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Abstract—This paper is concerned with the contact force
estimation problem of robot manipulators based on imperfect
dynamic models of the manipulator and the contact force. To
handle the imperfect dynamic information of the manipulator, a
hybrid model, consisting of the nominal model and the residual
dynamics, is established for the manipulator, and the Gaussian
process regression (GPR) technique is employed to learn the mean
and covariance of the residual dynamics. On this basis, a virtual
measurement equation is established for contact force estimation
and a Gaussian process adaptive disturbance Kalman filter
(GPADKF) is developed where the variational Bayes technique is
employed to achieve online identification of the noise statistics in
the force dynamics. The GPADKEF is capable of decoupling the
contact force from residual dynamics and system noises, thereby
reducing the dependence on accurate dynamic models of the
manipulator and the contact force. Simulation and experimental
results demonstrate that the proposed scheme outperforms the
state-of-art methods.

Note to Practitioners—Contact force estimation for robot ma-
nipulators can be achieved by fusing the dynamic models of the
manipulator and the contact force. When both models are im-
precise, the traditional inverse dynamics-based and disturbance
Kalman filter-based approaches can no longer provide accurate
force estimates. To handle this challenge, a computationally
efficient hybrid dynamic model is established for the manipulator,
which consists of the nominal model and a residual dynamics
compensation term learned from offline data via the GPR. On
this basis, an adaptive disturbance Kalman filter is constructed by
using the variational Bayes technique to deal with the inaccurate
noise covariance matrix in the force dynamic model. Compared
with the existing approaches, the force estimate obtained via
the proposed scheme is more accurate and reliable, as refined
noise covariance matrices (provided by both the GPR and the
variational Bayes procedure) have been adopted in the Kalman
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gain calculation. The proposed GPADKF method is the extension
of the composite disturbance filtering (CDF) framework. With
the proposed scheme, the dependency on the perfect dynamic
models in contact force estimation can be significantly reduced,
and this makes our approach especially suitable for contact
force estimation problems under unfamiliar and complicated
environments.

Index Terms—Force estimation, Disturbance observer, Gaus-
sian process, Disturbance Kalman filter, Robot manipulator.

I. INTRODUCTION

HE problem of contact force estimation of robot ma-
nipulators has attracted extensive research attention due
to the progressive demand for manipulation performance and
safety of the robot. As a central issue in robotic operation
tasks, contact forces are prevalent across various types of
robotic systems, including but not limited to industrial robots,
surgical robots, and space manipulators [1]. Force estimation
techniques can be used for interactive environment percep-
tion and robot compliance control tasks such as cooperative
handling and precise assembly [2]. Due to the extra cost and
workload of the force sensors [3], sensorless methods requiring
no additional sensors have gained increasing popularity in
recent years.
The main idea of sensorless force estimation is to construct
a force observer based on the dynamic model of the robot
manipulator. In this case, the performance of force estimation
depends heavily on the model accuracy. Typically, the Euler-
Lagrange method can be used to establish a standard physics-
based dynamic model [4] and linear regression is adopted
for parameter identification [5], [6]. However, the dynamic
model thus established would become increasingly inaccurate
due to parameter drift, mechanical structure damage, and
actuator degradation [7]. This is particularly true for non-
industrial robots. In fact, non-industrial robots are usually low
in stiffness and with limited actuation power, which implies
that the impact of residual dynamics is more significant for
non-industrial robots as compared to industrial robots. In
addition, the components of non-industrial robots can exhibit
large variations concerning their specifications, especially in
complex and changing environments such as severe weather
conditions [8]. Therefore, decoupling residual dynamics from
the contact force signal is an important demand, especially
under highly uncertain interactive environments.
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Although various degrees of success have been achieved
by the existing approaches, there are still several technical
challenges identified as follows.

1) Refined quantification of multi-source uncertainties.
On one hand, the errors that occur during the offline
model learning phase may propagate into the online
force estimation. On the other hand, the noise covariance
matrices in the dynamic equation of the contact force are
usually inaccurate, especially in unstructured environ-
ments where priori information is incomplete. Therefore,
it is necessary to address these challenges by effectively
characterizing the underlying multi-source uncertainties
and establishing an enhanced dynamic model for contact
force estimation.

2) Contact force estimation under multi-source uncertain-
ties.
The force estimation model is subject to residual dynam-
ics (modeling errors of the robot manipulator), errors in
residual dynamics learning, as well as inaccurate mod-
eling of the contact force dynamics. The heterogeneous
characteristic of these uncertainties has a substantial
impact on force estimation, posing a formidable chal-
lenge in designing observers for contact force estimation
amidst multi-source uncertainties [9].

Stimulated by the aforementioned challenges, a novel force
estimation scheme termed Gaussian process adaptive distur-
bance Kalman filter (GPADKF) is developed in this article.
We aim to simultaneously take into consideration the residual
dynamics, errors in residual dynamics learning, and inaccura-
cies in the contact force model, each of which can potentially
lead to filter divergence. Specifically, a semi-parametric dy-
namic model named the enhanced Gaussian process (EGP)
model with residual dynamics learning via Gaussian process
regression (GPR) was established. On this basis, we propose
an adaptive disturbance Kalman filter (DKF) that leverages
the learned mean value of residual dynamics through GPR to
construct a compensation term in the measurement equation.
Additionally, the covariance matrices obtained from GPR are
incorporated in the tuning of the filter gain, while inaccurate
covariance matrices in the force dynamics are addressed using
variational Bayesian (VB) approximation [10]. The overall
architecture of the proposed scheme is illustrated in Fig.1. It
should be noted that the proposed GPADKF method can be
viewed as a realization of the generic composite disturbance
filtering (CDF) framework, where the main idea is to separate
the dynamic and stochastic uncertainties by explicitly utilizing
their characteristics [9], [11].

The main contributions of our work are two-fold:

1) By using GPR to approximate the residual dynamics,
a hybrid EGP model is established. The EGP model
enables residual dynamics compensation (via the mean
value of residual dynamics) and refined quantification of
uncertainties (characterized by the covariance matrices).
Compared with the existing models [8], [12], [13], the
EGP model can lay a solid foundation for the cautious
force estimation as the stochastic uncertainties are com-
prehensively characterized by confidence;

2) On the basis of the EGP model, the GPADKF scheme
proposed in our work can offer an accurate force es-
timate in the presence of multi-source uncertainties.
Specifically, the residual dynamics are compensated
for and the stochastic noises are attenuated based on
precise statistics quantification (via both GPR and VB).
When compared to traditional DKF methods (without
residual dynamics compensation), the proposed scheme
is capable of decoupling the residual dynamics from
the force estimate. Compared with the enhanced DKF
(EDKF) [12] that uses the mean value (learned by neural
networks) for compensation, the GPADKF can provide
a more cautious force estimate as more accurate noise
covariance matrices have been adopted in the Kalman
gain calculation.

The rest of this paper is organized as follows. In Section
II, related works are summarized in detail. In Section III,
problem statement and preliminaries are presented. In Section
IV, residual dynamic model learning and the EGP system
modeling are described. In Section V, the GPADKF algorithm
is elaborated and simulation results are given. In Section
VI, experimental results are presented to demonstrate the
effectiveness of the EGP model and the superiority of the
GPADKEF. Concluding remarks are provided in Section VII.

II. RELATED WORKS

Two primary technical approaches have been employed to
enhance the accuracy of force estimation: 1) improving the
accuracy of the robot manipulator model, and 2) employing
advanced force estimation techniques.

To improve the model accuracy of robot manipulators,
the data-driven methods have been introduced to learn the
dynamic model from historical data by using neural networks
(NNs) [12], [14] and statistical non-parametric methods [8],
[13], [15], [16]. These learning-based techniques have a strong
capability in approximating the inherent nonlinearities in the
data. However, purely data-driven methods lack interpretability
and suffer from high computational burden [7]. To cope
with these challenges, a semi-parametric model has been
presented in [12] to obtain an accurate dynamic model of
the robot manipulator without excessive computational burden.
The semi-parametric model is in essence a hybrid model which
incorporates the residual dynamics learned by the NN into the
nominal model. However, due to the lack of characterization
of uncertainties arising from the learning process, it becomes
challenging to assess the confidence of the learned model in
the force observer design therein.

Fortunately, the GPR provides an efficient non-parametric
probabilistic framework for model learning, which is naturally
compatible with the Bayesian filtering procedure [17]-[19].
In addition to predicting the mean value of residual dynamics,
GPR can also quantify the uncertainties in the learned models,
which are represented by the covariance matrices [20]. There-
fore, the model learned via GPR has excellent potential for
more accurate and reliable force estimation when combined
with the Bayesian filter.

From the aspect of force estimation, the main represen-
tative approaches include generalized momentum observer

IEEE Transactions on Automation Science and Engineering (T-ASE) paper, presented at ICRA 2024, Yokohama, Japan.



IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING

IEEE Transactions on Automation Science and Engineering (T-ASE) paper, presented at ICRA 2024, Yokohama, Japan.

a9

A 4
Feedback | Tm
Controller

Reference

qd ’qd

Trajectory
Planning

Part Il: Online GPADKF Force Estimation

Contact
Occurs

Online Adaptive Force Estimator

Variational
Bayesian
Optimization

ext
e —
Contact Force
Estimate

Virtual

Measurement

Model
r Y

4.9, 7,

I noZou |, SP

Prediction

GP Predictor

ot
9-9 | Nominal

Identification
Trajectory
Planning

Y
Feedback
Controller

Fourier Series

- Free

Part I: Offline GP Model Training

Contact

Model

Gaussian
Kernel Matrix

Gaussian
Process
Dataset

Hyperparameters
Optimization

{
@000 - ®
GPR

Lz

Dataset

Residual Dynamics
Model Offline Training

Figure 1. Illustration of the proposed force estimation architecture. The shaded zones with different colors indicate different phases of the proposed scheme.
The complete architecture comprises two parts. Part I, delineated with a beige-shaded region, depicts the offline training phase for the residual dynamics.
Part II, demarcated by a light green shaded area, illustrates the online force estimation stage. Note that the light blue shaded area is the GP predictor which
appears in both the offline learning and the online prediction phases. Furthermore, the blocks with dark blue text form the proposed GPADKF algorithm.

(GMO) [21]-[23], frequency-domain disturbance observer
(DO) [24], [25], time-domain nonlinear DO (NDO) [26]-
[31], [32], impedance control based 6-D virtual sensor [33]—
[35], filter-based methods [12], [36], [37], to name just a few.
In [21], the GMO-based force observer has been employed in
manipulator collision detection without requiring acceleration
measurement. In [25], the frequency-domain DO has been
adopted as the contact force observer to perceive the interactive
environmental impedance of manipulators. In [26], a series of
NDOs for unknown disturbance estimation of nonlinear and
coupled systems have been summarized. An early result on
applying NDO to estimate the contact forces of the robot
manipulator can be found in [30]. [32] has established a
refined DO, a powerful tool for effectively separating and
estimating multiple disturbances, such as torque signals with
priori knowledge and norm-bounded torque signals. In [33],
reliable force estimation has been achieved via a virtual sensor
within a unified framework where the sensorless Cartesian
impedance controller and the extended Kalman filter (EKF)
are employed for interactive control and interaction wrench
estimation, respectively. In [12], the DKF has been used
as the force observer with an enhanced robustness against
residual dynamics, which essentially belongs to a type of
EDKF method. In our recent work [36], an EDKF approach
has been proposed, which aims to address residual dynamics
and errors in residual dynamics learning. Nevertheless, similar
to the aforementioned methods, the result in [36] is based on
the assumption that an accurate dynamic model of the contact
force (including precise knowledge of the noise statistics) is

available prior to the force estimation task. For better clarity,
the pros and cons of some typical force estimation methods,
including the proposed one, are summarized in Table I.

III. PROBLEM STATEMENT AND PRELIMINARIES

In this section, we formulate the force estimation problem
and briefly introduce the GPR method that will be used in
residual dynamics learning.

A. Problem Statement

We consider robot manipulators as open kinematic chains
of rigid bodies, consisting of n rigid joints and contact with
the environment directly. The generalized coordinates q € R"
can be associated with the position of the links. The standard
physical dynamic model is

M(q)q + C(q, c.l)(.l =+ G(q) =Tm — Text —Ta, (1)

where q,q,q € R™ denote the joint position, velocity, and
acceleration, respectively; M(q) € R™*™ is the symmetric
positive-definite inertia matrix; C(q, q)q € R" is the Coriolis
and centripetal vector; G(q) € R"™ is the gravity vector;
Tm € R™ and 7o € R™ denote the active motor torque and
the unmodeled residual dynamics, respectively; Ten: € R”
represents the equivalent external torque. The nominal model
is established based on the following Euler-Lagrange equation

TerL = M(q)d + C(q,q)q + G(q), (2)
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Table I
COMPARISON OF DIFFERENT FORCE ESTIMATION METHODS

Method Residual dynamics compensation

Refined uncertainties quantification

Contact force model correction

GMO [21]-[23] X X
DO [24], [25] X X
NDO [26]-[32] X X
DKF [37] X X
EDKEF [12], [36] v X
GPADKF v v

Sub-optimal

Sub-optimal

Sub-optimal
Optimal
Optimal

<X X X X X

Optimal

where 7 g1, represents the torque computed using the nominal
model [38].

Property 1: The matrix M(q) — 2C(q,q) is skew-
symmetric, which is equivalent to

M(q) = C(q,4) + C”(q,4). 3)

The relationship between the external torque and the contact
force can be obtained as

Tewt = 3(Q) Fept, 4)

where J(q) € RS*™ is the Jacobian matrix and F.,; =
[f1,,mI ,]7 € RS is the contact force exerted on the end
effector of the manipulator.

Ideally, the manipulator dynamics are completely character-
ized by an appropriate physical model, i.e., 7o = 0. Assuming
no residual dynamics, the contact force estimation can be
obtained from (1) as

In practical scenarios, however, residual dynamics invariably
exist, resulting in a deviation in force estimation Fmt =
F..t — J(q)TAa. Therefore, it is imperative to consider the
impact of residual dynamics 7, which impairs the accuracy
of force estimation, during the design of the force observer.

Due to the challenge of separating contact force from resid-
ual dynamics, the estimation of pure contact force using sen-
sorless methods becomes considerably arduous. To tackle this
issue, various effective techniques have been employed, such
as time-variant thresholds [39], identification of parametric
uncertainties [40], and feedback-control-based approaches [41]
for compensating or suppressing residual dynamics. However,
these methods have only utilized limited information regarding
the residual dynamics, such as norm-bounded or partially
known structures, which is inadequate for achieving accurate
force estimation. It is evident that additional information on
the residual dynamics needs to be leveraged. In this paper, we
propose the adoption of GPR to learn a predictive model of
the residual dynamics, which will be subsequently utilized for
online compensation.

Remark 1. The residual dynamics results from various physi-
cal factors such as friction torques, inertial matrix uncertainty
and measurement errors. The mathematical model of residual
dynamics is quite complicated (state-dependent) and cannot be
simply described as a slowly time-varying or norm-bounded

signal. Therefore, learning-based techniques such as NN and
GPR are better employed to provide a more accurate model
for the residual dynamics.

B. Gaussian Process Regression

GPR is a powerful, non-parametric tool for learning and de-
scribing the underlying regression functions through observed
data in the form of distributions over functions.

For GPR, measurement outputs are drawn from a noisy
process, that is,

y =9(z) +¢ (6)

with € ~ AN(0,02) being zero-mean Gaussian white noise
with variance o2. Here, the data set D = {z;,y;}}*, con-
tains previously collected N data points with inputs Z =
[z1,...,zy]T € RY*DP= and outputs Y = [y1,...,yn]T €
RN XDy .

The GPR modeling is based on the assumption that a ran-
dom vector consisting of any /V variables obeys a multivariate
joint Gaussian distribution. In other words, the process to
be learned is assumed to be a Gaussian process (GP), i.e.,
g(z) ~ GP(m(z),k(z,z)). Note that each output dimension
is trained individually, which means that the components of y;
are independent. A GP is completely defined in each output
dimension a € {1,...,D,} by a scalar mean function m?®(-)
and a positive semi-definite kernel function k*(-, -), specifying
the covariance between pairs of inputs.

The GPR method typically involves selecting appropriate
priori distributions and stylizing hyperparameter optimization.
Typically, the most popular option is the zero mean function
paired with the squared exponential (SE) kernel function with
additive noise, that is,

1 _
k(zi,zj) = U;exp(—§(zi —2;) A7 (2 — 7)) + 07045,
(7N

where a; is the variance, d;; is the Kronecker delta function,
A = diag(ly,la,...,lp.) is a positive diagonal length-scale
matrix, and JfL is the variance of the global noise € in (6).
The length scales reflect the relative smoothness along each
input dimension. The SE kernel in (7) is commonly utilized
as the covariance function due to its compatibility with sparse
approximation methods.

The hyperparameters of a GP, including the parame-
ters of the mean and covariance functions, as well as

i,j=1,...,N,
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the global noise variance, are denoted as a vector =
[0?71,...,0?’]\,,02,[1,...,ZNDZ]. The training process of a
GP involves obtaining the maximum a posteriori (MAP)
estimate of these hyperparameters. Within the Bayesian in-
ference framework, the distribution of the hyperparameters is
proportional to the marginal likelihood, given by

1

POIZ, Y ) o e )

exp(f%YTKle). ®)

At each test point z,, the predictive distribution of the
outputs in each dimension a is Gaussian with mean p®(-) and
covariance matrix 3(-), which are given by

p(z) = m*(z.) + k. 2 K~ (y — m*(2)),
Ea(z*) =kg,z, — kZ*ZK_lkz*Za

(9a)
(9b)

where we use the shorthand k., := k(a,b) for brevity. The
dimensions of the mean function and covariance function are
matched, indicated by the equalities where m(z) : RP: —
RP= and kz1z2 - RP=1 x RP=2 5 RP=1xD=2 7 and Z
represent prediction points and training points, respectively.
K=kzz+ ai[ is the Gram matrix with additive noise.

Remark 2. The prediction of the GP enables the reflection of
correlations between inputs. Apart from providing the mean
value of the residual dynamics, GP also offers the capability
to quantify prediction uncertainties through its covariance
function, which grants it a distinct advantage over other
learning-based methods. Moreover, due to its non-parametric
structure, GP serves as a more potent approach for nonlinear
model learning. Furthermore, as a sample-efficient method,
GP can achieve modeling learning with a smaller sample size,
which matches the requirement of our work. Due to the afore-
mentioned merits, the GP can be used as an effective online
predictor and compensator for more cautious estimation and
control. However, the time required for online prediction of GP
increases sharply with the size of the training dataset, which is
the main disadvantage of the GPR method. To avoid excessive
time costs, the data acquisition process needs to be optimized
to ensure a small-sized and informative training dataset.

IV. ENHANCED GAUSSIAN PROCESS MODEL

In this section, a hybrid EGP model will be developed by
integrating GPR prediction into the dynamic equation of the
manipulator. More specifically, the residual dynamics learned
through GPR will be presented in Section IV-A, while the
comprehensive EGP model including a generalized momentum
model and multi-source disturbances will be discussed in
Section IV-B.

A. Residual Dynamics Model Learning with GPR

In practice scenarios, the residual dynamics existing in the
dynamic model of an n-DOF manipulator can stem from
various factors, including but not limited to [21]:

o Position and velocity measurement errors, denoted as

Ag(ng) and Ag(ng) respectively, can arise from mea-
surement noises 1, and ng;

« Friction torque, represented as 7 € R™, can be modeled
as [6]

7r = Fc-sign(q) + Fv-q+ B, (10)

where Fc and Fv denote Coulomb and viscous friction
coefficients, respectively, and B is the bias term;
o Parameter matrix errors [42]

Ap = {AM(q),AC(q,q), AG(q)}.

Remark 3. In addition to the approach in (10), alternative
methods for friction modeling are also available. For instance,
the Coulomb’s friction plus linear viscous friction model [43]
and friction models incorporating thermal and load dependen-
cies [44], [45], among others, have been proposed. However,
the non-parametric structure of GP provides an advantage in
modeling, as it relies solely on the input and output signals,
thereby overcoming the dependency on a specific parametric
friction model.

Considering all the aforementioned factors, the residual
dynamics can be expressed as
TA :TF(q7Q)+TD(qa(.Lq’ AD)) (11)

where 7p(-) denotes the torque resulting from measurement
and modeling errors. The goal of residual dynamics learning
is to establish the latent regression model

¥(q,4,8) = Ta(q,q,q) + W R R (12)

where each element of 74 () represents the residual dynamics
of one joint of the manipulator; W ~ A(0,XA) is an
additive Gaussian white noise with covariance matrix Xa.
() represents the measurement of the residual dynamics,
collected by the measurement set

‘I’D:[qj)lv"wqu]Tﬂ 17[)@:[ }a"'vw?]TGRna (13)
which can also be regarded as a sample set drawn from a noisy
Gaussian process and calculated by

Y =Tmi— TEL- (14)

Note that, the offline learning of residual dynamics is con-
ducted during the process where no contact occurs. The inputs
of the regression model belong to a sample subspace of a
continuous n-joint space as denoted by

. 7ZN]T7 z; = [qi;q%di]T S RS”' (15)

At each state point z,, the predicted value of the residual
dynamics follows a Gaussian distribution, that is,

p(TA|D,Z*,0) NN(TA;H(Z*)7E(Z*))7 (16)
where the p(z.) and X(z,) are obtained according to (9).

ZD = [Z17~-

Remark 4. In practice scenarios, obtaining an accurate fric-
tion model is often unattainable due to the presence of various
uncertainties. Consequently, traditional system identification
methods that explicitly account for the joint friction torque
are no longer suitable for this particular task [6], [43]. In
contrast, the data-driven methods explored in this paper do
not rely on the availability of an accurate mechanism model.
In our approach, the unknown friction torque is treated as part
of the residual dynamics, which can be learned from offline
data using GPR.
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B. EGP System Modeling

The EGP model is established based on a generalized
momentum model derived from the nominal dynamic model
(1). By utilizing the generalized momentum p € R", the need
for acceleration measurements, which can be heavily affected
by noise, is eliminated. The generalized momentum can be
represented as follows:

p = M(q)q.

The time evolution of p can be obtained by utilizing (1) and
(3), yielding the following exression:

p = M(q)q + M(q)d
= CT(qv ('l)q - G(q) + Tm — Text —TA-

A7)

(18)

By defining x := p € R" as the state vector, the generalized
momentum model (18) can be expressed in state-space form
as follows:

).((t) = AX(t) + Bu(t) + Dyd; (t) + ngg(t), (19)

with

u(t) = C*(q(t), 4(t)a(t) — Ga(t)) + Tm(t),
di(t) := Tem(t), da(t) :=Ta(t),

where u(t) € R" is regarded as the input vector; d; € R™ and
d; € R™ are the additive disturbances. The system matrices
in (19) are defined as: A = 0,«,, B=1,,, D; = —1,,, and
D, = —I,,. Note that the input u(t) is deterministic as the
randomness in the control signal is absorbed by d2(t) during
the training process of GPs.

The discretized form of (19) is expressed as

(20)

Xp = Ppxp_1 + Frup +Eq pdy i + Egpda g, (21)

where the subscript -, and -;_; denote the matrices and
vectors sampled at the discrete-time steps t; and tx_i, re-
spectively. For time-invariant systems, the discretized sys-
tem matrices are derived from the state transition matrix
(P(tk—l’tk) = eAltk—te—1)

The modeling of the EGP system based on the generalized
momentum model comprises the following two components.

1) Modeling the additive disturbances d; and ds: In
practice, the unknown contact force d; is time-varying. It is
reasonable to assume that d; is generated by the following
exogenous dynamic system [26], [46]:

(22a)
(22b)

wi =Spwr—1+Wgr_1,
dir = Hiwy,

where wj;, € R™ denotes the state variable of the force
dynamic system; [ is the order of the external torque; S; €
R">nl and Hy, € R™ ™ are coefficient matrices satisfying
the condition that the pair (Sy, Eq ;Hjy) is observable.

The noise term Wy 1 ~ N(0,Xg,_1) is utilized to
characterize the uncertainty in the force dynamics. Obtaining
precise knowledge of the covariance matrix X ;1 is typically
challenging due to environmental variations and the unpre-
dictable nature of contact forces. Therefore, in Section V-A,
an online identification method will be introduced for 34 1.

Remark 5. The exogenous dynamic system model (22) is
capable of describing a wide range of contact forces, including
unknown payloads, periodic interactions with known frequency
but unknown magnitude, and viscoelastic contact forces. Gen-
erally, the contact force can be modeled as an l-order poly-
nomial model with the corresponding system matrices:

Hk = [Inxn Onxn(l—l)]

In(l—l)xn (tk - tk*l)'In(l—l) )

S, =
b Inxn(lfl)

23
O *)
Given the slowly time-varying characteristic of the contact
force, the order | is typically small. In the case of a constant
force, one has | = 1 and Sy; degenerates to the identity matrix.

The residual dynamics ds is learned offline using GPR, as
explained in Section IV-A. The prediction model presented in
(16) can be reformulated as follows:

da i = pia (Z4) + Wa i(2z4), (24)

where pa 1 (z.) € R™ represents the mean value of the
predictive residual dynamics; Wa x(z.) ~ N(0, X x(24))
denotes Gaussian noise with a state-dependant covariance
matrix XA i (z.). Note that the uncertainties in the learned
residual dynamic model are incorporated in XA (z,), which
is updated at each sampling instant. Specifically, XA 1 (z.) =
diag(oh (z«), .. .,0%(z«)) is a diagonal matrix as the residual
dynamics of each joint are trained independently.

2) Establishing the virtual measurement equation: In tra-
ditional approaches, the contact force is incorporated as an
augmented state in the dynamic equation of the manipulator,
resulting in an increased state dimension. However, in what
follows, a virtual measurement equation will be introduced,
establishing a direct relationship between the contact force
and the measured signals without expanding the dimension.

In most manipulator systems, the generalized momentum
Xy in (21) is measurable. Therefore, we have y; = pg. By
defining the virtual measurement signal as

CZ =Yr — ‘I’k}’lcfl —Fru;, — E2,k.UA,Iw (25)

and rearranging (21) and (22), the following EGP model with
a virtual measurement equation for the contact force can be
obtained:

{wk =Spwi—1+Wgr_1, 26)

¢r =Eq jHywy, + v,

where v, ~ N(0,%, ) is the virtual measurement noise,
which is expressed as

v = E ; Wa i, 27
with the covariance matrix given by
Yok =E2 1 XA (28)

By referring to equation (26), it becomes apparent that
the virtual measurement equation allows for the utilization
of information from both the physical mechanism of the
robot manipulator and the data-driven model acquired through
GPR. Additionally, note that the virtual measurement noise,
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characterized by state-dependent covariance matrices, effec-
tively incorporates the uncertainties present in the learning of
residual dynamics as well as the torque measurement noise.

V. FORCE ESTIMATION USING THE GPADKF

In this section, a GPADKF algorithm will be developed to
tackle the problem of estimating contact forces. This algorithm
takes into consideration the unknown covariance matrices of
the contact force model and the multi-source disturbances.

A. Algorithm design

As mentioned in Section IV-B, the contact force (26) is
a Gaussian stochastic system with an unknown process noise
covariance matrix X ;,_1, resulting that the covariance matrix
associated with the one-step prediction of Kalman filter (KF),
denoted as Pp_1, will also be unknown. In the Bayesian
estimation framework, the joint posterior PDF denoted as
p(wi, Prp—1]¢1.,) needs to be computed. To accomplish this,
the VB inference [10] technique is employed to approximate
the joint prior PDF efficiently:

(Wi, Pri—1/€0) = ¢(wi)q(Prjr—1), 29
where q(wy), q(Pgr—1) is given by
{a(wk), q(Prjx—1)} = argmin K L(q(wk) (30)

X q(Prp—1)llp(wi, Prjr—11¢1.1)),

where KL(q(-)|[p(-)) = [q()In&3dz is the Kullback-
Leibler divergence between two PDFs ¢(-) and p(-). The
optimal solution for (30) is

In Q(g) = ]EQ(*E) [ln p(Q7 Ctk)] + C¢,

where  := {wy, Pyr_1}: £ is an arbitrary element of the set
Q; Q-9 denotes the remaining set after £ has been removed
from €2; c¢ denotes a constant with respect to &.

The joint PDF is computed using the conditional indepen-
dence properties as [47]

(2 C1) = p(Chlwr, B k)p(Wi €T 1, Prjp—1)  (32)
X P(Pk\k—lwﬂkq)]?(xu,k|CT:k71)P(CT;k71)»

where p(X, £|¢7.;_1) = 1 is the uninformative prior distribu-
tion; p(wx|C1.x—1, Prje—1) and p(¢ylwg, X, 1) are the one-
step predicted PDF and the likelihood PDF respectively, both
of which are Gaussian, that is,

€29

(33)
(34)

P(wilCTp—1: Prjp—1) = N(wi; @pjp—1, Prir—1),

P(Crlwr, B k) = N(Cps B pHowp, By 1),

where the covariance matrix X, ; is updated using GP pre-

diction (16) and (28); wyx—1 and Py ,_; in (33) are the pre-

dictive mean and predictive error covariance matrix (PECM)
of the contact force, which are derived as

(35)
(36)

Whlk—1 = SkWk—_1|k—1,
T
Prjp—1=SkPr_11-1S; +Za k-1

In (36), Py ;—1 is unknown and needs to be estimated along
with the contact force. In the VB framework, the following
inverse Wishart PDF is chosen as its prior distribution [48]:

P(Prje-11CT.5-1) = IW(Phrir—1; Mjr—1, Thjp—1),

where ZW(-; Agjp—1, Tijk—1) denotes the inverse Wishart
PDF with the degrees of freedom parameter A,_; and the
positive definite symmetric inverse scale matrix Tyx_1 €
R"*M_ with 7 represents the dimension.

Substituting (33), (34) and (37) into (32), yields

(37

. 1 -
In p(Q, ¢1p) = - §tf(/\k|k—1Pk|}€,1) + ca (38)

1 * — *

- §(Ck - E17kawk)TEV7;1€(Ck — Ey 1 Hywy)
1 1

- §1n|zu,k - 5(77 + Agjk—1 + 2)In|Pyyp_1|
1. . _ . .

- i(wk - wk|k—1)TPk|}c,1(wk — @klk—1)s

where tr(-) denotes the trace operator, and the constant cg, is
dependent on §2.

Letting § = Py;,—1, the approximate distribution q(P;—1)
can be updated according to (31) and (38) as

. 1
In ¢ (Pyp_q) = — 5(77 + Akjr—1 +2)In [Pyppq| (39)
1 ; _
_ §tr((a§€1) + T ) Prpsy) + Cp
where the subscript (i) denotes the ith iteration, ¢, is a
constant, and oz,(;) is given by
041(:) =E9 (@ - Q1) (@r — @ppp—1)”] (40)
= Pl(j\)k + (d),(jfk - ‘:’k|k—1)(®1(;|)k — Q1)
According to (39), ¢ (Py;_1) can be updated as
¢ (Prpr) = IV AL T ), @D
with
A = Aot + 1, (42)
T;(cj;i)l = Oé;(f) + Tpr—1, 43)

Letting £ = wy, In ¢“T1 (wy,) can be calculated in a similar
fashion as

. 1 R R i _
gD (wr) = — S (@ugp — Drpp—r) TECV [P

dha) @)

X (Opjk — Pjp—1) + Cu;

where c,, is a constant. Based on (41) and the property in [48],
one has

i - it+1 i+1) \—
ECOIPLL 1= O -0 - D) @)
Denoting
5(+1) _ i+l p-1 17!
Pk|k71 - E( * )[Pk|k71] ) (46)

the approximate posterior distribution of wj can be updated
as

¢t (wp) NN(wk;al(:‘—;c-l),Pg"-;;l)),
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with
K = P (BuH)”
X [El,kaf’,(ﬂPl(ELka)T + 3,7

(47)

‘:’1(;\:1) = Wpp—1 + KT (¢x) - E 1 Hy@ppi—1), 48)

P,{f‘;” - f’fj‘j;i)l - K,i’“)ELkaP,(Cj;?I. (49)

Note that the contact force and the PECM have been jointly
estimated using VB, and the virtual measurement noise is
updated utilizing the GP model. The comprehensive GPADKF
algorithm is presented in Algorithm 1. Here, M is the
maximum number of iterations for the VB procedure.

Remark 6. The proposed GPADKF algorithm has the advan-
tage of not affecting the overall structure of the closed-loop
control system. This flexibility makes it well-suited for replac-
ing the force estimation module in existing control frameworks.
Here are three typical integration scenarios: 1) In the CHADC
framework [31], the GPADKF can serve as a DO for real-
time compensation. The computed torque controller can be
employed as the inner-loop controller to ensure accurate
position tracking. 2) As a KF-based method, the proposed
GPADKF method can also be integrated into the stochastic
model predictive control framework, providing real-time force
information [8]. 3) The proposed method can be extended to
multi-sensor fusion system, where elegant distributed filtering
and control methods can be adopted [49], [50].

Remark 7. The proposed GPADKF improves upon the KF-
based method by incorporating additional GP and VB modules
for residual dynamics learning and process noise covariance
identification, respectively. Consequently, the stability analysis
of GPADKF can be simplified to a KF stability problem
involving inaccurate noise covariance matrices. The mean
stability of the filter can be established based on Theorem
3 in [13] under this condition. Regarding the convergence of
error covariance matrices estimation, it should be noted that
the use of incorrect Riccati equations, resulting from inac-
curate noise covariance matrices, can prevent the estimated
covariance from converging to the true value. Quantifying
the error between the estimated and true covariance matrices
caused by inaccurate noise covariance matrices is challenging.
However, practical approaches such as consistency checks
and fuzzy logic methods [51] can be employed to detect
filter divergence. Additionally, the application of non-Gaussian
stochastic systems theory holds promise in addressing the
imprecise characterization of noise models [52].

B. Numerical simulation

To evaluate the effectiveness of the proposed GPADKF
method, Monte Carlo simulations are conducted. In these
simulations, the torque on each joint follows a Gaussian
distribution with a constant mean and a standard deviation
(SD) of 0.01 N-m. The performance of the proposed EGP
model compensator is verified in a scenario with constant
contact force while according for uncertainties. The injected

Algorithm 1 The GPADKF algorithm

TRAIN (GP) p(Ta|D, z.,0)
Inputs: Dataset D = {Zp, ¥p}, 2, = [qQ;, Qi, Qs
Train:
Initialization: 6g = [07 1 o, -, 0F 0500 05 11,05+ -
IND. 0]
Mean function: m(-)
Covariance function: k(-, -)
Train GP: 6 = argmin —In p(¥p|Zp, 0)

0
Outputs: 0,D = {Zp, ¥p}

]T

ESTIMATION (ADKF) F.,; 1, at k-step
Inputs: w11, Pr_1jk—1, Sk, E1 b, Za k-1, 2ok

Hk; ¢k7 Fk7 E2,1€7 Yk, Yk—1, Uk, Zx, D7 97 n,T, M7 E’U,krfla
Time update:

Whik—1 = SkWr_1|k—1

Pri—1 = SkPr_15-15] + Bae—1

Virtual EGP measurement update:

GP mean: pp 4, (2+) = m(z,)+k..

Z ZD

K_l(\IID—m(zD))

GP covariance: Xa 4(2+) = kz.z. — Kz 5, K 'Kz 2,
Virtual measurement: ¢ = yx — Pryr—1 — Frup —
Eo kpen 1

Virtual covariance: X, = Eg ;XA 1+ 1 — Pr2y k-1

Variational measurement update:

Initialization: w;(j;)c = Oppp_1(35), P,(;‘J,l = Ppjp_1(36),
Mej—1 =1+ T+ 1, Vi1 = 7Prp_1,

fori=0: M—-1

Update: ¢+ (Pyjp_1) = IW(P s A THED)

given ¢ (wy,):

Compute: o\’ (40), A;jﬁ)l (42), T,(jl’,:)l (43)

Update: ¢+ (wy,) = N(wk;‘-:’;(f\:l)a PS\:U)

given ¢U D (Pyyi_y):
Compute: ECHD[P -1 ] (45), P,(ﬁzpl(%),

) klk—1 4 )
KM @), oY @s), P (49)

K|k
end for (M) (M) (M) (M)
Wi =Wy, Prjp = PJc\k ' Ak = )‘klk*}’T’“ - T’i“‘”fl

Outputs: @y, Prjp, dix = He@pjp, Fear e = Jdi

uncertainties include residual dynamics, with a relative mod-
eling error of 10% in the mass of each link, and measurement
noises with zero mean and an SD of 0.01 N-m. The sampling
interval is set to 0.005s. For training data of the residual
dynamics, 30 sets of finite Fourier series trajectories are
randomly generated in the joint space under the contact-free
scenario. The manipulator follows a linear segment with a
parabolic blend (LSPB) trajectory within two-second interval.
The torque exerted on each manipulator link is set to be
piecewise constant, with value of [0,—2,—1] N-m from Os
to 1s and [0, —3, —1.5] N-m from 1s to 2s.

The performance of the GPADKF method is compared to
several traditional techniques, including DKF [12], GMO [22],
NDO [27], DO-based reaction force observer (RFO) [25], and
the EDKF. The EDKF is a variant of DKF that incorporates a
residual dynamics compensator, utilizing only the mean value
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Figure 2. The RMSEs of torque estimates under the measurement noises and
the residual dynamics.
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Figure 3. The averaged RMSEs and MAE:s of torque estimates.

predicted by the GP for compensation. The gain matrices for
NDO, GMO, and RFO are set to diag(10, 10, 10).

The root mean square errors (RMSEs) of the force es-
timation for the three joints are shown in Fig. 2. It can
be observed that both EDKF and GPADKF exhibit smaller
steady-state errors due to the residual dynamics compensa-
tion. Moreover, GPADKF demonstrates faster convergence
compared to EDKF, thanks to more precise quantification
of uncertainties in residual dynamics learning. The averaged
RMSEs (ARMSESs) and the mean absolute errors (MAEs) are
illustrated in Fig. 3. Notably, the proposed GPADKF achieves
the lowest ARMSEs and MAEs among all the methods.
This highlights the effectiveness of the proposed scheme in
compensating for residual dynamics and attenuating noise.

VI. EXPERIMENTAL RESULTS
A. Experimental Setup

The algorithms under evaluation are implemented on a 3-
DoF serial OpenManipulator, depicted in Fig. 4. Each joint

% 2D
Power hub board
| BE,
Script
[ To é
Trajectory
Reference
PC - CPU Servo actuator -
Intel 10" i7 DYNAMIXEL XM

Open
- W350 -
430-W3s0-T Manipulator - X

B s < 77
Fu h g w Fo
- ¢ Measurement

Digital acquisition Force sensor -
module - RS485 Viste VC41D

"U2D2 Power
~==Hub Board

Figure 4. Experiment setup. (a).The schematic diagram of the robotics system.
(b). The experiment platform.

Table II
D-H PARAMETERS OF THE OPENMANIPULATOR

Link « a d 6
1 3 0 0.077 q1
2 0 0.1304 0 q2
30 0124 0 a

is equipped with the DYNAMIXEL XM-430-W350-T servo
actuator, which has a stall torque of 4.1 N-m. During operation,
all joints provide feedback on joint position, velocity, and
motor current. The joint torque is determined using the N-
T curve, also known as the performance graph. To ensure
accurate torque measurement, three 100g weights are sym-
metrically placed on Link3. This arrangement ensure that the
current measurement falls within the linear range of the N-
T curves. The Denavit-Hartenberg (D-H) parameters of the
manipulator are listed in Table II.

The experiment consists of two groups. The first group
aims to validate the effectiveness of the EGP model in real
interaction scenarios by validating the residual dynamic model
and quantifying model uncertainties. The second group is
designed to compare the GPADKF with other state-of-the-art
force estimation methods.

B. Data Acquisition

The experimental validation utilizes a dataset collected at a
sampling frequency of 1000Hz. The dataset comprises tuples
of position, velocity, acceleration (obtained through numerical
differentiation of the velocity curve), and torque (derived from
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motor current) data for all joints at each time step. Position,
velocity, and acceleration are selected as the features.

To ensure generalization, the generated data must encom-
pass the entire workspace and exhibit sufficient richness. To
achieve this, additional informative data is artificially gener-
ated, requiring persistent excitation and more dynamic changes
within a smaller dataset. Consequently, the data for model
learning is sampled from twelve eighth-order Fourier series
trajectories generated within each permissible joint space.
The trajectory parameters are adjusted to fully cover the
entire workspace. The complete dataset consists of 47,145
samples, with 38,078 samples allocated for training and 9,067
samples for testing. The test and training datasets are randomly
partitioned.

The nominal inverse dynamics of the robot manipulator
are generated using Matlab/Robotic System Toolbox, incor-
porating the physical parameters from the official manual of
the OpenManipulator with adjusted masses. The GP learning
process is conducted using the GPML Toolbox.

C. Validation of the EGP Model

In this subsection, the effectiveness of the EGP model in
learning and compensating for the residual dynamics will be
evaluated.

The residual dynamics compensation term, learned through
GP, is critical in the EGP model. To prevent overfitting and
mitigate computational complexity, the GP is implemented
with a zero mean and SE covariance function that incorporates
automatic relevance determination (ARD). For computation-
ally feasible force estimation tasks, a sparse GP approximation
is employed. The apxSparse function is utilized to approximate
the GP posterior, optimizing the inducing points through power
expectation propagation during the Bayesian inference process
for covariance matrix approximation [53] [54].

1) Residual dynamics testing in the real interactive sce-
narios: We assess the residual dynamics in real interactive
scenarios by conducting a contact experiment between the
robotic manipulator and an EVA foam block. Fig. 5 displays
the total joint torque and the nominal torque of joint two.
In the operation, the end-effector remains in contact with the
foam block from 4s to 8.21s, while the contact-free phases
span from 1s to 4s and from 8.21s to 9.8s. In an ideal case
with no residual dynamics, the total joint torque during the
contact-free phase should be zero. However, the actual joint
torque T, 2 consists of both the residual dynamics 7A, 2 and
the nominal torque T gy, 2.

2) Evaluation of the EGP model trained with and without
acceleration: The RMSE is adopted as the performance metric
to quantify the disparity between the predicted joint torque by
EGP model and the actual joint torque, that is,

RMSE = E[(7n — (1L +74))2].

As illustrated in Fig. 6, the test error of the EGP model
is represented by the two-color box lines, where one model
is trained with acceleration while the other is trained without
acceleration. The comparison between the two models reveals
no noticeable disparities in terms of training accuracy and the

2r J
Contact free Contact occurs Contact free|
1r J
=
go—— [
o
=
g1t T
S}
H
2F 4
3 Tm,2 |
TEL,Z 1 1 1
2 4 6 8 10
Time (s)
Figure 5. The residual dynamics test of the joint-2 in the real contact

scenarios.

distribution of test error. Consequently, for subsequent steps,
the EGP model is solely trained using position and velocity.

Remark 8. Typically, including acceleration in the training of
a dynamic model leads to improved accuracy. However, in this
specific task, the negligible impact of acceleration on residual
dynamics learning can be attributed to two factors: 1) the
minor differences in the inertia matrix, and 2) the assumption
of low-speed motion. Generally, when there is a mismatch be-
tween the actual and inaccurate inertia matrix, non-collocated
disturbances can arise, potentially degrading force estimation
performance, particularly in high-speed scenarios.

Remark 9. Notably, when comparing joint 1 and joint 3,
the test error outliers in joint 2 exhibit a more pronounced
concentration around the median. This suggests that low-
quality training data may have contributed to these outliers.
Specifically, joint 2 has a wider range of motion during the
data collection, allowing for the collection of a more diverse
dataset. Consequently, training for joint 2 is less affected by
the nonlinear dead zone present in the mechanical structure.

3) The uncertainty of the EGP model: A key advantage
of the EGP model is its ability to provide both the mean
and the uncertainty (variance) of the predictions. The three-
dimensional prediction of the EGP model on the test dataset
is presented in Fig. 7.

To enhance clarity and conciseness, we extract points at
regular intervals from the prediction results and display them
in Figure 7. The performance of the selected portion of the
prediction results is comparable to the rest. The performance
index for the uncertainty of the EGP model is the Acc, which
represents the percentage of true values falling within the 3-o
bound, that is,

2 iz if(17a (i) = 7a ()] < 30)

Acc = x 100%.

Figure 7 illustrates that the true values align closely with
the predictions, with the majority falling within the confidence
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Figure 6. The two-color box lines illustrate the comparison between EGP
models trained with and without acceleration. The middle line within each
box represents the mean value, while the hollow circle dots indicate outliers.
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Figure 7. The joint torque predictions of the EGP model. In each subplot,
sapphire blue solid lines denote the predicted torques of the EGP model, red
dots representing the true values, and the light blue shaded area indicating
the 95% confidence interval of the predictions.

interval. The GP model’s uncertainty quantification achieves
an accuracy of 97.7%.

In conclusion, the experimental results affirm the EGP
model’s efficacy in accurately predicting residual dynamics
and quantifying uncertainty.

D. Contact Force Estimation Test

In this subsection, the proposed GPADKF method is val-
idated in two real contact scenarios: 1) The first experiment

20 DKF i
.......... GMO
] 1 Aval |
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g 101 4 \ = = =Ground truth
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- .
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Figure 8. Contact force estimation result in Z-axis under a dynamic contact
scenario.

evaluates the accuracy of the proposed method with residual
dynamics compensation for dealing with inaccurate manipu-
lator models. The GPADKEF is compared against other meth-
ods without the residual dynamics compensation (DKF [12],
GMO [22], NDO [27], and RFO [25]) as well as the ground
truth. 2) The second experiment verifies the effect of VB (part
of GPADKF) with inaccurate noise covariance matrices in
the contact force model. Unlike existing DKF-based methods,
GPADKEF utilizes GP and VB to compute the gain based on
online-identified noise covariance matrices. Since their gains
are automatically calculated within the unified KF framework,
The three DKF-based methods (DKF, EDKF, and GPADKF)
are compared as a group under a constant force estimation sce-
nario. Both experiments are conducted using the experimental
platform introduced in Section V-A (see Fig. 4).

In the first experiment, the OpenManipulator is controlled
to simulates button pressing by following a trajectory and
making perpendicular contact with a force sensor fixed on the
ground. This dynamic contact scenario consists of five stages:
stillness, downward movement, contact, upward movement,
and stillness. The force estimation results are presented in
Fig. 8, with the ground truth obtained from a highly accurate
force sensor. The initial force estimates for all five methods
are set to zero.

As depicted in Fig. 8, the GPADKF outperforms all other
methods in terms of the RMSE of contact force estimation,
thanks to its accurate EGP model with residual dynamics
compensation. Furthermore, the improvement in accuracy of
the EGP model is more pronounced during the static state
compared to the motion stages.

In the second experiment, three DKF-based methods are
compared under a constant contact force scenario. The Open-
Manipulator is controlled to track a fixed-point trajectory,
guaranteeing a constant contact force on the end-effector.
The process noise and measurement noise covariance matrices
are identical for DKF and EDKF. The initial process noise
covariance matrix of GPADKEF is also the same as those of
the two comparison methods.
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Table IIT
EVALUATION OF THE FORCE ESTIMATION RESULT IN THE Z AXIS.

Convergence  Stabilization ARMSEs
time (s) time (s) (N)
GPADKF 3.2980 - 1.1538
EDKF 4.4140 - 3.3211
DKF Not converge  4.3510 5.6564
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Figure 9. Contact force estimation result in Z-axis under a constant contact
scenario.

Fig. 9 illustrates the convergence behavior of the DKF,
EDKF, and GPADKF methods. It is observed that both DKF
and EDKF exhibit similar initial convergence rates, while the
proposed GPADKF demonstrates the highest convergence rate.
This can be attributed to the gain auto-tuning mechanism based
on the VB approach employed in GPADKF, making it robust
to contact force models with inaccurate covariance matrices.

In Table III, we present the convergence time and stabiliza-
tion time for DKF-based methods with and without residual
dynamics compensation, aiming to quantify the transient per-
formance. The convergence time is defined as the moment
when the estimate first reaches the 5% error neighborhood
of the true value, while the stabilization time is defined
as the moment when the estimate first reaches 5% of the
steady-state value (which may not necessarily be the true
value). The results indicate that the GPADKF outperforms
DKEF and EDKEF, achieving a reduction of 31.9% and 33.8% in
convergence (stabilization) time, respectively. Additionally, the
GPADKF demonstrates the lowest averaged RMSEs (ARM-
SEs), further validating its superior performance. A video of
the experiments performed can be found at the following link
https://youtu.be/0ZPXi4OVcvE.

VII. CONCLUSION

In this paper, the GPADKF method has been proposed for
contact force estimation on a robot manipulator, leveraging the
benefits of an EGP model with residual dynamics compensa-
tion learned using GPs and the VB method for identifying
inaccurate noise covariance matrices. Experimental results on

the OpenManipulator robot have validated the superiority of
GPADKEF over the existing force estimation approaches. Our
method assumes low-speed motion and small errors in the
inertia matrix, allowing for online force estimation without
employing acceleration. While our results have supported this
assumption, caution should been advised when applying it to
different scenarios. A limitation of our approach is that the
residual dynamics training have to be performed offline. To
address this, future work will explore online model learning
through adaptive dynamic programming [55] and advanced
distributed filtering techniques [56]-[58] for force estimation
in multi-sensor robots. Additionally, we aim to integrate
contact force estimation into robot path planning [59] and
environmental perception tasks [33], [60].
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