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Abstract—The 4-DOF (3T1R) 4PPa-2PaR parallel manipulator
is developed for high-speed pick-and-place operations. However,
conventional trajectory planning methods in either active-joint
space or Cartesian space have some shortcomings due to its high
nonlinear kinematics. Owing to its unique four-to-two leg structure,
the middle link that connects to the two proximal parallelogram
four-bar linkages in each side only generates 2-DOF translational
motions in a vertical plane. By treating each of the middle link as
a 2-DOF virtual passive joint, a new trajectory planning method
in the 4-DOF virtual passive-joint space is proposed, which not
only simplifies the kinematic analysis, but also decreases the kine-
matics nonlinearity. By introducing the virtual passive joints, both
displacement and velocity analyses are readily investigated. The
Lagrangian method is employed to formulate the closed-form dy-
namic model. The quintic B-spline is utilized to generate trajecto-
ries in the virtual passive-joint space, while the Genetic Algorithm
is implemented to search for the time-optimal trajectory. The sim-
ulation results show that the motion time planned in the virtual
passive-joint space is decreased by 2.8% and 8.1% compared
with the active-joint space method and Cartesian space method
respectively. The average and peak jerks of the moving platform
are decreased by 14.6% and 37.6% compared with the active-joint
space method.

Index Terms—Parallel manipulator, trajectory planning, virtual
passive joints, quintic B-spline, minimum time optimization.

I. INTRODUCTION

TRAJECTORY planning of Parallel Manipulators (PMs)
for high-speed pick-and-place operations, has a wide range

of industrial applications, such as food sorting, parts assembling
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and material handing. In general, a desired trajectory should
possess the attributes of short execution time, low energy con-
sumption, continuous acceleration, and low jerk for both the
active joints and the moving platform. Over the last few decades,
significant research efforts have been made to generate the
desired trajectories for high-speed pick-and-place operations.
Nevertheless, most of the trajectory planning approaches can be
classified into two categories: the active-joint space method and
the Cartesian space method.

The active-joint space method is to obtain the displacements
of active joints through inverse kinematics given the via points
of the moving platform. For the high-speed pick-and-place
operation, the most popular one describing the general geo-
metric path in Cartesian space is based on five via points,
i.e., initial point, lift-off point, middle point, set-down point,
and final point, which depicts the motion profile clearly with
low computation burdens [1]. To achieve continuous velocities,
accelerations, and jerks of the trajectory, interpolation functions
such as polynomials [2], [3], spline curves [4], [5], [6], and other
blending functions [7], [8] are utilized directly in the active-joint
space. The active-joint space method has a few advantages such
as smooth trajectory with low jerks, small average and peak
driving forces of the active joints, and low computation burden.
However, its performances are usually limited by the high non-
linear kinematics of the PM, which may not only increase the
jerk values of the moving platform, but also decrease the path
accuracy in Cartesian space.

For the Cartesian space method, the conventional path is
formed by connecting the horizontal and vertical segments with
arcs, which increases the computation burden due to large num-
bers of parameters and constraint conditions. To depict the path
shape directly in Cartesian space, the path equations, such as
semi-elliptic [9], Lame curve [10], and Pythagorean Hodograph
curve [11], are employed, but they are hard to achieve high order
trajectory continuity. Currently, the trajectory planning method
based on quintic B-spline model is used widely in Cartesian
space [12], [13], [14]. This approach decreases the computation
burden due to fewer via points in geometric path, and achieves
jerk continuity of trajectories. Although the Cartesian space
method can generate smooth trajectory and accurate geometric
path of the moving platform, the method is limited due to the
kinematic nonlinearity, which results in the decreased trajectory
performances of the active joints, and its computation time is
also increased due to the existence of multiple inverse kinematics
solutions.
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To overcome such limitations, three major types of ap-
proaches have been proposed. The first type improves trajectory
performances by using a hybrid or modified interpolation algo-
rithm [13], [15]. However, the approach introduces a few param-
eters and constrains, which increases the computation burden.
The second type employs comprehensive objective functions
in trajectory optimization models, such as minimum sum of
acceleration and jerk with weight coefficients [1], [14], jerk
norm and standard deviation [11], and the square of the sum
of acceleration and time [16]. Although the smoothness of tra-
jectories is improved, the optimization model is complicated and
the weight coefficients are hard to be determined. The third type
reduces the mathematical complexity based on the kinematic
features of the PM such as isotropic [17], which possesses the
constant and diagonal Jacobian matrices so as to decrease the
kinematic nonlinearity, but it is limited by the configuration of
PMs.

A PM normally has multiple passive joints. In general, the
kinematic relationships between the passive joints and both of
the active-joint and the moving platform can be readily obtained,
and for which their kinematics nonlinearities are significantly
reduced. Taking the advantage offered by passive joints, a simpli-
fied singularity analysis method based on passive-joint velocities
has been successfully developed [18]. As such, it could be also
effective to plan the trajectory in virtual passive-joint space so as
to obtain desired performances in both of the active-joint space
and Cartesian space.

The novelties and contributions of this letter are presented as
follows:

1) Owing to the unique kinematics characteristics of the
4PPa-2PaR PM, it is realized that the middle link that
connects two proximal parallelogram four-bar linkages to
one distal parallelogram four-bar linkages in each of the
two branches always generates the 2-DOF translational
motions in a fixed vertical plane. By treating each of the
middle links as a 2-DOF virtual passive joint, simple kine-
matic relationships from the virtual passive joints to both
the active joints and the moving platform are obtained,
which makes the nonlinearity of the resultant kinematic
models reduced.

2) A new time-optimal trajectory planning method in the
4-DOF virtual passive-joint space is proposed for the
4PPa-2PaR PM. which generates the fastest trajectory
compared with the trajectory planning methods in both
the active-joint space and Cartesian space under the same
performance constraints. The simulation results show that
the trajectory time planned in passive-joint space is de-
creased by 2.8% and 8.1% compared with the active-joint
space method and Cartesian space method, respectively.

The rest of this letter is organized as follows. In Section II, the
displacement and velocity kinematics from the virtual passive
joints to both active joints and the moving platform are investi-
gated, while the dynamic model is formulated by the Lagrangian
method. Section III establishes the trajectory model by quintic
B-splines. In Section IV, a trajectory optimization algorithm
based on Genetic Algorithm for achieving minimum trajectory
time is developed. A simulation example is given in Section V,

Fig. 1. Configuration of the 4PPa-2PaR PM: (a) Prototype of the 4PPa-2PaR
PM. (b) Kinematic diagram of the 4PPa-2PaR PM.

and the effectiveness of the virtual passive-joint space method
is validated. Section VI concludes this letter.

II. KINEMATIC AND DYNAMIC MODELING

A. Description of the 4PPa-2PaR PM

The 4PPa-2PaR PM developed in this letter is shown in
Fig. 1(a). Its moving platform is connected to the base through
two legs, while each leg consists of two active joints, two
proximal parallelograms, one middle link and one distal par-
allelogram. Each middle link is treated as a virtual passive joint
that can generate 2-DOF translational motions in a vertical plane.
In addition, the motion of the moving platform can be extended
infinitely along its linear guide direction, and its kinematics have
been analyzed in our previous work [19].
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TABLE I
GEOMETRIC PARAMETERS OF THE 4PPA-2PAR PM

Referring to Fig. 1(b), the global reference frame {B}: O −
xyz is fixed to linear guide I, and the local reference frame {E}:
P − x′y′z′ is attached to the center of the moving platform.
(y1, z1) and (y2, z2) represent the position coordinates of the
two virtual passive joints. The pose of the moving platform is
represented by four parameters, i.e., x , y , z , and θ. The geometric
parameters of the 4PPa-2PaR PM are listed in Table I.

B. Kinematic Analysis

For the 4PPa-2PaR PM, its displacement kinematic rela-
tionship between the four active-joint displacements (i.e., q1,
q2, q3, and q4) and the moving platform poses (i.e., x , y ,
z , and θ) has been derived, and the velocity Jacobian ma-
trix,G[ẋ ẏ ż θ̇]T = J[q̇1 q̇2 q̇3 q̇4]

T , has also been ob-
tained in [19].

According to the kinematic features of the PM, the relation-
ship between the virtual passive-joint displacements (i.e., y1, y2,
z1, and z2) and the active-joint displacements (i.e., q1, q2, q3,
and q4) is obtained easily as follows:

⎧⎪⎪⎨
⎪⎪⎩

q1 = y1 −
√

l2u − z21
q2 = y1 +

√
l2u − z21

q3 = y2 −
√

l2u − z22
q4 = y2 +

√
l2u − z22

. (1)

To determine its velocity equation, the Jacobian matrix, as the
form of Ja[q̇1 q̇2 q̇3 q̇4 ]T = Jp[ẏ1 ẏ2 ż1 ż2 ]T (Ja is
a identity matrix), is obtained as follows:

Jp =

⎡
⎢⎢⎣
1 0 z1/

√
l2u − z21 0

1 0 −z1/
√
l2u − z21 0

0 1 0 z2/
√

l2u − z22
0 1 0 −z2/

√
l2u − z22

⎤
⎥⎥⎦ . (2)

Based on the (2), the determination of Jacobian matrix JP is
derived as follows:

det(Jp) = −4z1z2/
√
l2u − z21 ·

√
l2u − z22 . (3)

When z1 = 0, i.e., q2 − q1 = 2lu, the links B1C1 and B2C1 are
fully stretched out. The mechanism loses a degree of freedom,
and the inverse singularity occurred; when z1 = lu, i.e., q2 = q1,
the links B1C1 and B2C1 are fully folded back. The mechanism
loses and also gains a degree of freedom, and the inverse and
forward singularities occurred. The cases when z2 = 0 and z2 =
lu have the same singularities.

In addition, the relationship between the virtual passive-joint
displacements (i.e., y1, y2, z1, and z2) and the pose parameters
of the moving platform (i.e., x, y, z, and θ) is also obtained,
which is given by⎧⎪⎪⎨

⎪⎪⎩

x = b1 + b0/2
y = (y1 + y2) /2
z = z1 + h1 − d3 − h2
θ = arcsin [(y1 − y2) /a]

, (4)

where, b1 =
±Δd

√
−(Δb2+Δd2)(Δb2+Δd2−4l2d)+ΔbΔd2+Δb3

2(Δb2+Δd2) ,

b0 = a cos θ, d3 =
√

l2d − b21, Δd = z2 − z1 and Δb = b− b0.
Based on (4), the Jacobian matrix between the virtual passive

joints and the moving platform, i.e., Jq[ẏ1 ẏ2 ż1 ż2 ]T =

Jm[ẋ ẏ ż θ̇ ]T , can be obtained as follows

Jq =

⎡
⎢⎢⎣
1 0 0 0
0 1 0 0
0 0 − cosβ1 0
0 0 0 cosβ2

⎤
⎥⎥⎦ (5)

Jm =

⎡
⎢⎢⎣

0 1 0 − (a cos θ) /2
0 1 0 (a cos θ) /2

sinβ1 0 − cosβ1 (a sin θ sinβ1) /2
sinβ2 0 − cosβ2 − (a sin θ sinβ2) /2

⎤
⎥⎥⎦ (6)

in which, sinβ1 = x− a cos θ/2, sinβ2 = b− x− a cos θ/2,
cosβ1 = z1 + h1 − z − h2, and cosβ2 = z2 + h1 − z − h2.
According to the (2), (5), and (6), the singularity analyses are
divided into two parts by the virtual passive joints, and the
simple Jacobian matrix expression forms are obtained, which
is beneficial to decrease the computation burden.

C. Dynamic Modeling

The purpose of the dynamic modeling is to determine driving
forces F of four active joints given the displacements, velocities
and accelerations of the moving platform. Based on the geo-
metrical characteristics of the 4PPa-2PaR PM, the Lagrangian
equations are employed to formulate its dynamic model. As
the displacements of active joints (i.e. q1, q2, q3 and q4) are
chosen as the generalized coordinates, the Lagrangian L(q, q̇)
is formulated as

L (q, q̇) =
1

2
q̇TM (q) q̇−V (q) , (7)

in which, M(q) is the manipulator inertia matrix and V(q) is
the potential energy. To obtain the joint-space inertia matrix, the
Jacobian matrices of proximal link BiCj (i = 1, 2, j = 1; i =
3, 4, j = 2) and distal link EjHj (j = 1, 2) are necessary to be
analyzed.
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Fig. 2. Two closed-loop vectors from the base coordinate origin to the center
of the moving platform and the distal link E1H1.

1) Angular Velocity Analysis of Links BC and EH: Accord-
ing to the geometrical relationship between proximal link BiCj

and four active joints, the angular velocities α̇1 and α̇2 are
derived readily as follows{

α̇1 = (q̇1 − q̇2) /2lu sinα1,
α̇2 = (q̇3 − q̇4) /2lu sinα2.

(8)

To determine the angular velocities β̇1 and β̇2 of distal link
EjHj , a closed-loop vector approach is employed, as shown in
Fig. 2. Let the closed-loop vector from the origin of frame {B}
to frame {E} be ri = [x y z ]T(i = 1, 2, 3, 4), it yields⎧⎪⎪⎨
⎪⎪⎩

ri = qi + luni + h1mi + ldpi + h1mi − a
2aj

(i = 1, 2; j = 1),
ri = b+ qi + luni + h1mi + ldpi + h1gi − a

2aj
(i = 3, 4; j = 2),

(9)

where, qi is the displacement of active joints; b represents the
distance between two linear guides along x-axis;ni,mi,pi, and
gi represent the unit direction vectors of

−−−→
BiCj ,

−−−→
CjEj ,

−−−→
EjHj , and−−−→

HjPj , respectively; aj is a vector from the origin of frame {E}
to the points Pj . The velocity equation is obtained by taking the
derivative of (9) with respect to time, which is given by

ṙi = Kqiq̇i +Kuiluα̇i +Kdildβ̇i −Kaiθ̇i (10)

in which, Kqi, Kui, Kdi, and Kai ∈ R3×1 are all coefficient
vectors.

Substituting (8) into (10), the angular velocity β̇j is given by{
β̇1 = ẋ/(ld cosβ1) + (a sin θ)θ̇/(2ld cosβ1),

β̇2 = −ẋ/(ld cosβ2) + (a sin θ)θ̇/(2ld cosβ2).
(11)

2) Jacobian Matrices of Links BC and EH: For the link
BiCj , its coordinate of center point (i.e. xlui, ylui, and zlui) can
be described by qi. By taking the derivative of the displacement
equations, the velocity of link B1C1 can be determined by
the form of [ẋlu1 ẏlu1 żlu1 α̇1]

T = Jlu1 [q̇1 q̇2 q̇3 q̇4]
T .

which can be given by

Jlu1 =

⎡
⎢⎢⎣

0 0 0 0
3/4 1/4 0 0
1/4 −1/4 0 0

1/(2lu sinα1) −1/(2lu sinα1) 0 0

⎤
⎥⎥⎦ , (12)

Similarly, the Jacobian matrices of linksB2C1,B3C2, andB4C2

can also be derived.
To obtain the Jacobian matrix of distal link EjHj (j = 1, 2),

a closed-loop vector form the origin of frame {B} to the center
point of distal linksEjHj is employed, as shown in Fig. 2. Hence,
The velocity equation of link E1H1 is calculated as follows
[
ẋld1

ẏld1
żld1

]T
=

[
ẋ ẏ ż

]T
+Kaθ̇ +Kdβ̇1, (13)

in which, Ka = a
2 [sin θ − cos θ 0 ]T and Kd =

ld
2 [− cosβ1 0 − sinβ1 ]T . Substituting (11) into (13),
the velocity equation can be represented as the form of
[ẋld1 ẏld1 żld1 β̇1 ]T = Jβ1

[ẋ ẏ ż θ̇ ]T , and the
Jacobian matrix Jβ1

is given by

Jβ1
=

⎡
⎢⎢⎣

1/2 0 0 a sin θ/4
0 1 0 −a cos θ/2

− tanβ1/2 0 1 −a sin θ tanβ1/4
1/ (ld cosβ1) 0 0 a sin θ/ (2ld cosβ1)

⎤
⎥⎥⎦ . (14)

Based on the velocity relationship between the mov-
ing platform and active joints, i.e., [ẋ ẏ ż θ̇ ]T =

Jp[q̇1 q̇2 q̇3 q̇4 ]T, the velocity equation of link E1H1 is
rewritten as[

ẋld1
ẏld1

żld1
β̇1

]T
= Jld1

[
q̇1 q̇2 q̇3 q̇4

]T
. (15)

where, Jld1
= Jβ1

Jp. Similarly, the Jacobian matrix of distal
link E2H2 can be represented as Jld2

= Jβ2
Jp.

3) Dynamic Equations: The generalized force is represented
explicitly as

Fi =

n∑
j=1

Mij(q)q̈j +

n∑
j,k=1

Γijkq̇j q̇k + Ni(q), (16)

where Γijk = 1
2 (

∂Mij(q)
∂qk

+ ∂Mik(q)
∂qj

+
∂Mkj(q)

∂qi
). In addition,

M(q) and N(q) can be derived as respectively
{
M (q) = JT

lu
MluJlu + JT

ld
MluJld + JT

pMpJp,
N (q) = ∂Vlu/∂q+ ∂Vld/∂q+ ∂VP/∂q,

(17)

in which, Mlu , Mld , and Mp are 4×4 inertia matrices; Jlu ,
Jld and Jp are Jacobian matrices; Vlu , Vld , and Vp are potential
energies of links BiCj , EjHj (i = 1, 2, j = 1; i = 3, 4, j = 2),
and the moving platform respectively, which are given by⎧⎪⎪⎨

⎪⎪⎩

Vlu = 1
2mluglu sinαj ,

Vld = 1
2mldg(2h1 − ld cos(βj − ϕ) + 2lu sinαj),

Vp = 1
2mpg(2h1 − ld cos(β1 − ϕ)− ld cos(β2 − ϕ)
+lu sinα1 + lu sinα2 − 2h2),

(18)
Substituting (17) and (18) into (16), the dynamic equation is
formulated as the form of

F = M (q) q̈+C (q, q̇) q̇+N (q,) . (19)

To validate the correctness of the dynamic model, a simulation
example is given in MATLAB and ADAMS environments by
q1 = q3 = 0.18+0.1 sin t and q2 = q4 = 0.90+0.1 sin t, and the
simulation results are shown in Fig. 3.
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Fig. 3. Simulation results in MATLAB and ADAMS environments: (a) driving
force of active joint 1; (b) driving force of active joint 2; (c) driving force of
active joint 3; (d) driving force of active joint 4.

Fig. 4. Geometric path of pick-and-place operation in base frame.

III. TRAJECTORY GENERATION IN THE VIRTUAL

PASSIVE-JOINT SPACE BASED ON QUINTIC B-SPLINES

A. Description of the Geometric Path

To describe the geometric path of pick-and-place operations
in Cartesian space, a common method is employed through
given five via points. As shown in Fig. 4, P1(x1, y1, z1, θ1),
P2(x2, y2, z2, θ2), P3(x3, y3, z3, θ3), P4(x4, y4, z4, θ4) and
P5(x5, y5, z5, θ5) are the initial point, lift-off point, middle
point, set-down point, and final point, respectively. h1 and h2

represent the heights of ‖ P1P2 ‖ and ‖ P4P5 ‖ segments, and
h3 is the height difference between P3 and P2 (P4) along z-axis
direction in base frame. In addition, the distances between P1

and P5 are represented by dx and dy in x- and y-axis directions,
respectively.

B. Generation of the Trajectory Model by Quintic B-Splines

A brief review of quintic B-splines is displayed as follows.
A B-spline of degree 5, i.e., k = 5, is a linear combination of
Bernstein basic function Ni,k(u), which is weighted by control

points Qi. The motion profile s(u) is formulated as

s(u) =

n∑
i=1

Qi·Ni,k(u), 0 ≤ u ≤ 1, (20)

in which, Ni,k(u) can be obtained by the De-Boor formulations.
Let ti (i = 1, . . . , v-1) denotes the execution time of each
trajectory segments divided by the via points (v is the number
of the via points), and tall =

∑v−1
i=1 ti. ui can be derived by the

cumulative chord length approach as follows:

ui =

⎧⎨
⎩
0, 1 ≤ i ≤ k + 1
ui−1 +

ti−k−2

tall
, k + 2 ≤ i ≤ k + v + 1

1, k + v + 2 ≤ i ≤ 2˜k + v + 2.

(21)

To achieve the jerk continuity, two virtual points are introduced
at uk+2 and uk+v+2 positions, and the node ui is repeated 6
times atui = 0 andui = 1 positions. The number of v constraint
equations is formulated as follows⎧⎨

⎩
s(uk+1) = Q1

s(uk+j) =
∑n

i=1 Qi·Ni,k(uk+j), j = 2, 3, v − 1.
s(uk+v+2) = Qn

(22)

According to the r-th (r=1,2,3) derivative form of s(u) with
respect to u, 6 constraint equations are used to satisfy boundary
conditions in terms of velocity, acceleration and jerk at both ends
of the trajectory, they are given by{

Q1,r(u1) =
∑r+1

i=1 Qi,r·Ci,r = 0
Qn−1,r(uk+v+2) =

∑n
i=n−r Qi,r·Ci,r = 0

r = 1, 2, 3,

(23)
in which, Ci,r can be determined by the derivative form of s(u).
The coordinates of the control points can be rewritten in a matrix
form as follows

Q = A−1B, (24)

whereQ = [Q1 · · ·Qn ]T1×n,A = [A1A2 ]T ,B = [B1B2 ]T ,
B1 = [s1 · · · sv ]T1×v , B2 = [0 · · · 0 ]T1×6, while [A1]v×n and
[A2]6×n can be obtained according to (23).

IV. TIME-OPTIMAL TRAJECTORY PLANNING IN THE VIRTUAL

PASSIVE-JOINT SPACE

A. Formulation of the Optimization Model

In general, a trajectory that can achieve pick-and-place oper-
ation in minimum time is expected. For the 4PPa-2PaR PM, a
time-optimal trajectory planning model in the virtual passive-
joint space with design parameters and constraint conditions is
formulated as follows:

min
ti

tall = t1 + t2 + t3 + t4 (i = 1, . . . , 4)

s.t.

0 < ti < 2 s, (a)

0 < q2 − q1 < 2lu, (b)

0 < q4 − q3 < 2lu, (c)

|(q2 + q1) /2− (q4 + q3) /2| < a, (d)
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q̇i ≤ 2m/s, (e)

Fi ≤ 100N, (f)

max (Jx, Jy, Jz) ≤ 35m/s3, (g)

in which, ti is the design parameter, and tall is the objective
function. qi and q̇i represent the displacement and velocity of
the active joints; Fi is the driving force; Jx, Jy , and Jz are the
translational jerks of the moving platform, respectively. (a) is
a boundary constraint for each of trajectory segments, and (b)
to (d) are given to satisfy the trajectory without suffering from
the kinematics singularity and the mechanical interference; (e)
and (f) are velocity of the active joints and the driving forces
constraint conditions; (g) is a translational jerk constraint for
the trajectory smoothness of the moving platform.

B. Optimization Algorithm

As the objective function has a highly nonlinear relation-
ship with constrain conditions, Genetic Algorithm (GA) is
employed to formulate the optimization model in MATLAB
environment. GA is a global search method to solve optimization
problems, and its process is affected mainly by three parameters,
i.e., the population size, the crossover operator, and the mutation
operator. Based on the nonlinear and constraint optimization
problems, their general boundary conditions are 20–100, 0.4–
0.9, and 0.001–0.1, respectively. To obtain the appropriate values
for these parameters, a large number of simulations have been
conducted. According to the results, the three optimal values are
50, 0.8 and 0.01, respectively.

V. SIMULATION RESULTS

To validate the effectiveness of the virtual passive-joint space
method, a simulation example is given by practical requirements.
The main purpose of the simulation example is to obtain the min-
imum trajectory time. Besides, other trajectory performances,
i.e., the driving forces of four active joints, the jerk values of the
moving platform, the accuracy of the geometric path, and the
computational efficiency, are also validated, respectively.

Based on the pick-and-place operation requirements, a set
of path parameters is given in Cartesian space, i.e., h1 = h2 =
0.1m, h3 = 0.05m, dx = 0.2m, dy=0.5m, θ1 = θ2 = 0, θ4 =
θ5 = π/3, and θ3 = (θ1 + θ5)/2. Hence, the coordinates of the
moving platform are P1(0.3, 1,−0.2, 0), P2(0.3, 1,−0.1, 0),
P3(0.4, 0.75,−0.05, π/6), P4(0.5, 0.5,−0.1, π/3) and
P5(0.5, 0.5,−0.2, π/3), respectively. According to the inverse
kinematics, the coordinates of the virtual passive joints
(y1i, y2i, z1i, z2i) (i = 1, 2, . . ., 5) can be derived.

A. Minimum Time

Based on the time-optimal trajectory planning model in the
virtual passive-joint space, the minimum execution time for
the pick-and-place operation is obtained, as shown in Fig. 5.
According to the simulation result, the objective function begins
to converge stably after the 20 th generation, and the best fitness
value is 2.05 s. The comparison of the optimized objective

Fig. 5. Curves of the best fitness value with evolutionary generations.

TABLE II
SIMULATION RESULTS OF OBJECTIVE FUNCTIONS AND DESIGN PARAMETERS

WITH THREE DIFFERENT TRAJECTORY PLANNING METHODS

function and the design parameters produced by three different
methods are shown in Table II.

The simulation results show that the optimal-time trajectory
with multiple constraints generated in the virtual passive-joint
space is the fastest among the three methods. The trajectory
planned in active-joint space is limited by the jerk constraint
mainly, which takes more time to satisfy the jerk constraint.
In addition, the velocity and driving forces constraints prolong
the trajectory time planned in Cartesian space due to the high
kinematic nonlinearity. The kinematic mappings from the virtual
passive-joint space to both the active-joint space and Cartesian
space have a low degree of nonlinearity because of the de-
composed kinematic models, so the virtual passive-joint space
method generates the fastest trajectory.

B. Driving Forces of the Active Joints

Based on three optimization results, the driving force curves
of active joints are derived by the dynamic model, as shown in
Fig. 6. In general, the average and peak values are employed to
evaluate the performances of driving forces. The average values
generated in virtual passive-joint space are close to those of the
active-joint space method and Cartesian space method, and they
are decreased slightly by 0.56% and 2.1%, respectively.

Although the driving force curves generated by three method
have similar tendency, the peak driving forces have different
values. Fig. 6(a) and (d) show that the peak values of the active
joints B1 and B4 are decreased by 15.9% and 13.4% compared
with that of the active-joint space method, and only decreased by
2.5% and 6.0% compared with that of Cartesian space method,
while Fig. 6(b) and (c) indicate that three peak driving forces of
the active joints B2 and B3 have the nearly same values.
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Fig. 6. Driving force curves of active joints: (a) driving force ofB1; (b) driving
force of B2; (c) driving force of B3; (d) driving force of B4.

Fig. 7. Jerk curves of the moving platform: (a) x-direction; (b) y-direction; (c)
z-direction; (d) θ-direction.

C. Jerk Values of the Moving Platform

According to the optimized design parameters, the displace-
ments, velocities, accelerations, and jerks of the moving plat-
form are all derived. As shown in Fig. 7, three jerk curves of
the moving platform are generated in the active-joint space, the
virtual passive-joint space and Cartesian space, respectively.
The virtual passive-joint space method decreases its average
and peak values of jerk by 14.6% and 37.6% compared with
the active-joint space method, especially they are decreased by
37.8% and 53.7% along the x-axis direction, and decreased by
21.9% and 51.4% along the z-axis direction. In addition, the

Fig. 8. Three different geometric paths of the moving platform: (a) front view;
(b) top view.

average and peak values of the trajectory planned in virtual
passive-joint space are increased by 27.66% and 37.3% com-
pared with the results of Cartesian space method.

D. Path Accuracy and Computational Efficiency

For the high-speed pick-and-place operation, the path accu-
racy of the moving platform is also a vital index. Based on the
optimized results, three different geometric paths are obtained
as shown in Fig. 8. Owing to the high nonlinear kinematic
mapping from the active joints to the moving platform, the path
generated by active-joint space method deviates from the desired
path plane, especially in the x-axis and y-axis directions, while
the paths generated in virtual passive-joint space and Cartesian
space coincide with the desired trajectory plane due to the low
degree of nonlinear kinematic mappings. Based on the distance
of the trajectory deviating from the ideal path plane, the path
generated in virtual passive-joint space is more accurate than
that in the active-joint space.

In addition, the computation time are validated by run-
ning the MATLAB program code. With the computer con-
figuration of Legion R7000P and AMD Ryzen 7 4800H, 20
groups of simulation tests are conducted. The results show that
the average running time are 1.95 s, 2.09 s, and 2.38 s in the
active-joint space, the virtual passive-joint space and Cartesian
space, respectively. Compared with Cartesian space method,
the computation efficiency is improved by 12.2%, which in-
dicates the effectiveness of the virtual passive-joint space
method.

E. Performance Comparisons of the Three Trajectories

To justify the advantages of the virtual passive-joint space
method clearly, three trajectories are compared in terms of
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Fig. 9. Comparisons of trajectory performances generated by three different
methods.

TABLE III
COMPARISONS OF MULTIPLE DIFFERENT TRAJECTORY EXAMPLES

trajectory execution time, driving forces, jerk of the moving
platform, and trajectory calculation time (the comparison of the
path accuracy is shown in Fig. 8), as shown in Fig. 9. In addition,
multiple different trajectories with the same constraints are given
to validate the effectiveness of the virtual passive-joint space
method, the comparisons are presented in Table III.

VI. CONCLUSION

For the 4-DOF (3T1R) 4PPa-2PaR PM with a unique four-
to-two leg structure, a trajectory planning method in the two
2-DOF virtual passive-joint spaces is proposed in this letter.
Compared with the conventional trajectory planning methods
in either active-joint space or Cartesian space, the new method
simplifies the kinematics analysis and decreases the kinematics
nonlinearity, so the overall performance is improved. For the
trajectory planning in the virtual passive-joint space, the dis-
placement and velocity kinematics between passive joints and
both the active joints and the moving platform are analyzed.
The closed-loop dynamic model is formulated by utilizing the
Lagrangian method, and the quintic B-spline is employed to gen-
erate the trajectories. An optimization model is formulated by
GA to search the time-optimal trajectory. The simulation results
show that the motion time planned in the virtual passive-joint
space is decreased by 2.8% and 8.1% compared with the active-
joint space method and Cartesian space method respectively. The

average and peak jerks of the moving platform are decreased by
14.6% and 37.6% compared with the active-joint space method.
Besides, the comparisons of driving forces, geometric path, and
computation burden are all provided to verify the effectiveness
of the virtual passive-joint space method. Future work will
be focused on the experimental verification of the proposed
trajectory planing method on prototype of the 4PPa-2PaR PM.
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