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Global tracking control for car-like mobile robots with zero-crossing
driving velocity*

Kai Yan

Abstract— This work proposes a smooth time-varying con-
troller to address the trajectory tracking problems of car-like
mobile robots. Currently, literature does not suggest globally
asymptotically stable controllers solving this problem. Unlike
the prototypical method of transforming the model into a
nonholonomic chained-form system, the proposed method is
designed based on the original tracking error equation, and
therefore our approach does not have singularities of chained-
form transformations. Opposing current methods, our control
law satisfactorily addresses the cases where the vehicle’s velocity
passes through zero. In general, our redesigned control law
has no singularities, which can satisfy the requirement that
the vehicle’s velocity can cross zero and at the same time
have a global attraction region. The design of the controller
is mainly divided into two steps. Firstly, the linear velocity and
steering angle of the robot are regarded as control inputs, which
are designed by making the derivative of a positive definite
Lyapunov-like function semi-negative definite. In the next step,
another control input is designed by the backstepping approach.
Furthermore, the global convergence of the state trajectory
to the reference one is strictly proved by Barbalat’s Lemma.
Finally, simulated and actual experiments on a car-like robot
demonstrate the effectiveness of the proposed control scheme.

I. INTRODUCTION

Mobile robots have attracted considerable attention in
recent decades due to their wide application in the trans-
portation, security, mining, and service industries. Owning to
the nonholonomic constraints imposed by the rolling wheels,
controlling mobile robots has been an important research
topic.

The motion control problems of mobile robots are catego-
rized by point-to-point motion [1],[2], path following [3] and
trajectory tracking [4]-[8]. Specifically, the trajectory track-
ing problems refer to following a given trajectory (a geomet-
ric path with an associated timing law) in Cartesian space
by a reference point on the robot. Various control strategies
have been used to design trajectory tracking controllers for
mobile robots, including conventional PID to more advanced
controllers such as feedback linearization control (FLC) [4],
model predictive control (MPC) [5], sliding mode control
(SMC) [6], and robust control [7]. For example, in [8], the
authors improve the command-tracking performance induced
by the WMR slippage by combing a slippage-dependent
forward feedback controller and a traditional position-error-
based controller.
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However, most control algorithms focus on unmanned
air vehicles [9], unicycle-type robots [10], or tractor-trailer
vehicles [11]-[13]. With the rapid development of self-
driving technology, research on control schemes for car-like
models is becoming more meaningful. Typically, the car-like
models utilize a transformed model of chained forms. In [4],
[14], the point stabilization problem of the car-like robot is
solved by utilizing a transformed model of chained forms.
Although the transformation is generic and elegant, it is not
globally defined because singularity problem may occur in
the transformation from the kinematic equation to chained
system. Furthermore, the chained-form transformations also
lack to guarantee the dynamic control quality invariance
between the chained-system configuration space and the
vehicle task space where the motion is realized [15]. For
example, the overshoot may be minimal in the chained-
system, but it may be significant in the original tracking error
equation.

Among various tracking controllers, feedback linearization
control has been a canonical method. In [16] and [17],
due to the decoupling matrix being singular, static feedback
fails to solve the input-output linearization. Therefore, the
authors added integrators to a subset of the input channels to
overcome the singularity of the decoupling matrix. However,
when the car-like robot’s linear velocity equals zero, the
decoupling matrix is still singular. Hence, this method is
invalid when the car-like vehicle stops and reverses its
motion direction. The work of [18] utilize Lyapunov’s direct
method to design the controller, which suffers from a similar
problem, as it cannot address the linear velocity passing
through zero.

In [19], an indirect method is adopted by redefining the
system output, selecting the representative point in front of
the robot instead of the rear axle’s midpoint. Nevertheless,
this scheme cannot control the robot’s rear wheel to track a
particular trajectory precisely, and the robot can only move
forward. A general feedback control framework for the car-
like robots has also been proposed [15], which applies the
motion controllers dedicated to the unicycle model to realize
the motion task for the car-like kinematics. This method
still suffers from a singularity when the linear velocity
equals zero. Alternative methods also have some limitations.
For example, the feedback controller for car-like trajectory
tracking based on standard linear control theory is simple
and effective but only locally defined.

To the best of our knowledge, a global trajectory tracking
controller for the kinematic model of car-like robots with
rigorous mathematical proof has not been proposed yet.
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Fig. 1. The kinematic model of a car-like mobile robot.

Hence, our research fills this research gap and provides the
corresponding rigorous proof. The proposed method does
not utilize the transformed model of chained forms to avoid
the locality of the chained transformations. Additionally, the
proposed approach is not an improved variant of the dynamic
feedback linearization method, which avoids the problem
that the linear velocity cannot cross zero. Unlike current
methods, this paper defines a positive definite function, and
the proposed controller is designed such that the derivative of
this positive definite function is semi-negative definite, which
is a very primitive, straightforward, but efficient approach.

The main contribution of this paper is proposing for
the first time a global trajectory tracking controller for the
car-like vehicle, where the controller is still valid when
the vehicle’s velocity passes through zero. The existing
controllers are either not global or require that the sign
of robot velocity is invariant. Hence, compared with the
existing results on nonholonomic car-like mobile robots,
our controller can deal with a broader range of situations,
such as tracking the reference trajectory of velocity zero-
crossing or starting in arbitrary initial states. Furthermore,
we provide the rigorous mathematical justifications of the
global convergence based on Barbalat’s Lemma [20]. In the
simulations and experiments section, two other methods are
discussed in comparison to the proposed method. We also
conducted real robot experiments. Both simulation results
and real experiments demonstrate the effectiveness and su-
periority of our approach.

The remainder of this paper is organized as follows.
Section II formulates the tracking problem, and Section III
presents the controller and mathematical proofs. Section IV
provides the results of the simulation examples and the actual
experiments, and Section V concludes this work and presents
some future research directions.

II. PROBLEM FORMULATION

A. Kinematic model of the car-like robot

The kinematic mechanism of an automobile is the Acker-
mann model, which is often simplified to a two-wheel model
called the car-like model used in this article. As illustrated

in Fig. 1, the front wheel can be steered while the rear
wheel orientation is fixed. Provided that the robot complies
with ideal nonholonomic constraints, it affords a pure wheel
rolling without slipping. In this paper, we consider the rear
wheel drives the vehicle, and the kinematic equations of the
car-like robot concerning the position of the rear wheels’
axle center are [4]:

T =wcosf, y=uvsin#, 9:%ta11g0, p=w (1)

where x,y and 6 are the rear wheel’s cartesian coordinates
and the yaw angle in a fixed frame, and ¢ represent the
steering angle as depicted in Fig.1. v and w are control
inputs, and L is the distance between the front and rear
wheels.

B. Description of trajectory tracking problem

In the trajectory tracking task, the robot must follow
the desired trajectory, which is feasible when the kinematic
model of the same car-like robot can generate it. Therefore,
we design a reference trajectory generated by the same
kinematic model:

&y = vy cosby, Uy = vpsinb,, 6, = U—g tan @, @, = w,
2

where ., y., 0., @, denote the status of the reference robot
and v,,w, are the reference control inputs. Accordingly,
if the reference model’s initial state and control inputs are
known, the configurations of the reference trajectory will be
uniquely determined.

We define the tracking error as the coordinates of the
reference robot in the body coordinate system:

Te cosf sinf 0 Tr—X
Ye | = | —sinf cosf 0 Yr — Y (3)
96 0 0 1 er -0

Deriving (3) in terms of time, the following differential
equations of tracking error are obtained:

1
Te = —v + v, cos, + Zyev tan ¢
1
UYe = Upsin b, — erv tan ¢ 4)

. 1 1
0. = —v,.tan g, — ZU tan ¢

L
The objective of the trajectory tracking task is to achieve
tlincr)lc(xr —x) = tli}rgo(yr —y) = tli}rrolo(HT —0) =0.As a
result of the invertibility of coordinate transformations (3),
the objective is equivalent to lim z, = lim y. = lim 0, =
0 t—o0 t—oo t— o0
Consequently, the trajectory tracking problem can be
stated as: given the control inputs v,,w, of the reference
model (2), for the mobile robot system (1) a feedback control
law v(-) and w(-) should be designed ensuring the asymptotic
vanishing of the tracking error (Ze, e, 0¢).

III. MAIN RESULT

This part first designs the controller and then studies the
stability of the entire system.
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A. Controller synthesis

It can be noticed from Fig.l1 that the curvature of the
rear wheel trajectory is tan /L. For the sake of brevity,
we denote u, u,- as the rear wheel curvatures of the real and
reference car-like robots, respectively, i.e.,

tan ¢ tan ¢,
= = 5
R 5)
Substituting (5) into (4) results in:
Te = —V + vy cO8 O + Yeuv
UYe = VUpSin 0, — zouv (6)

0. = u,v, —uv

In this paper, the design idea of the controller is to take u
and v as control inputs to asymptotically stabilize the system
(6), and then we apply the backstepping method to obtain the
input variable w. In order to design the control input » and
v, the author in [21] consider the following positive definite
function:

Vi = 0.5(2? 4+ y2) + k1 (1 — cosb,,) (7)
Its derivative along (4) is:

YeUr

V= Ze(—v + v, cosb.) — kjvsind, (u — — UTUT)
kv v

To make V1 < 0, the control inputs are derived [21]:

Vg1 = Uy c0s 0, + kox,

v Vel . 8
udl:yer T 4 vsinb, ®)
k‘l’U
where ki1, ko are all positive constants. Substitute v =
Uq1,V = Vg1 into V7
Vi = —kox? — ki (vg18in60,)2 <0 9)

However, the velocity v appears in the denominator of (8).
Hence, the controller has a drawback when the car-like
vehicle stops and reverses its motion direction. Furthermore,
the attractive region is not global because V; is not a radially
unbounded function. Therefore, the control law faces the
same problems as existing control laws, as mentioned earlier.
Therefore, we design another controller by considering a new

positive definite function:
Vo = 0.5(22 +y2 + 02) (10)

Computing its time derivative along with (6) and rearrange
the resulting terms yields:

Va =(vr —v)(ze + ube) + v ((2o(cos b — 1)+ (11
Yesinbe + 0. (u, —u)))

We design the control inputs such that:

Va2 = Uy + k1 (ze + ube)
Ug2 = Uy + Tef1 + Ye fo + kov,0,

12)
13)

where ki, ko are positive constants. Terms f; and fo are
given by:

cosé’e—l7 i£0, £0 sm@e’ i£0, £0

fl = 96 s f2 = 66
0, if.=0 1, if . =0
, (14)
By substituting u = ug2, v = vg42 into (11), V5 is reduced
to Vo = —ki(we + ugobe)? — ka(v,.0.)% < 0. It is worth

noting that f; and f, are continuous functions with respect
to the state 6.. Since 6, is a continuous function of time,
the control input v and u must be continuous with regard to
time.

The next step employs the backstepping method to obtain
w. Substituting v = vgo into (11), we can get:

Vy =(vy — va2)(xe + ube) + vy ((xc(cos b, — 1)+
Ye 8inOc + Oc(uy — ugz + uaz — u)))

=—ki(x. + ud206)2 - kg(’urﬁe)2 +v,.0.2 (15)
where z = ugo — uw and its derivative is:
Z =lUgo — U
=ty + k20rbe + Te f1 + Ye fot
Oc(ze ggi + Ye ggj + kovy) — Sec; L
H oty ey 0 2) — S Fw (16

where H (U, Uy, Op, Ury Tey Ye, Oe, 2) equals:

H =i, + kot + (v + k1(xe + (ur + T f1 + Ye fot
kovrle — 2)0e)) (Ye(ur + Te f1 + Ye f2 + kavrbe — 2)
— 1)y cosbe) f1 + (v sin 0, — xe (v + k1 (xe + (ur
+zef1 + Yefo + kovrble — 2)0c)) (ur + Te f1 + ye fot
kav,0. — 2)) fo + (urvy — (vr + k1 (e + ube)) (ur+

0 0
ZTef1 + Yefo + kovibe — 2)) (x /i + Ye J2 + /<i2117->

© 00, 00,
(17)
And g—é and g—gj are caculated as:
—0.sinf, — 0.+ 1
o e SN eezcos e + if 6,20
0. ’ 1
a —57 lf 96 — O
0. cosf, —sinb, . (18)
of 9—3, if 6, £0
0. 1
a 75, lf 96 - O
For the following Lyapunov function candidate:
Vi = Vo +0.527 (19)

Substituting (15)(16) into Vg, the time derivative of V3 yields:
‘./zg :VQ + zz
= - kl (xe + Ud2oe)2 - kQ(UT96)2+

o (20)
z (1}7«96 + H — beCL ¢w>
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In order to make V3 negative, the input variable wgy is
designed as:

sec? ¢

L
=wy = Lcos® p(H + v,.0, + k3z)

v + H —

wq = —k3z
(21)

where k3 is a positive constant. With the control v =
Vg2, w = wq, (20) can be reduced to:

VS = _kl(xe + Uee)Q - kQ(UTee)Q - k3’22 <0 (22)

B. Stability analysis

Proving the entire system’s stability relies on the Bar-
balat’s Lemma (Lemma 8.2 in [20]), stating that if ¢ :
R — Ris a umformly contlnuous function on [0, c0)
and supposing that hm fo 7)dT exists and is finite, then,

o(t) > 0ast— oo

Theorem 1 The control law v = vgo,w = wy (12)(21)
guarantees that the tracking error (., y.,0.) globally uni-
formly converge to zero, provided the reference trajectory
satisfies the following conditions:
Cl: v, (t), 0p(t), wy(t), Wy (t) are bounded.
C2: tlg& v,-(t) does not exist or not convergent to zero.

Proof

Since V3 is nonincreasing and bounded below, it
converges to a non-negative value, i.e. tli)rgo Vs =
Vsiim exists and is finite. Therefore, z.,y.,0. are

bounded. According to (6)(12)(13)(16)(20) and condi-
tion C1, Ug, Vg, Ur, Uy, U, D, Uy, U, T, e, e, 2, V3, Vs are all
bounded.
The boundness of V3 indicates that V3 is uniformly con-
tinuous and lim fot Vadt = lim Vj exists and is finite.
t—o0 t—o00 .
By applying Barbalat’s lemma, tlg(r)lo Vs = tll)rgo (—k1(ze +

ube)? — ka(v,.0.)% — k3z?) = 0. Then we conclude that:

tl’ggo(xe +ub.) =0
(23)
(24

lim v,.0, =0
t—o00

lim z=0
t—o0

As v, is bounded, we obtain:
lim v,.(z, 4+ ub.) =0
t—o0

= lim (v, + Vp0cuge — v,.0.2) =0
t—o00

= lim v,z, =0 (25)
t—o0

Owning to the boundedness of d?(v26,)/dt* , one can infer

that d(v26.)/dt are uniformly continuous. As a result of

Jim 0.0, = 0 = lim v, = Jim fo (v20.)/dt)dt =

—00

—02(0)6.(0), the 11m1t Jim fo 296)/dt)dt exists and is
—00
finite. Using Barbalat’s Lemma again, we obtain:

Cod oy, ) 24\ _
lim &(Uree) - thjrolo(erUrge +v70e) =0

t—o0

= tlggo vf@e =0 (26)

Substituting 6. into (26) results in:
. 2 _ _
tlggo vy (Upvr —uvge) =0
. 2 . . _
= tll)IEo v (upvr — (Uga — 2)vg2) =0
= tlggo vf(uTvr — UgoUg2) = 0
(ur + xefl + yef2 + k2LvT9€)

(vr + k1(xe + Beug2))) =0
= lim vy f> =0

: 2
= g er(ueen =

27)

The next step is critical and for clarity it is divided into two
cases.

o Case 1: 6.(t) = 0. According to (14), fo = 1. Then
lim v3yefo = lim v3y. =0
t—o00 t—o00

51n 0

o Case 2: 0.(t) # 0. Then fy =

sm 0.

sihbe _y hm V3Yefo =
_ hIIl (Ugyeg sln0 *90 + v ye) = 0.
M a?é bounded, accordlng to (23),

o2 m = 0. Therefore,

hm v3y, Hhle

As Ur,s Ye,
we obtain lim v,.0, - v2y,.
2—>00
lim vy, =0
t—o00
In summary, we conclude tlim v3y. = 0. Combining
— 00

(23)(24)(25), we obtain:

. 2. _ 20 _ 1 3 _
hm Uple - Ve = hm Uple - V50, = hm ViYe - Ye =

hmvz =0= hmv 3 (22 +ye+92+z)

hm vy, 3Varim = 0 (28)
t—o00

Considering the condition C2: tlim vr(t) # 0 or does not
— 00

exist, one can infer that:
Vaiim = lim (22 +y2+02+2%)=0
—00
= lim z., = lim y. = lim #, = lim 2 =0 29)
t—o0 t—o0 t—o0 t—o0
The previous analysis holds globally. Therefore, the tracking
error is globally uniformly convergent to zero, achieving the
objective of the global trajectory tracking problem.
Remark 1 Before using the backstepping approach,
the design of wvg9,uqe2 are not unique. For example,
if the positive definite function Vo is set as

Vo= /22 +y2 +€e2—e+0.50? (0 < e < 1), computing its
(vp — ) \/ﬁ + ub, )

time derivative yields V =

ze(cosh.—1) Ye sin O _
vy (x/w§+y2+62 + NCITE + Oe (ur u)) Therefore,
we can redesigned vgo, ugo as:
kix
Vg = Uy + —— e 4 Ky ufl, (30)
Va2 +y?+ e
TeJ1 2
Ugz = Uy + —= 2i = = yef2 = + kv, 0c
VaZtyZ+e a2ty te
(31

The method for calculating wy and the proof of stability
are almost identical with the above process, and will not be
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repeated here. Compared to (12)(13), (30)(31) adds a gain
with a saturation value to y.. The advantage is that it can
speed up the convergence of y., and the effect can be seen
in the following experiments.

IV. SIMULATIONS AND EXPERIMENTS
This section verifies the effectiveness of the proposed
control laws by numerical simulations and experiments.

TABLE I
TIME SPENT FOR MSE TO BE LESS THAN 0.01

case 1 case 2
k1 =1,kx=1k3=1 6.372s 41.910s
k1 =3,k2 =3,k3 =3 3.318s 17.531
k1 =10,k2 = 10,k3 = 10 17.551s 5.780s
k1 =22,ky =22,kz =22 39.286 3.132s
k1 =30, k2 = 30,k3 = 30 53.725 6.752s

* Case 1: the reference trajectory is =, (t) = 2 cost, y-(t)

2sint. The initial states are z(0) = —3,y(0)
—3,6(0) = 0, $(0) = 0.
“Case 2: the reference trajectory is x,(t) =

0.7cos0.4¢,yr(t) = 0.7sin0.4¢t. The initial states
are (0) = —2,y(0) = —2,0(0) = 0, $(0) = 0.

A. Simulation results

The numerical tests are conducted on a car-like robot with
L = 0.15m. First, in order to analyze the influence of the
controller parameters on the convergence speed, we calculate
the mean-square-error (MSE) in the form of (22 +y2+62)z.
Then, for different parameters k1, ko, k3, we obtain the time
spent for the MSE to be less than 0.01 and the corresponding
results are reported in Table I.

In case 1, the reference trajectory is a circle with a 2m
radius. When the control parameters are ky = 3,k =
3,ks = 3, the convergence speed is the fastest. In case
2, the circular reference trajectory has a radius of 0.7m,
which converges fastest for k; = 22,k = 22,k = 22.
We find that the smaller the curvature radius of the reference
trajectory, the larger the optimal controller parameters. Then,
in the following simulations and experiments, we utilize the
appropriate parameters according to the data in the table.

To verify the effectiveness and superiority of the proposed
approach, the faulty controller (8) mentioned in this paper
and the dynamic feedback linearization methon in [4] will be
discussed in comparison to our proposed method. Then, all
competitor methods will track the same reference trajectory
under the same initial conditions. To intuitively compare
the control input of all competitor methods, the control
input w of the first method (8) mentioned in this paper
is also obtained through the backstepping method(without
presenting the expression in this paper). For the following
trials, we simulate the following three scenes:

e Scene 1: FEight-shaped trajectory: z,.(t) =
2sin2t,y(t) = 2sint. The corresponding reference
inputs are v.(t) = +/16cos?2t+4dcos?t,w, =
Lv,((32cos 2t cost - 8 cos 2t cos t)v?

3(16sin2tcost — 8sintcos2t)(—32cos2tsin2t —
4costsint))/(v8 + L?(16 sin 2t cost — 8 sint cos 2t)?).
The initial states of the real robot are x(0) = 0,y(0) =
~1,6(0) = 0, 3(0) = 0.

e Scene 2: FEight-shaped trajectory: x,.(t) =
2sin2t,y,(t) = 2sint. The corresponding reference
inputs are v,.(t) = +/16cos?2t+4cos?t,w, =
Lv,((32 cos 2t cos t - 8 cos 2t cos t)v? -
3(16sin2tcost — 8sintcos2t)(—32cos2tsin2t —
4costsint))/(v8 4+ L?(16sin 2t cost — 8 sint cos 2t)?).
The initial states of the real robot are z(0) = 0, y(0) =
—1,6(0) = —m, ¢(0) = 0.

 Scene 3: Reciprocating straight-line trajectory: x,.(t) =
2sint, y.(t) = 0. The corresponding reference inputs
are v, (t) = 2cost,w(t) = 0. The initial states of the
real robot are (0) = 0,y(0) = —1,0(0) = 0,¢(0) = 0.

For convenience of description, we refer to the control
law (8) in this paper as existing controller 1 and dynamic
feedback linearization methon in [4] as existing controller
2. The expression of reference inputs v,.,u, can be derive
from (2), and details about existing controller 2 and the
v, U, calculation method can be found in [4]. The simulation
results considering the robot trajectory and control inputs are
illustrated in Fig.(2)-(4).

As depicted in Fig.2, the three controllers can successfully
track the reference trajectory in Scene 1. In Scene 2, the
initial state #(0) changes from 0 to —m compared to Scene 1.
In this scene, existing controller 1 fails to track the reference
trajectory, and from Fig.3(b), it is evident that the simulation
program for existing controller 1 stops running around the
5th second, and a substantial value occurs for the control
input w. Because the linear velocity v of existing controller 1
passes through zero, resulting in the divergence of the control
input w.

The reference trajectory of Scene 3 is a reciprocating
straight-line trajectory, and the reference linear velocity is
zero at both ends of the reference trajectory. Fig.3(b) reveals
that existing controller 1 and 2 ended prematurely by 20
seconds due to the divergence of w. Therefore, when the
linear velocity of the reference trajectory crosses zero, exist-
ing controller 1 and 2 are not appealing. By comparing Scene
1 and Scene 2, we find that even if the linear velocity of the
reference trajectory will not cross zero, the linear velocity of
the robot may also cross zero under some initial state, which
makes existing controller 1 and 2 unusable.

In conclusion, our proposed controller performs well in
all three simulation scenes. The tracking errors converge to
zero quickly, and the resulting control inputs are continuous.
In fact, for any feasible trajectory that satisfies conditions
C1 and C2, the car-like robot can converge to the desired
trajectory.
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Fig. 6.

The car-like robot used in the experiments.

B. Real experiments

The actual robot (see Fig.6) used for testing the control
algorithms is a low-cost car-like robot built by WHEELTEC.
Two drive motors attached to the robot’s rear axle provide the
translational speed, and a servo motor controls the steering
angle. The motor control board equipped with the robot
contains a PI controller, used to manage the motor in a low-
level control layer. The translational speed and steering angle
information are sent to the motor control board to control the
robot. Therefore, we equip the robot with a main control
board STM32F407VET6 to perform the proposed control
law and send the control input to the motor control board
through the serial port peripherals. The motor control board
can generate pulse-width modulation (PWM) signals with
different duty cycles according to the control inputs.

To obtain the robot’s states, we employ the Natu-
ralPoint OptiTrack indoor positioning system along with
four near-infrared (IR) cameras and six IR reflectors. The
position(z, y) and orientation 6 are obtained from the per-
sonal computer (PC) running the OptiTrack software and
are sent to the main control board of the robot through the
wireless serial port module.

The real robot’s parameter L = 0.15m is the same as
the simulation’s. In order to compare the performance of
the proposed method and other methods when the linear
velocity crosses zero in the real experiments, we verified
the simulation scenario of Fig.4 in the real experiment. Due
to the limited lab space, the reference trajectory is set to
2(t) = 0,y,-(t) = sin 0.3¢, and the corresponding reference
inputs are v, (t) = 0.3 cos 0.3t, w(t) = 0. The parameters of
the proposed controllers are set to k1 = 2, ke = 5. Since the
steering angle of the real robot is driven directly by the servo,
the control inputs (12)(13)(denoted as proposed controller 1)
and (30)(31)(denoted as proposed controller 2) are used in
the real experiment. Experiment results for the reciprocating
straight reference trajectory are reported in Fig.5.

Fig.5 display the robot trajectory and control inputs under
four controllers. Due to actuator saturation limitations, the
range of the steering angle ¢ is limited to [—0.4,0.4].
By comparing Fig.5(a)(b)(c)(d), it can be found that the
proposed controller 1 (Fig.5(a)) has a poor convergence
speed. According to Table I, when the radius of the reference
trajectory is small, we can increase the value of ki, ks to
speed up the convergence. However, in the actual experiment,
the experimental effect is not good with a larger k; due
to the discontinuity of the controller. In comparison, the
proposed controller 2 ( ¢ = 0.1 in Remark 1 (30)(31))
does not have this problem. Under the same values of
k1, k2, the convergence speed of the proposed controller 2
is significantly faster because we accelerate the convergence
of error y, in the proposed controller 2.

Compared with the simulation result in Fig.4, the real
robot under existing controller 1 and 2 runs normally and no
program errors occur. Because the time interval between two
control commands is 0.05s, the generated linear velocity in
the real experiment is not continuous. That is, the generated
linear velocity is almost impossible to be exactly zero at a
certain moment. Therefore, there is no program error in real

IEEE Robotics and Automation Letters (RA-L) paper, presented at ICRA 2024, Yokohama, Japan. Cite as RA-L paper.



IEEE Robotics and Automation Letters (RA-L) paper, presented at ICRA 2024, Yokohama, Japan. Cite as RA-L paper.

experiments.

However, in real experiments, existing controller 1 and 2
have other problems. Fig.5(e) shows the resulting control
inputs of four controllers. We can find that the resulting
steering angle ¢ of existing controller 1 and 2 reaches
the maximum value or changes rapidly when the linear
velocity v crosses zero, which may cause damage to the
robot’s mechanical structure. However, the steering angle ¢
produced by two proposed controllers have a small range
of variation. From the expression (8) of existing controller
1, it can be seen that when the linear velocity is close
to zero, u = wugq; is very large. Therefore, the steering
angle ¢ calculated by (5) is close to /2. Because of the
steering angle saturation limitations, the range of ¢ is limited
to [—0.4,0.4]. In existing controller 2, a similar situation
occurs. The linear velocity v appears in the denominator of
the controller. In contrast, our proposed controllers do not
have this problem, that is, no singularity occurs.

On the other hand, when the linear velocity v is close to
zero, the steering angle ¢ generated by existing controller 1
and 2 is close to +m/2. Therefore, the control command
can not be accurately executed because of the saturation
limitations of the steering angle. However, the proposed
controllers perform well without any problems. As long as
the reference steering angle of the reference trajectory is also
within the range [—0.4,0.4], the proposed control algorithm
can perform the trajectory tracking task accurately.

V. CONCLUSION AND FUTURE RESEARCH

This paper designs a global asymptotic trajectory tracking
controller for the kinematic model of a car-like mobile
robot and provides rigorous mathematical proof of its global
convergence. Existing controllers are either not global or
require that the sign of the robot velocity is constant. Hence,
this work fills the research gap on global trajectory tracking
for car-like robots. Compared with the existing results on
nonholonomic car-like mobile robots, our controller effec-
tively deals with a broader range of situations, such as
tracking the reference trajectory of velocity zero-crossing
or starting in arbitrary initial states. In the simulations and
real experiments, we challenge our scheme against two other
methods verifying the effectiveness and superiority of our
approach.

Of course, there still remain problems to be solved. For ex-
ample, in real experiments, when the radius of the reference
trajectory is small, there is a problem of slow convergence,
which needs to be solved in future work. Furthermore, this
paper only considers the model of car-like mobile robot.
How to generalize the control algorithm to other type of
mobile robot, like tractor-trailer robots and ships, is as well as
challenging. In future work, the proposed trajectory tracking
controller may be applied to path following problems and
point stabilization problems of the car-like mobile robot.
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