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Abstract— This paper presents a novel in-hand rolling manip-
ulation method in which a ball on a cloth attached to fingertips
is controlled using flexible and adaptive deformation of the
cloth. First, an analytical model of the ball-on-cloth system is
introduced. The shape of the cloth is simplified, and the rolling
constraint of the ball on the cloth is defined focusing on the
lowest point of the ball. Next, the relationship between the input
to the cloth anchor point and the position of the lowest point
of the ball is expressed by a linear approximation. Then, the
input to generate the desired rolling orbit is designed. Next,
as an example of utilizing the rolling orbits, a manipulation
method to rotate the ball around a vertical axis is developed.
Finally, a multi-fingered hand with a piece of cloth attached to
the fingertips is developed, and the effectiveness of the proposed
system is experimentally verified.

I. INTRODUCTION

Robotic manipulation is a topic of significant research
interest [1]. Among manipulation techniques, in-hand manip-
ulation, which controls the position and posture of an object
within the hand, is expected to improve dexterity [2]. In-
hand manipulation comprises two tasks: holding the object
stably in the hand and giving the object translational and/or
rotational motion. To perform in-hand manipulation, several
approaches have been proposed, such as using a human-like
multi-fingered hand [3]–[6], implementing special mecha-
nisms such as rollers or crawlers on the fingers [7]–[12],
and leveraging external environments, e.g., floors, walls, and
gravity [13]–[15]. Fig. 1(a) shows a scenario of handling
an object directly with the fingertips of a multi-fingered
hand according to the above first approach “using a human-
like multi-fingered hand.” In this case, the finger posture of
the hand must be changed actively to adapt to the shape,
position, and posture of the object. Furthermore, to perform
continuous manipulation, repositioning of the fingers is re-
quired. Further, as shown in Fig. 1(b), we consider attaching
a cloth to the hand. This approach is classified as the second
approach “to implement special mechanisms”. The use of
flexible materials such as cloth or rope for fingers and palms
improves contact stability due to their high adaptability [16]–
[19]. In Fig. 1(b), adaptive deformation of the cloth allows
the object on the cloth to be held stably. Furthermore, the
displacement of the fingertip changes the shape of the cloth
and generates rolling and slipping of the object. In this study,
we discuss an in-hand manipulation method using cloth.

In particular, we focus on the rolling manipulation of a
spherical object. Rolling is an effective element for in-hand
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Fig. 1. Three-dimensional in-hand manipulation. (a) Multi-fingered hand.
(b) Hand with a flexible cloth attached to the fingertips.

Fig. 2. In-hand manipulation utilizing rolling. (a) Ball-plate problem. (b)
Ball-on-cloth problem. (c) Process flow.

manipulation because it continuously changes the relative
position and posture of the object in contact. As a manip-
ulation problem considering rolling constraints, a ball-plate
problem of controlling a rigid ball between two rigid plates
(Fig. 2(a)) has been discussed [20]–[22]. There is a single
contact point between the ball and plate, and the rolling is
described as a nonholonomic constraint. One of the goals
of the ball-plate problem is to control the posture of the
ball by providing the rolling trajectory, i.e., displacement
input to the upper plate (Fig. 2(c) upper row). Following the
ball-plate problem, let us consider a “ball-on-cloth problem,”
which manipulates the ball on the cloth (Fig. 2(b)). In this
problem, the cloth is in surface contact with the ball. When
the contact area moves, both slipping and non-slipping areas
may be generated. Thus, the ball-on-cloth problem is more
complex and diverse than the ball-plate problems in terms of
contact states. If the rolling of the ball on the cloth can be
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adequately represented, the manipulation method in the ball-
plate problem is expected to be applicable (Fig. 2(c) lower
row). Therefore, the goals of the ball-on-cloth problem are
to represent a rolling trajectory for the input to the cloth
anchor point and to solve the forward/inverse problem in its
relationship.

In this paper, we discuss in-hand manipulation using a
cloth. As shown in Fig. 1(b), an in-hand manipulation method
comprising multi-fingered hand with a cloth attached to the
fingertips to control the rolling trajectory of the ball on the
cloth is presented. First, an analytical model of the ball-
on-cloth system is introduced. The shape of the cloth is
simplified, and rolling of the ball on the cloth is defined
by the rolling constraint focused on the lowest point of the
ball. Next, the relationship between the input to the cloth
anchor point and the position of the lowest point of the ball
is established. The relationship is approximated by a linear
equation using numerical examples. The input to the cloth
anchor point to control the position of the lowest point of
the ball is designed. Next, the rotational manipulation method
of the ball is discussed. Based on one of the orbit planning
methods of the ball-plate problem [20], the input to the cloth
anchor point is designed to rotate the ball around a vertical
axis. Finally, a hand was developed and the effectiveness
of the proposed method was experimentally verified. The
control of the rolling trajectory and rotational manipulation
of the ball were performed.

II. BALL-ON-CLOTH SYSTEM

A. Modelling
Fig. 3(a) shows a three-dimensional analytical model of

the ball-on-cloth system where a ball is placed on a cloth.
The shape of the cloth is an equilateral triangle. The cloth is
attached between the three fingers, connecting its vertices to
the fingertips (hereafter called the cloth anchor points). The
vertical positions of the cloth anchor points are controlled,
while the horizontal positions are maintained constant. The
ball is a rigid body with a uniform mass distribution. Fig.
3(b) shows a two-dimensional coordinate system for the
position of the contact area of the ball as seen from the cloth
(hereafter called the cloth coordinate system). The meanings
of the symbols in Fig. 3 are as follows.

Σ Base coordinate system. The xy-plane is horizontal
and the z-axis is vertical.

Σball The coordinate system fixed to the ball. The origin
is located at the center of the ball. The directions of
the xball-, yball- and zball- axes in the initial state
correspond to the directions of the x-, y- and z-
axes in Σ.

Σcloth Cloth coordinate system. The coordinate system is
two-dimensional and represents the plane of the
cloth when it is unfolded. The origin is located
at the geometric center, and the directions of the
Xcloth- and Ycloth- axis correspond to the directions
of the x- and y- axis in Σ.

a Horizontal distance between the three anchor points
of cloth in Σ.

Fig. 3. Analytical model. (a) Absolute coordinate system. (b) Cloth
coordinate system.

A Length of one side of the cloth, i.e., distance
between the three anchor points of the cloth in
Σcloth.

pi Anchor point of the cloth (i = 1, 2, 3).
xi Position vector of pi in Σ. xi = [xi, yi, zi]

T is
given as follows:

x1 =


−a
2

−
√
3a

6
z1

, x2 =


a

2

−
√
3a

6
z2

, x3 =


0√
3a

3
z3

 .
(1)

Xi Position vector of pi in Σcloth. Xi = [Xi, Yi]
T is

given as follows:

X1 =

 −A
2

−
√
3A

6

, X2 =


A

2

−
√
3A

6

, X3 =

 0√
3A

3

 .
(2)

R Radius of the ball.
M Mass of the ball.
pG Center of the ball.
xG Position vector of pG in Σ. xG = [xG, yG, zG]

T .
θG Euler angle of the z-y-x system (intrinsic rotation)

representing the orientation of Σball in Σ. θG =
[θGx, θGy, θGz]

T .
plow The lowest point of the ball in Σ. The position

vector of plow in Σ is xlow = [xG, yG, zG −R]T .
Xc Position vector of plow in Σcloth.
Sc Contact area between the cloth and the ball.
g Magnitude of gravitational acceleration.

To simplify the analysis, we employ the following assump-
tions.

1) The mass of the cloth, viscoelasticity in the bending
direction, and deformation in the stretching direction are
negligible. The cloth is freely deformable only in the
bending direction.
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Fig. 4. Simplified analytical model. (a) Contact area in the cloth coordinate
system. (b) Shape of the cloth. (c) Rolling of the ball on the cloth.

2) The lowest point of the ball is always in contact with the
cloth.

3) The cloth is always under tension.
4) No wrinkles occur at the contact area of the cloth.

B. Simplified expression of the shape of the cloth

Practically, the cloth has infinite degrees of freedom and
complex deformations with loosening and tension. In this
study, the shape of the cloth is simplified as a representation
with fewer variables. As shown in Fig. 4(a), a point pti
is defined as the intersection of the line segment plowpi
and the edge of the contact area Sc in Σcloth. The shape
characteristics of the cloth in Σ are expressed as follows.

(i) The shape of the cloth in Sc is the same as the ball
in Σ.

(ii) The shape of the cloth on the line segment ptipi in
Σcloth is straight in Σ.

Based on (i) and (ii), the shape of the cloth in Σ is simplified
using the curves pi-pti-plow(i = 1, 2, 3) as shown in Fig. 4.
Note that the four points pi, pG, plow, and pti are supposed
to be in the same vertical plane. Each curve comprises the
line segment pipti and arc ptiplow. Let li denote the length
of the curve and γi denote the angle between the line pGpti
and the z-axis. Let l = [l1, l2, l3]

T and γ = [γ1, γ2, γ3]
T be

the vectors summarized for the curves i = 1, 2, 3 for li and
γi, respectively. li is expressed as follows:

li = |Xi −Xc|. (3)

C. Definition of the rolling

In the ball-plate system, there is a single contact point
between the ball and plate. When the ball rolls on the
plate without slipping, the following rolling constraint holds
between the velocity of the contact point on the plate v and
the angular velocity vector of the ball ωG:

v = −ωG × r, (4)

where r is a vector from the center of the ball to the contact
point. In this paper, we attempt to adapt (4) to the rolling in
the ball-on-cloth system. We regard the lowest point of the
ball plow as a representative point of the contact area, and
the rolling constraint of the ball-on-cloth system is defined
as follows: [

Ẋc

0

]
= −ωG ×

 0
0

−R

 . (5)

Note that the cloth is in surface contact with the ball.
Verification of the effect of this approximation is a subject
of future work. Hereafter, we assume that the rolling on
the cloth, i.e., the rolling constraint at the lowest point of
the ball plow is always satisfied. In this case, the friction
coefficient between the ball and the cloth needs to be large
and the velocity of Xc needs to be small. These limitations
are beyond the scope of this paper’s discussion.

III. CLOTH ANCHOR POINT DISPLACEMENT AND
ROLLING TRAJECTORY

A. Formulation of the geometry of the ball-on-cloth system
under static conditions

From Figs. 4(a) and (b), the following constraints hold at
each anchor point of the cloth (i = 1, 2, 3):

G(q) = [G1, · · · , G9]
T = 0, (6)

where,

q = [XT
c ,x

T
G, l

T ,γT ]T

Gi = li − |Xi −Xc|
Gi+3 =(li −Rγi) cos γi +R sin γi

−
√
(xi − xG)2 + (yi − yG)2

Gi+6 =(li −Rγi) sin γi −R cos γi − (zi − zG).

From (6), with respect to the heights of the cloth anchor
points zi, there exists a solution under static conditions, i.e.,
a solution with minimum potential energy U = MgzG. In
this case, the position of the lowest point of the ball Xc0 is
expressed as follows:

Xc0 =

{
Xc

∣∣∣∣G(q) = 0,
∂U

∂Xc
= 0

}
. (7)

B. Linear relationship equation based on numerical solu-
tions

In this study, we assume that the anchor point p3 is fixed
(z3 = 0) and the anchor points p1 and p2 is controlled as
a input u = [z1, z2]

T . After formulating the relationship
between u and Xc0, the problem of designing u to satisfy
the desired Xc0, i.e., the ball-on-cloth inverse problem is
discussed. Let the relationship between u and Xc0 be
approximated by the following linear equation:

Xc0 = kBu, (8)

where, k is a scalar of proportional constant and B is a
2 × 2 transformation matrix. The parameters k and B are
estimated by fitting the values u and Xc0 calculated using
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TABLE I
RESULTS OF FITTING PARAMETERS OF THE LINEAR EQUATIONS.

(a) (b) (c) (d)
a [mm] 75 75 105 105
R [mm] 10 30 10 30

k̂ 0.77 0.72 0.94 0.90

B̂11 0.87 0.87 0.87 0.87

B̂12 −0.87 −0.87 −0.87 −0.87

B̂21 0.50 0.50 0.50 0.50

B̂22 0.50 0.50 0.50 0.50
RMSE [mm] 0.70 0.69 1.04 1.17

Fig. 5. Geometry of the ball-on-cloth system under static conditions.

(7). Table I shows the results of the fitting of k and B,
where M = 0.1 kg, A = 150mm, a = {75, 105}mm,
R = {10, 30}mm, I = 36 kg · mm2. As the inputs, the
range −20 ≤ z1 ≤ 20mm, −20 ≤ z2 ≤ 20mm, interval
4mm, and a total of 121 displacement inputs u are provided.
Fig. 5 shows the geometry under static conditions when
z1 = z2 = 0mm. Note that we use the Levenberg-Marquardt
algorithm [23] as the fitting method. As shown in Table I,
B̂ is constant within two decimal places, regardless of the
horizontal distance of the cloth anchor points a and radius
of the ball R. B̂ can be approximated as follows:

B̂ ≈


√
3

2
−
√
3

2
1

2

1

2

 . (9)

Moreover, as a increases and R decreases, k̂ increases. Note
that there may be no solution Xc0 when a and |u| are large
relative to A. Fig. 6 shows the relationship between the
values Xc0 (calculated by (7)) and the linear approximate
solutions X̂c = k̂B̂u, where a = 75mm, R = 30mm.
Where |Xc0| is large, X̂c deviates from Xc0. In contrast,
for |Xc0| ≤ 10mm, X̂c is well matched to Xc0. Within
this range, the approximate equation is valid. Therefore, as
the input û approximately satisfying the desired Xc0, we
use the following equation:

û =
1

k̂
B̂−1Xc0 (10)

IV. ROTATIONAL MANIPULATION OF BALL

In this section, we discuss the control of the posture of the
ball by giving Xc as the input. The rotational manipulation
method of the ball around the vertical axis (Fig. 7(a))
is developed using the circle-based path planning method
proposed as an algorithm for the ball-plate problem [20]. As
shown in Fig. 7(b), we assume that the ball rolls along the
circular orbit closkwise along Σcloth. Let C denote the radius

Fig. 6. Linear approximate solutions X̂c and error of X̂c with the
calculated values Xc0.

of the orbit and f denote the frequency of the revolution. Xc

is expressed as follows:

Xc = [C cos(2πft),−C sin(2πft)]T . (11)

In this case, the orbit of the lowest point of the ball plow
as viewed from Σball (brown line in Fig. 7(b)) is a circular
orbit with the radius Rc. Rc is expressed as follows:

Rc =
RC√
R2 + C2

. (12)

Let T denote a period of one revolution of the circular orbit.
The posture change of the ball from t to t+T , is expressed
as follows:

nr =
1√

C2 +R2

 C cos (2πft)
−C sin (2πft)

R

 (13)

∆θr = 2π

(√
C2 +R2

R
− 1

)
, (14)

where nr is a vector of the rotation axis and ∆θr is the
angle of the rotation. When the radius of the circular orbit is
sufficiently smaller than the radius of the ball (C ≪ R), from
(13), the rotation axis is close to the z-axis (nr ≈ [0, 0, 1]T ).
In this case, the ball revolving along the circular orbit
clockwise is regarded as rotating around the vertical axis
counterclockwise. Based on this planning method, the input
to rotate the ball around the vertical axis counterclockwise
at the target angular velocity ωtarget is designed as follows.
From (13) and (14), the target radius of the circular orbit
Ctarget is expressed as follows:

Ctarget = R

√(
ωtarget

2πf

)2

+ 2

(
ωtarget

2πf

)
. (15)

When f is small and quasi-static motion can be assumed,
the input is designed by substituting (11) and (15) for (10),
as follows:

u = P

sin
(
2πft+

5

6
π

)
sin

(
2πft+

7

6
π

)
 , (16)
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Fig. 7. Manipulation planning. (a) The desired rotation of the ball is
around the vertical axis. (b) An equivalent rotation around the vertical axis
is generated via a circular rolling orbit.

Fig. 8. Experimental system. (a) Three-fingered hand. (b) Cloth attached
to the fingertips.

where,

P =
2R
√
3k̂

√√√√((ωtarget

2πf

)2

+ 2

(
ωtarget

2πf

))
(17)

is the input amplitude. From (16) and (17), the input
frequency f and the input amplitude P have a trade-off
relationship with respect to ωtarget. Practically, the range of
P is limited by the mechanism of the hand and the size of the
cloth. Moreover, as f increases, it becomes more likely that
slipping between the cloth and ball occurs and the motion
derivates from that of the analytical model.

V. EXPERIMENTS

A. Experimental system

Fig. 8(a) and Fig. 9 show the hand developed for ex-
perimentation. The size of the hand is H1 = 124mm,
H2 = 63mm, W = 178mm and D = 154mm. The back
finger is fixed and the two fingers in front are movable. The
slider mechanisms are attached to the movable fingers (Fig.
9(a)), and a vertical displacement is provided to the fingertip
using servo motors. Each finger is connected to the palm by a
trident link mechanism (Fig. 9(b)), and the interval between
the fingers is controlled in the range 35 ≤ a ≤ 105mm.
Between the three fingertips, the cloth with a side length
A = 150mm is attached (Fig. 8(b)). The object is a
ball with radius R = 30mm (Fig. 8(a)). The static and
dynamic friction coefficients between the cloth and the ball

Fig. 9. Blueprint of the hand. (a) Finger mechanism. (b) Gripper
mechanism.

are µs = 0.24 and µd = 0.19, respectively. A 6-axis inertial
measurement unit (IMU) is embedded inside the ball to
measure the posture of the ball θG.

B. Control of the orbit of the lowest point of the ball

Experiments were conducted to follow Xc to the target
orbits. The target orbits Xcr were expressed as follows:

(a)

 Xcr = 10 cosϕ sin (2πft)mm
Ycr = 10 sinϕ sin (2πft)mm
ϕ = {0, π/6, π/3, π/2} rad

(18)

(b)

 Xcr = 10 sin (2πft− π/2)mm
Ycr = 10η sin (2πft)mm
η = {1/3, 2/3, 1, 4/3}

(19)

(c)

 Xcr = 10 sin (2πκft− π/2)mm
Ycr = 10 sin (2πft)mm
κ = {1/2, 2/3, 3/2, 2}

. (20)

Fig. 10 shows the experimental results, where the interval
of the fingers was a = 75mm and the input frequency was
f = 0.5Hz. Note that we assume that the rolling constraint
in (5) and quasi-static conditions are maintained. In this
assumption, the experimental values of the lowest point of
the ball Xce were calculated by substituting the angular
velocity ωG (obtained by the IMU at interval ∆t = 0.02 s)
into the following equation:

Xce(t+∆t) = Xce(t) +R∆t

[
ωGy

−ωGx

]
, (21)

where, Xce(0) = [0, 0]T . As shown in Fig. 10, the experi-
mental values Xce were fully matched with the target values
Xcr. The error average was |Xcr −Xce| = 2.62mm, and
thus, the effectiveness of the control method of the rolling
orbit was confirmed.

C. Rotational manipulation of the ball

A counterclockwise rotational manipulation around the
vertical axis of the ball was performed with the target
angular velocity ωtarget = 10◦/s. Setting the input frequency
to f = 0.5Hz, we obtain z1 = 16.3 sin (πt− π/3)mm,
z2 = 16.3 sin (πt)mm as the input from (16). In this
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Fig. 10. Results of control of the rolling orbit.

case, the theoretical values of the posture change in
four cycles (i.e. 8 seconds) is the rotational axis nr =
[0.32 cosψ, 0.32 sinψ, 0.95]T and the angle of rotation
∆θr = 80◦. Fig. 11 shows the experimental results. The
parameters other than the input were the same as those
in Fig. 10. As shown in Fig. 11, θGx and θGy oscillated
around constant values, while θGz increased periodically.
The experimental value of the posture change in four cycles
was nr = [0.16,−0.33, 0.93]T , ∆θr = 36◦ (the average
angular velocity |ωG| = ∆θrf/4 = 4.5◦/s).

Next, we conducted experiments on the vertical axis
counterclockwise rotational manipulation, where the target
angular velocity was 0.06 ≤ ωtarget ≤ 15◦/s. Figs. 12(a)
and (b) show the radius of the lowest point of the ball
|Xc| and the magnitude of the angular velocity of the
ball |ωG|, respectively. Five experiments were conducted
on each target angular velocity. The theoretical values of
|Xc| were obtained from (15). As shown in Fig. 12, the
experimental values of |Xc| are slightly smaller than the
theoretical values, while the experimental values of |ωG| are
significantly smaller than the theoretical values. The factors
for these differences are considered to be the viscosity of
the cloth in the bending direction and energy dissipation due
to micro slip on the contact surface between the cloth and
the ball, both of which are ignored in the analytical model.
However, the theoretical values and experimental values are
in qualitative agreement, thus confirming the feasibility of
the proposed method.

VI. CONCLUSION

In this paper, we discussed an in-hand manipulation using
a cloth. The main results are summarized as follows.

• Based on an analytical model of a ball-on-cloth system,
a simplified geometry of the cloth and rolling constraints
of the ball were defined.

• The relationship between the cloth anchor points and
the lowest point of the ball was established. A solution

Fig. 11. Results of rotational manipulation around the vertical axis.

Fig. 12. Experimental results of the rotational manipulation. (a) Radius of
the circular orbit. (b) Magnitude of the angular velocity.

method for designing an input to the cloth anchor points
to satisfy the desired orbit of the lowest point of the ball
was developed.

• As a manipulation method for a ball, a method that
rotates the ball around the vertical axis by providing an
input to the cloth anchor points was constructed.

• A multi-fingered hand with a piece of the cloth attached
was developed, and the effectiveness of the proposed
method was experimentally verified.

In the ball-plate problem, more variations of rolling trajectory
allow for rotation around various axes. On the other hand, in
the ball-on-cloth problem, a rolling trajectory is limited by
the area of the cloth, and the achievable rotations are smaller
and slower. Therefore, to achieve a variety of rotational
manipulations, it is necessary to utilize dynamic motion
including slipping. Future work will include discussions
about manipulation problems utilizing the high adaptability
of the cloth where the shape of the object is not spherical.
Furthermore, extensions to analyses of contact force distri-
bution between the cloth and object should be discussed.
Beyond control of the position and the posture of the object,
we would like to develop a discussion of the problem of
controlling a shape of a soft object.
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