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A Novel Model for Layer Jamming-based Continuum Robots

Bowen Yif, Yeman Fan', and Dikai Liu

Abstract— Continuum robots with variable stiffness have
gained wide popularity in the last decade. Layer jamming (LJ)
has emerged as a simple and efficient technique to achieve
tunable stiffness for continuum robots. Despite its merits, the
development of a control-oriented dynamical model' tailored
for this specific class of robots remains an open problem in
the literature. This paper aims to present the first solution,
to the best of our knowledge, to close the gap. We propose
an energy-based model that is integrated with the LuGre
frictional model for LJ-based continuum robots. Then, we take
a comprehensive theoretical analysis for this model, focusing on
two fundamental characteristics of LJ-based continuum robots:
shape locking and adjustable stiffness. To validate the modeling
approach and theoretical results, a series of experiments using
our OctRobot-I continuum robotic platform was conducted. The
results show that the proposed model is capable of interpreting
and predicting the dynamical behaviors in LJ-based continuum
robots.

I. INTRODUCTION

Continuum robots can be used in many applications due to
their inherent flexibility and light weight. When interacting
with the environment or humans, there is a need to actively
change the dynamical response of the robots, particularly
mechanical impedance. Indeed, numerous continuum robots
have integrated variable stiffness techniques within their
design, allowing for flexible soft motion or rigid resistance
and greatly expanding their range of applications [4, 16].

Among various stiffening techniques, jamming approaches
have shown great success in adjustable stiffness continuum
robots with rapid reversible responses [5, 15, 19]. They can
be broadly classified into fiber, granular, and layer jam-
ming. Notably, layer jamming (LJ), the concept of which
was originally proposed in [12, 13], has received particular
attention due to light weight and compactness. It utilizes thin
plastic or paper layers as its jamming flaps. For LJ-based
continuum robots, there is an airtight pneumatic chamber in
which a series of overlapping layers are installed to cover the
robot spine or wrapped as the robot body. This mechanism
exploits the friction between layers that can be controlled by
external pressure via a vacuum, and provides a large range
of controllable stiffness.
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Fig. 1. Schematic of a layer-jamming structure in continuum robots

Feedback control is one of the most important topics in
the field of continuum robotics, though still in infancy. Over
the past few years, model-based approaches have gained
resurgence since more experimental evidence has shown
that feedback approaches are robust to approximations for
continuum robot dynamics [7,9]. However, as figured out
in [17], the modeling of LJ-based continuum robots with
variable stiffness has not been well addressed yet. There are
some recent works on analytical or computational models
to characterize the mechanism of stiffness variation in LJ-
based continuum robots [13,17,22]. However, to the best of
the authors’ knowledge, there is no control-oriented model
in the literature that approximates their dynamical behaviors.

In this paper, we aim to close the above-mentioned
gap by proposing a novel model for a class of LJ-based,
tendon-driven continuum robots. It integrates the energy-
based modeling technique and the LuGre frictional model
[1]. The overall model is in port-Hamiltonian form with the
vacuum pressure gradient as an additional control input. We
theoretically prove the model’s ability to illustrate the im-
portant phenomena of shape locking and adjustable stiffness.
Besides, we present an analytical relation between stiffness
and negative pressure.

Notation. All functions and mappings are assumed to be
C?-continuous. I,, is the n x n identity matrix, 0, xs is an
n X s matrix of zeros, and 1, := col(1,...,1) € R™. For
r eR", S eR™, §=8T >0, we denote the Euclidean
norm |z|? := 2"z, and the weighted-norm ||z||% := 27 Sz.
Given a function f : R™ — R, we define the differential
operators Vf := (20T, v, f := (%)T, where x; € RP
is an element of the vector z. The set n is defined as
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n = {1,...,n}. We use diag{z;} (i € n) to represent
the diagonal matrix diag{z1,...,x,}, and define the set
B.(X) = {& € R" : infycx |z —y| < €} for a given
set X € R™. When clear from the context, the arguments of
the functions may be omitted.

II. DYNAMIC MODELING
A. Preliminary of Jamming-free Model

In our previous work [21], we consider the control-
oriented modeling of a class of underactuated tendon-driven
continuum robots. A high-dimensional rigid link model is
used to approximate the dynamical behavior of continuum
robots as follows:
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with the configuration variable ¢ € X C R", the generalized
momentum p € R™, the input matrix G : R" — R" ™,
the damping matrix D(q) € RI}", and the tension input
u € R™. The total energy is characterized by the Hamiltonian

as

1
H(gq,p) = §pTM‘1(Q)p +U(q), )

where M : R" — R§" is the positive definite inertial matrix
satisfying m11 < M(q) < mol for some msy > my > 0, and
the potential energy function U (q) contains the gravitational
part U and the elastic part Ug that are functions of g, i.e.

U(q) = Us(q) + Ue(a) 3)
It is shown in [21] that these functions can be modeled as

Us = ai[l —cos(gs)]
1 “)
54 Aa+Uo

with the diagonal matrix A := diag{as,...,as}, some
positive scalar Uy and ¢y := Zieﬁ q;- Note that a1 and as
are some elastic and gravitational coefficients, respectively.
We refer the interested reader to [21] for more details about
the robotic structure and its modeling procedure.

UE ==

B. Friction Model for Layer Jamming

In continuum robots, the layer jamming technique provides
a lightweight and rapid response approach to adjust the
robots’ stiffness [3, 10, 17]. In these robots, layer jamming
— consisting of a laminate of flexible strips or sheets — is
installed throughout the continuum robot’s body, and winded
up into a tube sheath, as illustrated in Fig. 1. In [21], the
robot is operated in the mode that behaves highly compliant.
Meanwhile, the jamming sheath forms an enclosed structure
in which we may apply a negative pressure —up < 0 (relative
to the atmospheric pressure) [8]. As a result, friction between
strips or sheets would increase dramatically, thus changing
the robot stiffness and dissipating energy [17].

As described above, the pressure value up € R>( can
be adjusted online and viewed as an additional input that
changes the robotic dynamics. One of the main objectives of
this paper is to propose a control-oriented dynamical model

for LJ-based continuum robots. For control purposes, it is
useful to have simple models that describe the essential prop-
erties of continuum robots with layer jamming; in particular,
when the pressure up = 0, the model to be obtained should
degrade into the LJ-free model in Section II-A.

First, we discuss the dependence of the plant parameters
a; (i = 1,2) and the function D(q) on up. We make the
following assumptions.

Assumption 1: During the variation process of up, the
continuum robot satisfies

(a) The mass change of air in the airtight membrane is
negligible. Hence, the gravitational parameter «; is
constant and thus independent of the pressure up.

(b) The elastic coefficient a > 0 is constant.

Assumption 2: The energy dissipation of the robot is only

derived from the lumped friction torque with D(q) = 0.

Under the above assumptions, the model (1) of the LJ-
based continuum robot can be compactly written as

@ =JVH(z) + Gy (v)u — Gy
X {1} = G}FVH(JJ) ®)

with the new variable z := col(g, p) and

[0
Gr = nxm ,
| G(9) ]
o [ 0n><n
Gy | ] ,
o [ 0n><n In
Ji= L _In Onxn :| ’

where 7y € R™ is the lumped frictional torque acting in the
links. If we view the friction 7; as the “input”, then the
passive output v € R™ is, indeed, the generalized velocity
[18,20], i.e.,

v=M"(q)p. (6)

The jamming phenomenon is due to the distributed friction
along the layers, and the remaining task boils down to
studying the modeling of the frictional effects from 7; and
its interconnection to the system ;.

To take this behavior into account in the model, we
consider the LuGre friction model which was proposed in
[6]. It is a dynamical model capable of describing many
frictional properties, such as zero slip displacement (a.k.a.
micromotion), slick-slip motion, invariance, state bounded-
ness, and passivity [1].

Before presenting the LuGre model, we make the follow-
ing assumption about the (lumped) normal force F;, > 0
between the surfaces.

Assumption 3: The pressure along the layer is uniformly
distributed with the value (—up) and is proportional to the
lumped normal force, i.e., F}, o up.

To facilitate the following analysis, we adopt the port-
Hamiltonian form of the LuGre model [14]:

z2=—-R,(v)VH,(z) + N(v) — P(v)]v

e {Tf = V() + P(v)] T VH(2) + S, @
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where z € R™ represents the virtual bristle deflection at each
joint, v € R™ is the input — the relative generalized velocity
of the surfaces in contact given by (6), and the output 77 €
R™ is the frictional torque. The mappings in X, include the
virtual bristle potential energy

1
H,(z)= §UOUP|Z|2, 8)

the damping matrix

R.(v) = diag(Bi(v),...,Bn(v))
R . )
51 (U) = m, 1EMN
the state-modulation matrices
Nw) = I, — %O’l'LLpRZ(’U)
Pv) = — §alupRZ(v) (10)
S = (01 + 02)uply,

and the function

Yi 3). (11)
v,

S

p(vi) = po + (ps — pic) exp (—

Physical meanings of coefficients in the above model are
summarized in Table I. The interested reader may refer to
[2, 6, 14] for additional details.

TABLE I
L1ST OF COEFFICIENTS IN THE LUGRE MODEL

ps | Stiction friction coefficient

pe | Coulomb friction

Vs Stribeck velocity

oo | Bristle stiffness coefficient

o1 | Bristle damping coefficient

o2 | Viscous friction coefficient

o3 | Curve parameter (further tuning of the Stribeck effects)

Remark 1: The model X, is well-posed for all up > 0
even though up appears in the denominator of the function
B; in (9). There is due to the product R,(v)VH, in the
dynamics and VH, being linear in wp. If the pressure
up = 0, we have 7y = 0 for which we roughly regard
zero friction injected to the robotic mechanical dynamics
Y. The friction torque 7; at the steady-state stage be-
comes 73° = [diag{p(v;)}sign(v) + oav]up, with sign(v) :=
col(sign(v1),...,sign(vy,)) collecting the signs of v;.

Remark 2: The LuGre model has the boundedness prop-
erty for the internal state, i.e., the set £, := {z € R": |z| <
£2} [1]. The input-output pair (v, 7¢) satisfies the particu-
larly appealing passivity property

/0 v (s)74(s)ds > H,(2(t)) — H.(2(0)), Vt>0

if the coefficients satisfy the inequality constraint in [2]: oo >
Hs—HC

g
1Mc

C. Variable Stiffness Model with Layer Jaming

The overall dynamical model for the LJ-based continuum
robots is the negative interconnection of X, and >,. For

convenience, we define the full systems state as
X :=col(g,p, z) € R*™. (12)

Its dynamics can be compactly written in port-Hamiltonian
form as [14]

X =[J = RIVH +G(x)u
with the total Hamiltonian
H(x,up) := H(g,p) + H(z, up)
= %pTM‘l(q)p + éaoup|2|2 +U(q)

kinematic energy

13)

(14)

potential energy

and the matrices

_ T
T us) = G }

J
[NG]T Onxn
[GfS(v)GJT GyPT ]

PTG} R.
]T

R(x.up) : (15)

Gg(x) =

Note that ;P and S are linear functions of the pressure
up. The overall model has an (m + 1)-dimensional input

w= L

with all the elements non-negative.
Remark 3: The damping matrix 'R can be expanded as
R = diag(0y,xpn, Ro2) with

[GT o]

nxm

(o1 +02)upl, —3o1upR.(v)

—so1upR] (v) R.(v)

RQQ =

It is shown in [14, Sec. 4] that positive semi-definiteness
of R can be guaranteed under the coefficient constraint in
Remark 2. This can make R qualified as a damping matrix.

III. INTERPRETATION TO KEY PHENOMENA

In this section, we theoretically verify that the model
proposed in Section II-C can interpret the two phenomena
in LJ-based continuum robots — shape locking and tunable
stiffness.

A. Shape Locking

Shape locking is one of the important capabilities of LJ
structures when applied to continuum robots [17,19,22].
Tensions along the cables can change the robot’s config-
uration from its undeformed shape; when a vacuum with
negative pressure (—up) is applied before the release of
tension actuation, the continuum robot is able to preserve its
current shape. This phenomenon is known as shape locking.
In this subsection, we aim to illustrate that shape locking can
be characterized by the proposed model. First, we formulate
its mathematical definition as follows.
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Definition 1: (Shape Locking) Consider the LJ-based con-
tinuum robotic model with zero input u. If the deformed
configuration ¢ # 03 guarantees the set &, := {(q,p,2) €
R3" :q=¢, p= 03} under up > 0 forward invariant, i.e.,

x(0) € st [4(t) =0, p(t) =0, vt = 0], (16)

then we call this invariance as shape locking.

The following proposition gives a theoretical analysis of
the shape-locking phenomenon using the proposed model.
Immediately after its proof, we will show an intuitive illus-
tration.

Proposition 1: Consider the LJ-based continuum robot
model (13) without external input, i.e., u = 0,,. For arbitrary
configuration ¢, € R™ and a constant pressure up > 0,

(a) There exists a vector z, € R™ such that (qq, 0y, 24) is
an equilibrium;
(b) The equilibria manifold

M :={(¢g,p,2) € R :p=0, VU(q) = ooupz}

=

is locally asymptotically stable.

Proof: First, let us verify the existence of z, such that
(ga,On, 24) is an equilibrium. From (6), p = 0 implies the
velocity v = 0, thus

G=V,H=M"q)p=0.

The dynamics of z is given by

= —R.(O)VH,+ [N -Pl| =0,

v=0
where we have used the fact R,(0) = 0 from (9). For the
momentum, we have the following:

. 4 (1 ¢
D = —aq{ M~ (q)p }—VU(qa)—i-SU
+ [N+ P]VH,
p=0
= —VU(qa) + [In — c1upR.(v)]ogupz
= —VU(q.) + (In — aldiag{ [vi] }) ooUpZ
p(Ui) v=0
= —VU(qa) + ooupz.
(17

Hence, for any non-zero up, the point x4 := col(qq, Op, 24)
with

VU(4a) (18)

Zq 1=
OoUp

is an equilibrium.

The next step of the proof is to show the local asymptotic
stability of the manifold M. Calculating the time derivative
of the overall Hamiltonian, it yields for y € B.(M) with a
small € > 0,

H = —[VH( x,uP)] R(x, up) VH (X, up)

I Al

in which we have used the fact that in B.(M) the matrix
R is positive semidefinite from Remark 3. Thus, in the

IN

19)

Ra2
<0

neighborhood of the manifold M, the system is Lyapunov
stable. In the set

{x € R* : ||lcol(VpH, V. H)||rs, = 0}, (20)
it should verify
1
(o1 4+ o) M~ (q)p — iaoaluPRz(v)z =0 21
1
—iale(v)Mfl(q)p +ooR.(v)z = 0. (22

Let us first consider (22). There are two possible cases:
e case (i): R.(v) =0 (or equivalently p = 0).
o case (ii): For some j € 71, B;(v) # 0, and thus

_ 00
M~ (q)p =2—=.
01

(23)

For case (i), the trajectory verifies p(t) = 0, thus
p=—VU(q) + ooupz = 0,

which is exactly the manifold M. For case (ii), we substitute
(23) into (21), resulting in

4(o1 + 02)z = 01 B;(v)upz. (24)

There are two sub-cases: case (ii-1) z = 0 and case (ii-2)
z # 0. For case (ii-1), the trajectory should guarantee z = 0
and thus

- R.(v)VH.(0) + [N — Plv oko

= N =Pl =0.
v#£0
Since N' — P = I, it contradicts with v # 0 in case
(i1). Thus, there is no feasible trajectory. For case (ii-2), the
equation (24) can be rewritten as

[vj]
4p(v;)” @
Note that limj, | p(v;) = pc. For given coefficients o1, o2,
the equation (25) does not admit any feasible solution for
a sufficiently small ¢ > 0. Therefore, the only feasible
solutions in B.(M) are all on the equilibria manifold M.

The system is time invariant since we consider constant
pressure up. As we have shown above, M is the largest
invariant set in the neighborhood B.(M) C R3". Applying
the LaSalle’s invariance principle [11, Sec. 3], the manifold
M is locally asymptotically stable. [ ]

Remark 4: The above proposition shows that

01+02—01

(i) If the initial condition y (0) starts from any configuration
o and zero momentum p(0) = 0, we may always find a
virtual bristle vector z, such that the system trajectory
maintains at the initial values over time, and we also
note M C &gp.. In this way, it achieves shape locking.

(i1)) A more realistic scenario is that the continuum robot
achieves deformation with the tension input u € R™;
then we apply a vacuum and release the actuator. Once
the tension release is completed, the initial condition is
given by x(0) = (¢(0),03,03) instead of (gq,03, 24 )
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Proposition 1(b) shows the local asymptotic stability of
the manifold M, which means if the initial distance

d(x(0), M) := ot X' = x(0)] <eo  (26)

is small, the trajectory ultimately converges to equilib-
rium (gq, 03, 24) € M.

From (ii), the convergence only happens when ¢ > 0 is
small. Note that the vector z, is parameterized as z, =
Uolup VU (q,). Thus, a large value of up can impose the
initial condition (g(0),03,03) in a small neighborhood
of M; see Fig. 2 for an intuitive illustration. Physically,
it means that a large pressure value up is capable of
achieving shape locking.

The above item shows that after releasing the actuation,
the system will change from the initial configuration
(¢(0),03,03) to the new equilibrium (g,, 03, 2,), and it
will be closed to each other with a high pressure up. It
means when the continuum robot changes from flexible
to stiff, we may observe a tiny positional change that
has been experimentally verified in [4, Sec. III-B].

(iii)

(iv)

(q(0),03,03) Domain of attraction

M(up,2)

Fig. 2. An illustration of the initial condition and the equilibria manifold
M. For a given initial condition (g(0),03,03), a larger up,1 implies a
smaller distance from x(0) to M, thus x(0) located in its domain of
attraction; a smaller up » may cause the initial condition outside the domain
of attraction, failing to achieve shape locking.

B. Adjustable Open-loop Stiffness

The open-loop equilibrium X := (gx, Px, 7«) is the origin.
In the stiffness analysis, we assume that there is an external
torque Teyt acting on the dynamics of p, i.e., the dynamics
with © = 0 becomes

X = [J — RIVH + GoTexe-
with Gy = col(0sxs, I3, 03x3), under which there is a shifted
equilibrium ¥ := col(g, 0, 2).

Definition 2: (Stiffness) Assume that we can find a posi-
tive semidefinite matrix K € R3*3 such that

27)

Text = K (7 — qx) (28)

solves (27)-(28). When taking ¢ — ¢, and z — z,, if the
limit of K exists, we call K the overall stiffness.
We are now in position to present the open-loop stiffness
of the proposed LJ-based continuum robotic model.
Proposition 2: Consider the LJ-based continuum robotic
model (13). Its overall stiffness in the sense of Definition 2
at the open-loop equilibrium Y, is given by

K= allnxn + [042 + UOUP}Ina (29)

with 1,,»,, € R®*"™ an all elements ones.
Proof: Let us consider a tiny displacement (dg, dz) €
R™ x R™ around (g, zx), i.e.,

q=qs+9q, z=2z+0z. (30)

For ease of analysis, we rewrite the model in an Euler-
Lagrangian form

M(q)q + C(q7 Q)q + VU(q> = Text — 7-f (3])
i = crodiag{ 4] }z+q
p(di)
T = (002 + 012 + 02¢)up,

with zero initial condition, in which C(q,q) is the Coriolis
and Centrifugal term [18].

Linearizing the dynamics (31) around ¢, = 0, ¢, = 0 and
zx = 0 and invoking (30), we obtain the model

M6 + [o1up)dq + [V2U (g ) +ooupIs]dq

2
= Text T 0(5(]2) (3 )

with M, := M(q,) and high-order remainder term O(d¢?),
in which we have used the facts
C(¢gx,0) =0, VU(gsx)=0.

Since
o1up > 0

V2U(q*) + oguplz = 0,

the linearized dynamics (32) is exponentially stable at equi-
librium

8q = [V?U(q.) + ooupls] ™ rexe + O(5¢°).

By taking |dg| — 0, the algebraic equation (28) is obtained
with K given by

K = V2U(q) + ooupls.

Substituting the function U in (3) into the above, we obtain

(29) and complete the proof. [ ]
0.6 [~ X%
—_ X X &3 2 x X *
E X
£ -
Z 04 == -
Z x
£
= 0.2 Kt = 0.0046up + 0.3068
2 0.
R% = 0.8083
0 ! ! !
0 20 40 60 80
Pressure up [kPa]
Fig. 3. Relation between up and the transverse stiffness from the

experiments in which we used the jamming sheath with 5 layers. (“x”
shows the mean values; color band represents the 41 standard deviation.)
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(b)

Fig. 4.

(c)

Photos showing sequence of the shape-locking experiments: (a) Phase 1: Initial configuration without u; (b) Phase 2: Drive to the bending

configuration 60° via tendon force u; (c) Phase 3: Vacuum to up = 30 kPa with motor-driven retained; (d) Phase 4: Vacuum retained and tendon released

u = 0. (Photos were taken in the steady state of each phase.)

20 .
z
5
§ 10 - -
5]
4
0 Phase 2 Phase 3
! \
0 5 10 15 20
Time [s]
Fig. 5. Trajectory of the tendon force w1 in the stiffness experiment.

Fig. 6. Overlay photos of the shape-locking phenomenon. Left: displace-
ment of 9.2mm with up = 30 kPa; Right: displacement of 3.8mm with
up = 80 kPa. (“@” and “ 7 are used to mark a fixed point on the robot
body; one-side contours are also highlighted in the figure.)

IV. EXPERIMENTS

In this section, we verify the theoretical analysis in Section
IIT on our continuum robotic platform OctRobot-1. Although
the overall stiffness matrix K > 0 cannot be measured
directly, we are able to detect the transverse stiffness Kt €
R>¢ in the end-effector around the open-loop equilibrium
¢» of the continuum robot. We used the same testing setup
and approach as in [21, Sec. VI-B], and repeated three times
under the same conditions. The open-loop transverse stiffness
under different negative pressures (—up) is plotted in Fig. 3.
The coefficient of determination R? is 0.8083 showing good
linearity with respect to the value up. This verifies the results
in Section III-B.

The second experiment was designed to verify the results
about shape-locking. The robot was initialized from the
open-loop configuration ¢, = 0 (Phase 1), and then driven
to the bending angle of 60° via tendon (Phase 2). When
the system kept at the steady-state stage, we vacuumed and
kept the jamming layer sheath to a negative pressure of -
30 kPa (Phase 3), and then released the tendons (Phase 4).
During this process, the sequence photos are presented in
Fig. 4, and the force u; was tunned as the trajectory in Fig.
5. Note that we use the time interval [—5, 0] s to denote the
initial status before starting the motor drive. As illustrated
in Figs. 4(c)-(d), it achieved shape locking after applying a
negative pressure (—up). To clearly show the shape-locking
phenomenon, Fig. 6 illustrates the overlay photos of Phases
3 and 4 with two different up (30 and 80 kPa). It can be
observed tiny positional changes as theoretically predicted in
Remark 4(iv) — a larger up yielded a smaller displacement
(3.8mm of 80 kPa and 9.2mm of 30 kPa).

V. CONCLUSION

In this paper, we have presented a novel dynamical model
for layer jamming-based continuum robots, which integrates
the energy-based modeling approach and the LuGre frictional
model. In terms of the proposed model, we theoretically
analyze its dynamical behavior and show its usefulness
in interpreting the two important phenomena (i.e., shape
locking and adjustable stiffness) in this kind of robots with
quantitative results. These have been experimental verified
on our robotic platform.

The motivation of this work is to propose a control-
oriented model, and naturally our future work will center
on feedback controller synthesis using the proposed model.
Another important direction is to revisit Assumption 3 re-
garding the relation between the pressure and lumped normal
force. This would be helpful to improve the fitting accuracy
on the relation between robot stiffness and negative pressure
as experimentally shown in Fig. 3.
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