fig. 2: The planar projection of the geometric structure of
KUKA LBR iiwa 7R.

(the position of the wrist in the Cartesian coordinate system
with the origin at the position of the elbow). The choice of
the Denavit-Hartenberg parameters in the equation 2 gives a
choice of the coordinate system. By the forward kinematics
equation given in Eq. (2), we have

M, = M;(t1)G1Mz(t2) G2 - - - M+ (t7)Gr,

1 0
Mo~ (p op )

First, we solve t4 because it is always fixed when the 7R
circular manipulators make the self-motion. There are two
solutions [5], i.e.,

where

2 _ (dg+ds)?—a®—y?—22
t4 - w2+y2+z2_(d3+d5)27 (4)

where ds and d5 are offsets as given in Tab. I. The fourth joint
(tq) is always fixed if the end-effector is static. It is worth
mentioning that the vanishing of the denominator of Eq. (4)
gives the rotation 180 degrees which are out of the joint limit
of the fourth joint.

Second, we follow the swivel angle notation defined by [8]
which gives us a parameter to parametrize the closed-form
solution for 7R circular manipulators. Let P, = [xp, ys, 23]
be the position of the elbow with a parameter ¢ = tan(y/2)
(¢ is the swivel angle in Fig. 2). We parameterize the P, by
the rotation around the axis, which goes through the shoulder
P, and the wrist P,,. Let M, be a pose or a trajectory of the
wrist. Then one can find a parametrization (swivel angle) of
P, by solving the elementary geometric problem as shown in
Fig. 2. First, the radius of the circle in Fig. 2 is uniquely
determined by the position of the wrist P,. If the wrist’s
position is on the z-axis, i.e., we have 2 + y? = 0, then,
assuming that z % 0 (which is reasonable as the reach limit),
the plane geometric constraint becomes simple. We assume
that the wrist’s position P,, is not always on the z-axis, i.e.,
we have x2 + y? # 0. Then the point Pf is found as the
starting point for the parametrization (or the reference point
for measuring the swivel angle ¢), where

T

T _ | zuz+zv yuztyv (1’24”92)“*“ 5
] - 2w 0 2w ) 2w ’ ( )

0 _ 7.0 .0 _0
P = [xbaybazb

and u = /((ds + d5)2 — v2) /(12 — (d3 — d5)?),
vi=a?+yt 2t o=1/(d2 —d%+ v2)? (22 + y?),
w = v2\/(22 + y?), The parametrization of P is

]T

Py = [z, yp, 26

(2% —y? == ey +2a(yyp +22))t°+(2yp 2 —2y =) ) t+a)
1+(12+y2+22%t2
_ ((y2 =22 —22)yp+2y(za) +220))t° +(2z2) — 22 2)t+yp
= 1+ (@2 1 y2+22)¢2 ;
((z°—a® —y®) 2 +22(wmp +yyp)) 4+ 20y —2ayp) t+27
1+(;c2+y2+22)t2

(6)
where one needs to scale parameter ¢ such that it corresponds
to the tangent of the half of the swivel angle, i.e., a re-

parametrization by replacing ¢ with Y has to be
224y 422

done. In addition, by the forward kinematics of the first two
rotation joints, we get

1
2d3t2(1—t?)
T ) (+3)
= ___ 4dstits . (D
(1+t3)(1+13)
ds(1—t3)
(1+t3)

oo o

Therefore, two solutions for ¢;, t5 can be found:

ds—2zp

ta = ds+zp ®)

t = Yb
1 :rbf\/dgfzg’

_ Yo — _ . /dz—z
tl - Tot d§—z§7 t2 ds+zp (9)

where the vanishing of the denominator of Eq. (8) and Eq. (9)
can happen at reach limit which is not a problem, or at y, =
0 which gives us the simpler situation for the closed-form
solutions that either ¢; or ¢y equals to zero (even both are
Zeros).

Third, we obtain the solution of t3 using two pairs of
solutions of ¢y, t5 and the position of the wrist P, = [z, v, z].
By the forward kinematics of the first four rotation joints, we
have

and

1 1
1 0 T
|: Pw :| :M1G1~-~M4G4 O = y 9 (10)
0 z
where
_ 2d3(t§—L)ta  2d5(1—t])ta(1—t3) T
A+ (s+) A+ A+t (1+7)
8dstitsta _ 2d5(17t?)(17t§)(17t§)t4
(I+eD)A+e3)(A+t7)  (A+27)(1+23) (1+3)(A+3)
_ ddgtity  _ Adstito(1—t3) an
Y= 70+ ~ @) +3)(1+3)

4ds(1—t1)tgts  Adsty (1—t3)(1—t3)ta
A+t A+t5) (1+3)  (A+e)(1+t3) (1+25) (1+¢3)
_ds(1—t32) +d5(1—t§)(1—t§) + Atytads(t3—1)
T 1443 (1+3) (1+t3) (A+3) A+ (1+t5)

This is an overdetermined system for solving t3, which gives
us a unique solution for ¢3:

to = —2((ds—ds+2)t3+dstds+2)tit3—2y(t5+1) (1 +1)t2

3 7T (B 3+ D)2+ 13 —1)(t3(ds—ds)+(ds+ds))—4dstats) (53— 1)

_ 2((d3—d5—z)ti+d3+d5—z)t1
((t3+1)(t3+1)2+(t5—1)(t3(d3—d5)+(ds+ds)) —4dstata) (17 -1)




In case t% =1, we need to pick the other formula
ty = (gdg7d52+z)ti+dg+d5+2z)(tf71)t§72m(t3+1)(tf+1)t2
((t3+1) (5 +1)z+(t5—1)(t1(ds—ds5)+(dz+ds)) —4dstata)t
T _ ((ds—ds—2)ti+ds+ds—2)(t1—1)
((B3+1)(t3+1) 2+ (5 -1)(t3(ds—ds) +(ds+ds)) —4dstata)ts
Notice that the denominator can still vanish, defining the
rotation range for the swivel angle ¢.

Fourth, we can solve ts,tg,%t7 as in [5], [26] using the
information we obtained for ¢,%o,t5. Here we want to say
more words. We can solve ts5, tg, t7 without using ¢4, o, t3 by
symmetry which is similar to how we solved %1, o, t3.

Let P, = [2/,y/, 2] be the position of the shoulder in the
coordinate system with its origin at the wrist point W. It can
be obtained by the inverse of M,:

1 1

1 _ 0 z’
{PQ]:M"’l 0| | v
Z/

Similarly, by Eq. (10) we can obtain the closed-formula for
',y 2" with tq, tg, ts, ta:
/. (2dste(t2—1)  2ds(1—t])te(1—t2)
T AHR)HE) () (AHE) (1+2)
4 8dstatsty _ 2d3t4(1_t§)(1_t§)(1_t$’)
(143 (142)(1+t2) (I+t3) (142) (1+£2) (1+t2)°
! __ 4dstety + 4d3t7t5(17ti)
Y =0 )0+ T ) +2)0+2)
+ 4d3t4t5(17t$) + 4d3t4(17t§)(17t2)t7
(143 (1+2)(1+t2) (142 (142) (1+£2) (1+t2)°
o — ds(t5—1) | ds(1—-tg)(t—1)
(1+t2) (1+t2)(1+¢2)

4d3t4t6(1—t§)
1+t2)(1+t2) (1+¢2)

+ + 1

Let P} = [z},y}, 2] be the position of the elbow in the
coordinate system with the origin at the wrist again. This
is obtained similar as P, with considering the reverse serial
manipulator, namely, one needs to exchange ds; and ds in
Eq. (5) and Eq. (6). In the second, one needs to replace z, vy, z
by z’,%9/,2" in Eq. (5) and Eq. (6) as well. In addition, we
can find the symbolic position of the elbow in the Cartesian
coordinate system with the origin at the intersecting point of
the last three axes (wrist). We get

P — [ 2dsts(t3—1) 4dstrte

b A+ (+3) (I+8)(1+83) 7 (1+2)

d5(t§—1)}
by the forward kinematics of the last two rotation joints
(reverse rotation makes the formula different to Eq. (7)).

Therefore, we get two solution for tg, t7:

!’ ’
_ Yp — ds+z,
ty = R te =4/ &z or
_ Yy te = — ds+z,
fc;)—i-\/d%—zl’)z’ ds—z°

where the situation for the vanishing of the denominators is
similar to the ¢; or t5. Then the position of the shoulder
P, = [2/,y,2'] (in the Cartesian coordinate system with
origin at W) is computed by taking the inverse of M.. By
the overdetermined system regarding z’, %', z’, we can find a
unique solution for ts:

t7 =

—2((dg—ds+2')ti —ds—ds+2)trta—2y' (t3+1) (t2+1)ts
((E+1)(t3+1) 2+t —1)(t5(d3—d5)—(ds+ds))+4dsteta) (13 —1)
2((d3—d5—z/)ti—d3—d5—z’)t7
T (D) (E341) 2+ (12 —1)(t3(ds—ds) — (ds+ds ) +4dstots) (t2—1)

ls =

or
(t2-1)((ds—ds+2')t5—d3z—ds+2')t2
2((t2+1)(t2+1)2+(t2—1)(t2(d3—ds) —(ds+ds))+4dsteta)tr
4 22’ (£241) (t5+1)te+((dzs—ds—2')t3—d3—ds—2") (t2—1)
2((t3+1) (t3+1)z+(t5—1) (t3(ds —ds) — (ds+ds)) +4dsteta)tr’

ts =

where the situation for the vanishing of the denominators is
similar to the ¢s.

In general, for each swivel angle (a specific position of the
elbow), we have eight solutions. Furthermore, if we know one
of these eight solutions, the other seven can be obtained by a
symmetric change of angles. Let 1, to, 3, t4, t5, tg, t7 be a
solution, then the eight solutions are

t1, ta, ts, ty, ts, te, t7
_%7 —ta, _i7 t4, ts, te, t7

t1, 128 i3, ta, _%7 —ts, _%
_1 —t _1 t _T —t _1

7R 29 tfv 4, tf)v 6 s

ty, ta, Tt —ty, _%7 l6s t7
_%7 —ta, ts, —t4, Tt te, t7

t1, ta, _iv —ty, ls5, te, _%
_%7 —ta, i3, —t4, is, —ts, _%

If a t; is zero (for ¢ = 1,...,7), then j:% corresponds to a

rotation of 180 degree.

B. Numerical examples

The first example presented in this paper is about the inverse
kinematics solution of a 7 DoF circular manipulator with a
given pose. We take the KUKA LBR iiwa 14 as our candidate
for this demonstration. In this case d3 = 21/50 and d5 = 2/5
with unit in m (meter). Let

_ 54 _ 34 _ _3 _ 1, _ 14 _ 1, _8
h=gl=st=—1lu=—5b=—5l=§lr=*
be a starting posture with the pose M, as:

1 0 0 0
444999 _ 37249225411  _ 20358343848 732768
2265250 43029103325 43029103325 1479865

_ 9502492 71934541176 _ 294204751257  _ 48963088

14724125 559378343225 559378343225 58238245
32924 264030432 _ 385709744 146631
71825 545734969 545734969 284089

In Fig. 3, we show the variation of the inverse kinematics
solution with swivel angle parameter ¢ (the range from ap-
proximate -100 degrees to 60 degrees) for a fixed pose as
above. The left figure shows a variation of the joint angles
(g;» where t; = tan(q;/2), and the range from approximate
-180 degrees to 180 degrees) and the right figure shows a
variation of the cost function g = 3" ¢?. Global information
on the variation of the joint angles gives the possibility for
further optimization. One can see that the cost function has
a global minimal (notice that this is in one of the eight
solutions) among the interval of the swivel angles. The global
minimal can be found using the closed-form solution, and a
controlling strategy of the swivel angle can be applied. For
further optimization procedures, we leave it for future study. A
strategy for choosing an optimal swivel angle can be based on
obstacle avoidance. The inverse kinematics near a kinematic
singularity is shown in Fig. 8.
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Fig. 3: The self-motion in terms of ¢; and the cost function variation along the feasible interval of the swivel angle ¢.
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Fig. 4: The actual possible self-motion of ¢; and the variation of the cost function alongs with the parameters ¢ and s.

The second example treats with the same manipulator
structure as before, with the same starting posture (the pose
is M), and a given trajectory of the end-effector as:

1 0 0 O
—=—=— 0 0 0
s2+1
Me(S):Me+ 5( + ) O O O
S2
T 5(s24+1) 000

where s is the parameter of the trajectory. By substituting
all values to the closed-form solution in Section III-A, one
can obtain the parametrization of each g; with the parameters
¢ and s. These formulas are too long to present all here.
Nevertheless, we will show the variation of these functions
on the parameters ¢ and s. Therefore, in Fig. 4 we show the
variation of the inverse kinematics solution with the swivel

angle parameter ¢ for a pose trajectory parametrized by s as
given above. The left figure shows a variation of the rotation
angles (q;), and the right figure shows a variation of the cost
function g = 5" ¢?. These two figures show an overview of the
redundancy variation along the wrist trajectory P, (s). Global
information on the variation of the joint angles regarding the
fixed trajectory gives a rich optimization possibility. The cost
function regarding the joint limit has a local minimum for
each instance s. The global minimum regarding an interval of
the trajectory needs a more detailed optimization procedure.
Especially when there are singularities in the inverse kinematic
solution, the question arises of whether the global minimum
can happen at a kinematic singularity? It is still an open issue
for the authors too. The core focus of the paper is to give the
closed-form inverse kinematics and the singularities analysis;



we leave the detailed optimization procedures for future study.

IV. REDUNDANCY ANALYSIS FOR CIRCULAR
MANIPULATORS

Without loss of generality, we can assume that integer
n > 3. For n = 0, 1,2, the inverse kinematics problem leads
to solving a trivial spherical geometric problem; whenever
n > 3, a (2n+1)R circular manipulator is always kinematically
redundant, and there is a 2n-5 dimensional solution set for the
inverse kinematics with a six DOF task. One can follow the
automatic procedure for solving inverse kinematics solution
from [21], namely, one can choose a parametrization for this
solution set by assuming some rotational angles as parameters,
e.g., we can choose the first (not necessary) ti,...,%t2,—5 as
the free variables [2], [27] for solving the inverse kinematics.
With the specialization of the (2n+1)R circular manipulator,
we can decompose the (2n+1)R to a combination of 7R and
(2n-6)R, where the closed-form 7R is known, and the (2n-
6)R part is independent. It enables us to choose independent
joint angles and gives us flexibility for picking closed-form
solutions for (2n+1)R circular manipulators. The critical cri-
teria for choosing the combination is that one needs to keep
the properties of the 7R part, which needs to be the circular
manipulators.

A. The 9R circular manipulators

If n = 4, then we deal with a 9R circular manipulator.
One example of this structure is the Schunk LWA 4D 9 DoF,
as shown in Fig. 1. From the schematic representation of
this manipulator (see Fig. 5), one can observe that the last
7R or first 7R equals the previously discussed 7R circular
manipulator. Using this knowledge, one will find two choices
to solve the inverse kinematics problem of a 9R circular
manipulator with closed-form. By the forward kinematics
Eq. (2), we have

Me = Ml(tl)Gle(tg) s Mg(tg)Gg.

For the two choices of different 7R circular manipulators the
deformed forward kinematics equation are:

M{ = MGy ' My (t9)Gg "M (ts)
= M (t1)G1Ma(t2) - - - M7(t7)Gr,
and
ML = Gy "M, (t2) G MY ()M
= M3(t3)G3M4(t4)G4 s Mg(tg)Gg.

By substituting with new z,y,2 (comes from either M. or
M7 and offsets ds, d5 (or shifted subscripts by 2 from ds, dr)
to the closed-form solution we derived in Section III-A, we
can parametrize the rotation parameters ¢1, to, .. ., tg either by
{t,t1,t2} or {t, tg,ts}, where ¢ is the swivel parameter.

In Fig. 5, there is another axis (the dashed line passing
through S and W) which can be treated as another self-rotation
motion. One can solve this self-rotation motion by fixing the
three middle joints (joint 4,5,6) of the 9R chain and only
considering the first three R-joints and the last three R-joints.
As we know that the Hooke linkage [24] is a combination of

Fig. 5: The planar projection of the geometric structure of the
Schunk 9R manipulator.

Fig. 6: The planar projection of the geometric structure of the
(2n+1)R manipulator.

such two spherical joints (e.g., shoulder, wrist), in this case,
one can use the closed-form solution from the Hooke linkage,
which is a closed 6R linkage, e.g., closure equations from [28].
In addition, it can be obtained approximately by combining
the motion produced by the other two axes (the dashed lines
SE, and E;W). Namely, solving an optimization problem
minimizes the difference in the fixed rotation angles of the #4,
ts, te.

B. Geometric representations of closed-form solutions

The swivel angle described in [8] is used to parametrize
the one DOF inverse kinematics solution. This swivel angle
corresponds to a rotation around an axis that goes through
the center points (the shoulder and the twist points). In this
case, one can have similar geometric arguments for (2n+1)R
circular manipulators. The schematic expression of the general
structure is shown in Fig. 6. There are rotations for the
representation of the inverse kinematics solutions. How many
rotations are there? The same number can be asked for the
rotational axes. In total, there are (n — 1)(n — 2)/2 rotational
axes (circles). A (2n+1)R circular manipulator has a 2n-
5 dimensional solution set for the inverse kinematics but
on the other hands one can find (n — 1)(n — 2)/2 different
rotation axes, which would cause (n — 1)(n — 2)/2 different
“one-dimensional” solution sets for the inverse kinematics.
Each “one-dimensional” solution is obtained from the 2n-5
dimensional solution set by fixing 2n-6 rotation joints.

We derive the formula of the number of axes by counting
the connection of the center points of (2n+1)R circular ma-
nipulators. Note that there are n center points. The connection
of two points gives us one line (axis) to determine a circle
(rotation). There are n(n — 1)/2 connections in total but not



all connections give us circles. There are adjacent connections
that do not lead to valid rotations. In total, there are n—1 such
connections. For this reason, the number of useful connections
1. can be defined to be n, = @ —(n—-1)= W

V. KINEMATIC SINGULARITIES
A. Computation setting

Kinematic singularities are denoted as an algebraic variety
(see [29] and the references there) defined by the 6 X 6 minors
of the Jacobian matrix of the forward kinematics. In addition,
we know that (see [30]) the Jacobian matrix is singular only
if all rotation axes are contained in a linear line complex.
With our kinematic setting, the oriented lines are set as purely
vectorial dual quaternions with norm 1. We denote those lines
by h; for s = 1,...,n, corresponding to the i-th rotation axis
in some initial configuration, where hf = —1 and denote the
tangent of the half of the ¢-th rotation angle by ¢;. In the
coordinate frame of a middle link (the j-th and j + 1-th axes)
of the serial manipulator, the corresponding position of each
oriented line can be easily computed as:

Hj_1 = (1+tjhj)h;—1(1
Hy = hy,

Hj+1 = hj+1’
Hjio = (1—tjp1hji1)hjpo(1+tj01h541),

—tihy),

Hy, =1 4tjp1hjp1) - (L +tp_1hn_1)hn
(1 — tn—lhn—l) s (1 + tj+1hj+1).
For instance, we have

Hy = (1 +t3hs)(1 + toha)h1(1 — taha)(1 — tshs),
Hs = (1 + t3h3)h2(1 — t3h3),

Hjz = hs,

Hy = hy,

Hs = (1 +tyha)hs(1 — tshy),

Hg = (14 t4hg)(1 + tshs)he(1 — tshs)(1 — tahy),

H; = (14 t4hg)(1 4 tshs)(1 + tehe)hr (1 — tehe)
(1= tshs)(1 — tahs).

The necessary conditions for these lines lie in a linear line
complex. These are the determinants of all 6 X 6 minors of
the Jacobian matrix whose columns are the coefficients of
Hq,...,H, (see [30]). Each column has six entries from the
Pliicker coordinates of H;, namely, the vectorial part of dual
quaternion H;. By the assumption of h? = —1, the scalar parts
of dual quaternions H; are zeroes.

B. Examples

The KUKA iiwa is a comprehensive example for our
kinematic singularity analysis. We take the KUKA iiwa’s

Fig. 7: KUKA LBR iiwa 7R.

TABLE II: Denavit-Hartenberg geometric parameter assign-
ment of KUKA LBR iiwa 7R.

i-th Link a; d; (mm) «; 0;
1 0 dy 90 01
2 0 0 —-90 02
3 0 d3 90 03
4 0 0 —-90 04
5 0 ds 90 05
6 0 0 —-90 0s
7 0 dr 0 07

home position as depicted in Fig. 7 with Denavit-Hartenberg
parameters in Table II.
A home position can be taken as:

hi=k, ho=1i, hz=k,
hy =1i-—dsej, hs =Xk, hg=1i— (ds+ ds)ej,
By the definition of the Jacobian matrix using dual quater-
nions, the variety of kinematic singularities is defined by
(g) = 7 polynomials (minors):
I = (8d5(ts — 1)(t5 + 1)tidata(13 + 1),
—32d5t5tstedata(t3 + 1)%, —8dstadsta(t3 + 1)2(t2 + 1)
(dst3tite — datat?t2 — dstitite + dstite + datat?+
dstats — dstits — dstite — dstats — dsty — dste — dste),
—8dsd2taite(t2 + 1)2(t5 + 1)(tz — 1)(t3 + 1),
32d2t5dstatsts(t2 + 1)%(t5 + 1),0,
—8dstydste(t2 + 1)%(13 + 1)(t2 + 1)(dstot2ts—
dst3tity — dstott + dstot? + dstot? + dstity
+dstots — dstat? 4 dstaty + dsty + dsto — dsty)).

hr = k.

As we are interested in the real configurations, the quadratic
factors t? + 1 and the geometric parameters d3,ds do not
vanish. The ideal I can be simplified by factoring out those
quadratic factors. Then we have

I' = (tetat?, tot2(ts — 1)(ts + 1), t3ts(ts — 1)(t3 + 1)).

It would be useful to keep the non-radical information for
further study of each singularity in more detail. For the core
of this paper, it is enough only to consider the radical ideal



because we are interested in the configurations which give the
kinematic singularities. Then its radical ideal (see [31]) is

I3 = (totate, tota(t? — 1), tats(t2 — 1)). (12)

The prime decomposition of this ideal gives us six compo-
nents:

(ta), (t2,ts), (2, t3 — 1), (t2, t3 + 1), (ts, t5 — 1), (ts, t5 + 1).

Remark 1: As the manipulator has the joint limit at the
rotation of 180 degrees, we take (1 —¢;h;) for parameterizing
the rotation of the ¢-th axis instead of using the homogeneous
coordinates (s; — t;h;) to compute the singularities. In other
words, the real (or physical reachable) singularities are com-
puted by using (1 — ¢;h;).

At singular configurations, the inverse kinematics or the
configuration set becomes interesting, especially the singu-
larity when the third angle in a 3R spherical set is 90
degrees (e.g., t3 = 1). We take the KUKA LBR iiwa 14
for our numerical analysis of this special phenomenon, where
ds =21/50,ds = 2/5:

Singular configurations ¢ = 0 or ¢ = 0: Take a pose that
can be reached by a singular posture
3 1 1
t1=—,t0=0,t3=—-1,ty = =, i5 = ——,ts = ——.
1 4’ 2 s U3 s U4 9’ 5 4’ 6 4
The case for tg = 0 is similar. By the forward kinematics, the
pose is

256 185 273 L 65 i 259 +k15

— — 1| - — € — + ——€ —.

192 384 1280°) "I\ 28 T 1280 64
Using Grobner Basis [24] for the closed loop of linkages
(fixing the end-effector gives us a closed loop), we can find
all other configurations for the pose. By a symbolic method,

we have a constraint ideal (whose polynomials are too much
to show here) for all configurations:

I. =(4t3 — 1,8251313 + 38413ty + 224111, + 82513
— 384ty, —825t1t2 + 112t tots — 800t totd+
825t2t3 — 384tots, 825t 1ty — 56t1ts 4 400ty
— 825tots + 400tsty + 192t + 192t3 + 56, ...).

With the prime decomposition of the ideal I. in Eq. (13), the
configuration set has six components (all are 1-dimensional
components):

(24 — 1ytg, =4+ tr,ts — 4 tg + 1, b1t — Tty — Tt — 1),
(24 + Lto, =4+ tr,ts — 4, t + 1, Ttits 4+ t1 + 5 — 7),

(2ty — 1bg, 1 + 47, 45 + 1t — 1, t1t3 — Tty — Tty — 1),
(24 4 1,tg, 1 + 47, 4t5 + 1, tg — 1, Ttits + t1 + t3 — 7),
(
(

1ty =

13)

2ty — 1t1ts + Tt1 — Tt3 + 1,825t5t3 — 825415 . . .>,
2ty + 1,Tt1ts — t1 + t3 + 7, 8258913 — 825¢1t .. .).
(14)
We can find that all singularities happen at the intersection
of the components as in Fig. 8. When we fix the end-
effector, the obstacle avoidance is done by switching the swivel
angle. However, the first four motion components (where the
polynomial ¢, appears in the first four ideals of Eq. (14))

Fig. 8: The projection of partial solutions onto the ¢;¢3tg-space

do not affect the obstacles avoidance when we fix the end-
effector because the elbow point position is not changing
during such four motion modes. In Fig. 8, the red curves
are such modes. Suppose the robot instantaneously is in such
a mode for completing the obstacle avoidance for the elbow
point. In that case, we have to let the manipulator pass through
the kinematic singularities (the intersection) and switch to the
other components (last two of Eq. (14) which are either the
green curves or the blue curves in Fig. 8). In other words, we
control the robot along a red curve and switch to a green/blue
curve by passing through the intersection. In Fig. 8, it is worth
noticing that some curves are not connected because it is
reaching the joint limit (180 degrees). Notice that this inverse
kinematics analysis can also be achieved using the closed-form
solution in Section III. As the self-motion has the singularity
at to = 0, Eq. 8 and Eq. 9 are not enough for solving ¢; and
t3. Using the Eq. 11, there is a motion mode that the ¢; and
the t3 are compensated each other, i.e., the red curve in Fig. 8.
Moreover, the bifurcation points in Fig. 8 correspond to the
places of the zero swivel angle.

Remark 2: We can pass through the kinematic singularities
in our situation because we have enough motors to control the
manipulators. The critical points (bifurcation singularities) are
the points where to = 0 and t3 = +£1.

C. Recursive Generating Singular Loci
By a brute force method, and with the initial position (home
position) as:
hi1 =k, hy=1ihs=k,
hy =1i—ds€j, hs =k, he=1—(d3+ds)ej,
hy =k,hg =i— (d3+ds +dr)ej, hg =Kk,
we obtain the variety of kinematic singularities, which is

generated by (2) = 84 polynomials (minors). As we are only
interested in real configurations and the geometric parameters



ds, ds do not vanish, we have a radical ideal, by factoring out
the quadratic factors 7 + 1,

Iy = (taty(t2 — 1), tatyts, (13 — 1)tats
totaty, totats,(t3 — Dtgty, (3 — 1)tyts,
tote(t2 — 1), tste(t2 — 1) tatsls, tatels,
tate(t2 — 1), tatgts, (12 — 1)tgts).

(15)

If n = 4, then we deal with a 9R circular manipulator. One
example of this structure is the Schunk LWA 4D 9 DoF,
as shown in Fig. 1. From the schematic representation of
this manipulator (see Fig. 5), one can observe that the last
7R or first 7R equals the previously discussed 7R circular
manipulator. By comparing the Eq. (12) and the Eq. (15), we
found three patterns such that Iy, = I3 + K3 + I}:

o I3C Iy

o I é C 1y

o« KyCly.
where I} is obtained by replacing each t; by ;42 as

I} = (tate(t2 — 1), tatts, (t2 — 1tgts),
K3 is obtained by two parts

totaty, totyts, (5 — Dtgty, (15 — 1)tyts
and

tatots, tatets, tate (1 — 1), tats(t7 — 1)

One can see that they are symmetric by reversing the order of
indices 2, ..., 8. The first part is obtained by modifying some
polynomials of I3 by replacing the last index entry (e.g., tg)
with further two entries (e.g., t7,ts), which we call the index
extension. The second part is obtained by replacing each t; by
t10—; from the first part. We have the generic formula:

Ini1 = (I, K, IL).

nsytn

We have checked the above conjecture for n = 5,6,7
with a brute force method which confirms (see Appendix. A).
Recall that the prime decomposition of I3 has six components
(all are linear subspaces, i.e., hyperplanes or intersection of
hyperplanes, and we ignore other eight linear subspaces where
ta, t4,ts could be infinity corresponding to the rotations of 180
degrees):

(ta), (ta,ts), (ta,t3 £ 1), (te, t5 £ 1).

The prime decompositions of Iy, I, I, I7 are the intersections
of 15, 28,45,66 planes, respectively. One can conjecture that
the singularities for a 2n + 1 circular manipulator are the
intersection of (n — 1)(2n — 3) hyperplanes. Notice that we
ignore the rotations of 180 degrees.

VI. DISCUSSION OF RESULTS AND FUTURE RESEARCH

This paper deals with the kinematic analysis of serial
manipulators with a particular structure introduced as circular
manipulators. We first recalled the closed-form solution of
circular manipulators when n=3 and showed the pattern of
closed-form solutions. The novel idea of this solution is that
we give the explicit expressions for each joint based on

the self-motion parameter (swivel angle). It solves all angles
simultaneously, which differs from others, which solve the
first three joint angles first and the other three joint angles
using the orientation of the pose and the known solutions.
Our closed-form solution has a significant advantage when
implemented as a parallel algorithm on a multi-core processor.
The general solution for (2n+1)R is based on the first result
by changing the end-effector (use parameters, e.g., joints
parameters, to parametrize the position and orientation). One
of our main contributions is that we can give a geometric
view of the inverse kinematics solutions. By the particular
pattern of the circular manipulators, we can pick the special
sub-chain with 7R, which is a 7R circular manipulator. We
can choose multiple such sub-chains to solve the redundancy
with this particular pattern. In addition, we give a conjec-
ture for kinematic singularities of circular manipulators in
a formula, which confirms for n = 5,6,7. The analysis of
kinematic singularities shows that they are helpful. Especially,
at some singularity, for obstacle avoidance, one has to pass
through it instead of avoiding it. From the authors’ knowledge,
one can not avoid obstacles by keeping away singularities
simultaneously using the existing methods, e.g., the null-space
method. The symbolic analysis for the kinematic singularity
is general and can be applied to any other robot. It is
worth mentioning that the robot we treat in this paper is
particularly interesting by its geometry. Compared to the null
space method, a well-used numeric method in the literature
for solving redundancy, we expect to utilize the potential of
redundancy more inclusively with our geometric explanation.
For example, to avoid obstacles, realize compliance control,
or even multi-prioritize configuration variations that take a
more inclusive view of possible re-configurations. Some serial
manipulators, e.g., ABB Yumi 7R and UFACTORY xArm
7R, are not circular. Because the first or the last three joints
fulfill the Bennett conditions (e.g., aisinas = aosinag,
ds = 0) instead of spherical conditions (e.g., a1 = as = 0,
dys = 0). The authors do not know closed-form inverse
kinematic solutions for either. We know that the two Bennett
conditions reduce the number of solutions from sixteen to
eight by Selig’s book [32]. The singularities analysis can be
done similarly as in Section V, but the representation is more
complicated comparing the circular manipulators. We leave all
these for future study.

APPENDIX
IDEALS OF KINEMATIC SINGULARITIES

I = (totg(t2 — 1), totats, (t3 — 1)tate
totyty, totyts,(t2 — Dtaty, (t3 — Dtytg, tote(t2 — 1),
tate(t2 — 1), totsts,tatets, tats(t2 — 1), tatets, (12 — 1)tets
Loty tatalio,tateto,taletio, taleto, t3tetio,talstio, talstio,
totg(ta — 1),(t2 — V)tate, (12 — 1)tat10, t3ts(ts — 1),
tateto, (12 — 1)teto,(t2 — Vtgtio, tats(td — 1), tste(t2 — 1),
tatstio, tatstio, tststio, tets(ta — 1), tetstio, (t2 — 1)tgtio).



Is = (Is,
totatin, tatatio, tatetin,tatelia, tatelin, tateliz,
totstii, tatstia, tatstin,tatstia, tatioti2, t3tiotiz,
tat1o(t3, — 1), t3t10(td, — 1),(t3 — D)tatiq, (12 — Dtatio,
tatetin, tatetio, Latstin,tatstio, totstin, totstio,
tatiotiz, tat1o(t5, — 1),tstiotiz, (t2 — 1)tetin,
(t3 — D)toti2, tst1o(t3, — 1)tetstin, tetstiz, (t5 — Dtiotiz,
(t2 — V)tgt1y, (12 — Dtstiotetio(t]; — 1), trtio(t] — 1),
tetiotiz, trtiotia,tstio(t] — 1), tstiotiz).

I = (I,
totatis, tatatia, totelis,tatelia, t3telis, t3telia,
totstis, tatstia,tatstis,talstia,tati0t13, t3t10t13,
tatiotia, tatiotia, tatiatia,tatiatia,tatia(tly — 1),
tatio(t2y —1),(t2 — Ditygtis, (12 — 1)tat1a,
tatel13, tatelia, Latstiz,tatstia, tstslis, tstslia,
tat1ot13, tatiotia, tstiot13,tst10t14,tat12814, L5t12t14,
tatro(tls — 1), tst1a(tfs — 1), (85 — Distrs,
(t2 — 1)tet1atotstis totstia, totiot1z, tetiotia,
trtiotis, trtiotia, totiotia tstintia tetio(t]y — 1),
(t2 — Dtgtys,(t2 — V)tgtig, trtio(t3; — 1),
tstiotis, tstiotia,tiotiz(ts — 1), (t§ — Dtiotia,
tst1z(tTy — 1), tot12(t15 — 1),tstiatia, totiatia,
tioti2(tls — 1), tiotiztia, (£ — D)tiatia).

Recall that the prime decomposition of I3 has 6 components
(all are hyperplanes):

(ta), (t2,t6), (t2,t3 £ 1), (t6, t5 = 1).
The prime decomposition of I, has 15 hyperplanes:

<t47t6>? <t2a t3 + 17t6>a <t47t7 + 17t8>a
<t27t3 + 1at7 + 17t8>7 <t2at3ut4at5 + 1>7
<t83t7at63t5 + 1>7 <t23t3at4at8>7 <t27t67t77t8>'

The prime decomposition of 5 has 28 hyperplanes:

<t4,t6,t8>, <t4,t6,t9 + 1,t10> <t2,t3 +1 t67t8>,
(t2,t3 £ 1,t6,t9 = 1,t10), (ta, t7 £ 1, 13,9, t10),
(tg,t5 £ 1,tq,t3,t2), (t10,t0 £ 1,t5 £ 1,14, t3,t2),
<t2,t3 +1,t7 £ 1,tg, tg,t10> <t5 +1 tﬁ,t?,ts,t97t10>
(ta,t6, 7,18, to, t10), (t2, t3, ta, ts, to, t10),
<t10,t6,t5,t4,t3,t2> <t2,t3,t4,t5,t6,t7 + 1>

)

The prime decomposition of I has 45 hyperplanes:

(ta,te,ts, t10), (ta, te, ts, t1n £ 1,112), (to, ts, s, t3 £ 1, 12),
<t12,t11 + 1,ts,tg,t3 £ 1,t2), (t4,t6,t0 = 1 tlo,tn,t12>,
<t10,t8,t5 + 1,t4,t3,t2> <t12,t11 + 1,tg,t5 = 1, 14,13, 2>,
<t2,t3 + 1,146,190 = 1 tlo,tll,t12>7
(t12,t11, t10, to, ts, tr £ 1,ta), (ta, 3, ta, t5, L6, t7 = 1, t10),
<t2,t3,t4,t5,t6,t7 +1,t11 £1 t12>,
<t27t3,t4,t5 +1,tg£1 tlo,tu,t12>,
<t2,t3 + 1,4, +1 tg,tg,tlo,tll,t12>,
(ts £ 1,t6,t7,t8,to, t10, t11, t12), (t12, ts, t7, b6, t5, ta, 13, La),
(ta,t6,t7, s, to, t1o, t11, t12), (t2, t3, ta, ts, to, tio, t11, t12),
(ti2,t11,t10, te, s, ta, t3, ta), (ta, 3, ta, ts, te, tr, ta, to £ 1).

The prime decomposition of 7 has 66 hyperplanes:
(ta,ts, ts, t10,t12), (ta, te, ts, tio, t13 = 1, 114),
<t12,t10,t8,t6,t3 +1 t2>,
<t14,t13 + 1, ¢10, 18, 86,13 = 1 t2>,
(ta te,ts, t1n £ 1,112, t13,t14),
(ti2,t10,ts,t5 & 1,14, t3,t2),
(t1a,t13 £ 1,110, s, 5 & 1,14, 13, 12),
(ta,t3 £ 1,t6,ts,t11 & 1,112, 113, t14),
(ta,te,to = 1,t10,t11,t12, 13, t14),
(ti2,t10,t7 £ 1,16, 15,14, t3,12),
(t1a,t13 = 1, t10,t7 £ 1,16, 15,14, 3, t2),
(tia,t13,t1o,t1n £ 1,8, 5 £ 1,4, 13, 12),
(ta,t3 £1,t6,tg £ 1,110,111, t12, t13,t14),
(ta,t7 £ 1,t8,t9,t10, t11, t12, t13, t14),
<t12,t9 + 1,ts,t7,tg, ts5, t4, t3, 2>,
(t14,t13 £ 1,tg £ 1, ts,t7, L6, t5, ta, t3, L),
(tia,t13,t1o, t1y &+ 1,87 £ 1,6, 5,14, t3, Lo),
(ta,t3,ta,t5 £ 1,9 £1,t10,t11, 112,13, L14),
(ta,t3 £ 1,t7 £ 1,t8,t9, 10, t11, t12, t13, L14),
(ts & 1,16, t7, s, o, t10, t11, t12, t13, 1),
(ta,te, tr, s, to, t1o, t11, t12, t13, t1a),
(ta,t3,t4,18,t9, t10, t11,t12, t13, t14),
(ta,t3,ta,t5,t6,t10, t11, 12, t13, t14),
(ta,t3,ta,ts5,t6, tr, g, t12, t13, t14),
(ta,t3,t4,ts5,t6, t7, s, to, t10, t14),
(t2,t3,t4,t5,t6, t7, 8, to, t10, t11 £ 1).
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