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Abstract— This article addresses the robust trajectory track-
ing problem for a Quadrotor-Slung-Load System (QSLS), which
consists of a point-mass load and a rigid-body quadrotor
connected by an inelastic cable. To construct the controller,
we employ the backstepping technique and propose an Uncer-
tainty and Disturbance Estimator (UDE) to compensate for
uncertainties arising from imprecise model parameters and
exogenous time-varying disturbances affecting both quadrotor
and load. The main feature of the UDE is its ability to convert
the robust control problem into a low-pass filter design in
the frequency domain, which generates an estimate of lumped
uncertainties. To streamline the design process, we utilize a
coordinate transformation strategy that converts the QSLS
into a configuration that resembles the dynamics of a typical
quadrotor system. The proposed controller ensures uniformly
ultimate boundedness of closed-loop errors in the presence
of time-varying exogenous disturbances, while guaranteeing
asymptotic stability when disturbances are zero. Finally, we
present comprehensive simulation and experimental results
to validate the effectiveness and robustness of the proposed
solution.

I. INTRODUCTION

A. Motivation

A diverse array of aerial cable-suspended load transporta-
tion tasks finds widespread utilization in industrial oper-
ations. These tasks encompass critical functions such as
emergency response, search and rescue missions in haz-
ardous scenarios, and heavy equipment delivery [1]–[3].
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Fig. 1. (a) Main perspective of the QSLS; (b) the load is tethered close
to the center of mass of the quadrotor; (c) the load is deliberately tethered
away from the center of mass of the quadrotor.

Nevertheless, the successful execution of these missions
hinges significantly on the capabilities of human pilots to
adeptly handle the load’s swing motion, a process fraught
with inherent risks and substantial costs. Driven by a vision
of cost reduction and a commitment to enhancing operational
precision and safety, the research community has dedicated
extensive efforts to explore innovative solutions. Their focus
revolves around attaining robotic autonomy in aerial load
transportation, employing the capabilities of quadrotor vehi-
cles to accomplish this ambitious goal [4]–[8]. See Fig. 1 for
an example of a Quadrotor-Slung-Load System (QSLS).

Nevertheless, aerial load transportation using quadrotors
remains a challenging problem, with the system’s vulner-
ability to unknown dynamics caused by uncertain system
parameters and exogenous disturbances. These include wind
disturbances [9], unknown payload mass and cable length
[10], and offsets of the tethered point [11] (refer to case (c)
in Fig. 1), among many others. The presence of unknown
dynamics can significantly compromise system performance,
making it crucial to develop robust controllers for successful
aerial load transportation automation. In this paper, we
will resort to Uncertainty and Disturbance Estimator (UDE)
to accurately estimate these adverse impacts, subsequently
enabling effective compensation measures.

B. Proposed Solution

The aim of this study is to develop a robust controller
employing UDEs for the QSLS, which can ensure that the
load follows a predefined trajectory, even when confronted
with unknown time-varying uncertainties and disturbances.

The highlights and contributions of our strategy are as
follows: (i) the proposed controller accounts for the complete
system dynamics, encompassing the underactuation of the
quadrotor, the dynamic couplings between the quadrotor and
the load, and the swing motion of the load; (ii) all of the
uncertain model dynamics, external disturbances acting on
both the quadrotor and the load, as well as partial nonlinear
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dynamics associated with the vehicle underactuation are
lumped into two vector terms, and are ultimately estimated
by two UDEs; (iii) the proposed UDEs possess the unique
feature of solely utilizing the system inputs and states
information, without necessitating time derivatives of states
(as opposed to conventional integral backstepping [12] and
adaptive neural networks [13]), thereby reducing computa-
tional requirements and controller complexity; (iv) sufficient
conditions are provided to ensure the cable remains under
tension (as opposed to the control methods e.g. in [14]–[16]
which rely merely on assumptions); (v) in the presence of
disturbances, the proposed controller ensures that the error
system’s origin is rendered Uniformly Ultimately Bounded
(UUB), additionally, it achieves asymptotic stability when
disturbances are absent (i.e., zero); and (vi) comprehensive
simulation and experimental results (including comparisons
with the state-of-the-art results) obtained from a physical
QSLS validate the effectiveness and practicality of our
proposed strategy.

C. Related Works

Autonomous slung-load transportation using quadrotors
was pioneered in [17], [18], and these iconic works arguably
established two paradigms: guaranteeing a swing-free trans-
portation for the entire maneuver [17], and allowing for
large-swing angles while still ensuring accurate trajectory
tracking [18]. Later, diversified approaches to realize the
automation of slung-load transportation sprang up, including
control [19], motion planning [20] and the use of sensors for
state estimate [21], to name just a few.

The QSLS is inevitably affected by unknown dynamics,
leading to a substantial impact on the closed-loop system
performance. To achieve controller robustness against un-
known dynamics, various techniques have been employed,
including integral backstepping [12], adaptive neural network
[13], nonlinear model predictive controller augmented with
an L1 adaptive controller [22], disturbance observer [23],
[24], and UDE [25], among others. Recent advanced control
approaches addressing dynamic uncertainties for QSLS are
summarized as follows. By leveraging the benefits of artifi-
cial neural networks, an adaptive strictly negative imaginary
controller was designed in [11] for trajectory tracking under
parameter uncertainties. In [26], a nonlinear model predictive
control was designed for a quadrotor with a slung-load to
stabilize the movements of the load and the quadrotor. How-
ever, the controllers in [11], [26] require real-time solution of
an optimal control problem, which can be computationally
expensive, particularly for the fast dynamics of quadrotors.
To overcome the aforementioned limitation, the authors of
[16] devised a robust controller using integral backstepping.
However, this approach still falls short as the integral actions
demand high-order time derivatives of the system states. The
controllers in [27], [28] used disturbance observers to com-
pensate for the effects caused by the load swing, wind gusts,
and partial rotor failure, but disturbance observers involve
taking the inverse of the nominal model in the frequency
domain leading to the limited applicability. The authors of

[29] developed a UDE-based controller to tackle the path-
following problem, compensating for both constant and low-
frequency components of disturbances using a low-pass filter.
While the controller in [29] uses numerical differentiation,
causing severe signal delays and compromising experimental
performance.

II. NOTATION

Throughout the paper, a bold symbol stands for a multi-
dimensional variable, e.g., p. Desired values are represented
with a subscript (·)d, e.g., pd. Quantities relating to the
quadrotor and load are denoted with subscripts (·)Q and
(·)L, respectively. Also, subscripts (·)y, (·)x, and (·)x̌ are
employed to denote the state vectors for the y system,
the x system, and the x system when all tracking errors
are zero, respectively. Let s represent the Laplace operator,
L(•) denote the Laplace transformation and L−1(•) is its
inverse. The symbols I and 0 denote respectively an identity
matrix and a zero matrix of appropriate dimension, and
⊗ denotes the Kronecker product. For a, b ∈ R3, the
map S(a) : R3 7→ R3×3 is the skew-symmetric matrix
satisfying S(a)b := a × b and S(a)a = 0, and the map
Π : S2 7→ R3×3 is defined as Π(a) := −S(a)2 =
I − aaT satisfying S(a)Π(a) = S(a). Let ‖a‖ :=

√
aTa

represent the Euclidean norm of vector a ∈ Rn, whose
supremum and infimum are respectively given by supt≥0 ‖a‖
and inft≥0 ‖a‖. Given two sets Ω1 ∈ Rn and Ω2 ∈ Rm, a
function f : Ω1 7→ Ω2 is denoted as f ∈ (Ω1, Ω2), and
particularly, in the case of Ω1 = R≥0, f ∈ Ω2 is adopted for
brevity. Finally, let f ∈ Cn(Ω) represent f ∈ Ω and f is of
class at least Cn.

III. SYSTEM MODEL WITH TWO STATES

In the QSLS, the quadrotor is considered as a rigid body
with six degrees of freedom, and the point-mass load with
two degrees of freedom is attached to the center of mass of
the vehicle by a massless cable. We assume for now the cable
is always taut and later in Section V, we provide conditions
for this to be always valid. We consider a body frame {B}
that coincides with the center of mass of a quadrotor and
a fixed inertial frame {I}, as shown in Fig. 2. Throughout
the rest of the article, all vectors are expressed in the inertial
coordinate frame {I} unless otherwise stated. The coordinate
transformation matrix which maps the vectors in {B} into
the vectors in {I} is denoted as R ∈ SO(3), and the
quadrotors attitude kinematics is Ṙ = RS(ωQ), where ωQ

is the angular velocity expressed in {B}.
Let us consider the following state of the QSLS,

y := [pT
Q, pT

L, vT
Q, vT

L ]T ∈ Ωy (1)

which provide a comprehensive description of the load
position and cable attitude subsystems, where the domain
Ωy := {y ∈ R12 : ‖pQ−pL‖ = `, (pQ−pL)T(vQ−vL) =
0}; ` is the length of the cable; and pL/Q and vL/Q represent
the position and linear velocity of the load/quadrotor, respec-
tively. To the y system, the control input is uy := [T, rT]T,
where T ∈ R≥0 is the quadrotor thrust and r := Re3. Based
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Fig. 2. A sketch of the QSLS.

on the state y defined in (1), we introduce a new state x ∈ Ωx

as

x(y, pd) :=


ep
ev
n
ω

 :=


pL − pd
vL − ṗd

(pQ − pL)/`
S(pQ − pL)(vQ − vL)/`2

 , (2)

where Ωx := R3 × R3 × S2 × R3, n and ω are direction
vector and angular velocity of the cable, and pd is a feasible
trajectory given in Definition 1.

By applying Newton’s second law to both the quadrotor
and the load, we obtain

mQv̇Q = −Tr− TLn +mQge3 + dQ, (3)
mLv̇L = TLn +mLge3 + dL, (4)

where dL/Q ∈ R3 are time-varying lumped terms con-
taining both internal parametric uncertainty and external
disturbances; mL/Q are the masses of the load/quadrotor;
g is the acceleration of gravity; e3 := [0, 0, 1]T; and
TL ∈ R≥0 is the tension in the cable. By substituting the
second time derivative of n into the difference between (3)
and (4), we have TL = (mL/(mL +mQ))[mQ`‖ω‖2−(Tr−
dQ + (mQ/mL)dL)Tn]. Furthermore, from (3)-(4), the y
system state is governed by

ẏ := fy(y, uy) = [vT
Q,v

T
L , v̇

T
Q, v̇

T
L ]T. (5)

Similar to a typical quadrotor system, we define the control
input to the x system as ux := [Tx, τ

T
x ]T ∈ R4, where

Tx and τx denote desired tension and torque on the cable,
respectively. The transformation rule of control inputs is
defined as

uy(ux, r) :=
[
−FT

x r, rT
]T ∈ R4, (6)

where Fx ∈ (Ωx × R4, R3) is an equivalent control input,
defined as

Fx :=

(
mQ +mL

mL

Tx −mQ`‖ω‖2
)

n +mQ`Π(n)τx,(7)

and where ‖Fx‖ 6= 0 is elaborated later in Section V. From
the above, the x system state in (2) is governed by

ẋ := hx(x, ux) =


ev

Txn
mL

+ ge3 − p̈d + ∆Lx

S(ω)n
S(n)τx + ∆Cx

 , (8)

Load Position 

Controller (10)

Cable Attitude 

Controller (20)

Quadrotor 

Attitude 

Controller (21)
−

+

−

+

Controller Design 

to the     system

Control Input 

Transformation 

(6)-(7)

Coordinate 

Transformation (2)

Quadrotor 

Attitude System

Fig. 3. Flowchart of the proposed controller for the QSLS.

with the lumped uncertainties defined as

∆Lx :=
dL

mL

− mQnnTdL

mL(mQ +mL)
+

nnTdQ

mQ +mL

− nnTΠ(r)Fx

mL +mQ

,

∆Cx := −S(n)dL

mL`
+

S(n)dQ

mQ`
− S(n)Π(r)Fx

mQ`
.

Definition 1: We consider the desired trajectory for the
load pd ∈ C5(R≥0) as a feasible trajectory if: i)
supt≥0 ‖p

(i)
d ‖ <∞ for i ∈ {2, 3, 4}, ii) supt≥0 ‖eT

3 p̈d‖ >
−g, and iii) inft≥0 P(t) < 1, with

P(t) :=
mQ

mL(mQ +mL)

`‖S(ň)p
(3)
d (t)‖2

‖−ge3 + p̈d(t)‖3
,

where ň := (−ge3 + p̈d)/‖ge3 − p̈d‖.
Problem 1: Consider the feasible trajectory of the load

pd. For the given system (5), the prescribed trajectory pd,
and a given positive constant εe, we design the control input
uy, such that limt→∞ ‖pL(t)− pd(t)‖ ≤ εe.

Remark 1: Since the cable lacks actuation, we cannot
directly design the actual tension TL. Rather, we specify the
desired value Tx in the x system, subsequently obtaining
the thrust force −Tr in the y system, which comprises two
orthogonal forces Txn and Π(n)τx. Moreover, this control
approach obviates the need to measure the tension value.

Remark 2: The motivation behind introducing the x sys-
tem is to align the dynamics of the QSLS in (5) with those of
a typical quadrotor system, enabling the direct application of
various existing control methods for quadrotors to the QSLS.
The coordinate transformation strategy, as depicted in Fig.
3, ensures straightforward conversions of states y to x and
control inputs ux to uy.

IV. CONTROLLER DESIGN

As illustrated in Fig. 3, we shall start by designing
control inputs Tx and τx to the x system to control the
translational subsystem (pL,vL) and the attitude subsystem
(n, ω), respectively. Subsequently, we utilize the control
input transformation (6) and (7) to transfer the input ux to the
input uy for the y system and generate the desired quadrotor
attitude rd.

A. Load Position Controller Design

With the purpose of driving the position and velocity
errors of the load to zero, we consider a Lyapunov function
candidate V1 := (1/2)eT

pep + (1/2)eTe, where the coupling
error e is defined as e := kpep + ev , and where kp is a
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positive control gain. Substituting (8) into the time derivative
of V1, and adding and subtracting eT

pe, yield

V̇1 =eT(ep + kpev +
Txn

mL

+ ge3 − p̈d + ∆Lx)−kp‖ep‖2.(9)

To relieve the constraint that the actuation force Txn in
(9) is always aligned with the direction n, we introduce a
virtual control input Fxd

∈ R3 such that

Tx := nTFxd
, (10)

and lump its component perpendicular to n into uncertainties
∆L, with the representations

Txn = Fxd
−Π(n)Fxd

, (11)

∆L :=∆Lx
− Π(n)Fxd

mL

. (12)

Integrating (11) and (12) into (9), adding and subtracting
k2e

Te, the time derivative V̇1 can be rewritten as V̇1 =
−kp‖ep‖2−k2‖e‖2 +eT(Fxd

/mL +ge3− p̈d+ep+kpev+
k2e + ∆L), where k2 is a positive gain.

Now, from the expression of V̇1, we define the virtual
control input Fxd

as

Fxd
:= −mL

[
ep + kpev + k2e + ge3 − p̈d + ∆̂L

]
,(13)

where ∆̂L is the estimate of ∆L, given by

∆̂L := gL(t)⊗∆L, (14)

and where gL(t) ∈ R is the impulse response of the filter
GL(s) = kL/(s+ kL) ∈ R with a positive filter gain kL.
Combining (13) and (14), the completed UDE-based robust
control input at the translational level is formulated as

Fxd
= mL

[
p̈d − ge3 − L−1

(
sGL(s)

1− GL(s)

)
ev

−L−1

(
1

1− GL(s)

)
(ep + kpev + k2e)

]
. (15)

According to (12), ∆L is an unknown vector, which
cannot be directly measured. Therefore, we introduce an
equivalence

∆L = ėv + p̈d −
Fxd

mL

− ge3, (16)

obtained from (8). Substituting (16) into (14), and intro-
ducing an auxiliary variable $L, the realization of ∆̂L, in
time domain, follows as $̇L = −kL$L − kL(ev + ṗLd) −
Fxd

/mL − ge3 and ∆̂L = ev + ṗLd −$L.

B. Cable Attitude Controller Design

To proceed, we define the cable direction error as en :=
n − nd, where nd := Fxd

/‖Fxd
‖ is the desired val-

ues of n. To drive the cable direction error to zero, the
third tentative Lyapunov function candidate is constructed
as V2 := (1/2)eT

nen with the time derivative given by
V̇2 = nT

dS(n)(ω − ωnd
), where ωnd

, the corresponding
angular velocity with respect to nd, is defined as ωnd

:=
S(nd)Ḟxd

/‖Fxd
‖. Following the backstepping procedure, to

incorporate a negative term kn‖Π(n)en‖2 associated with
the error en, the time derivative V̇2 is updated as V̇2 =
−kn‖Π(n)en‖2 +nT

dS(n)(ω−ωd), where, kn is a positive
control gain, and ωd := ωnd

+ knS(n)nd.
To simplify the mathematical presentation, we define the

cable angular velocity error as eω := S(n)(ω − ωd). The
fourth Lyapunov function candidate is augmented with the
defined error eω as V3 := V2 + (1/2)eT

ωeω , where its time
derivative yields

V̇3 = −kn‖Π(n)en‖2 + eT
ω(ėω + nd). (17)

Substituting (8) into (18), adding and subtracting kω‖eω‖2,
V̇3 is rewritten as

V̇3 = −kn‖Π(n)en‖2 − kω‖eω‖2 + eT
ω[−Π(n)τx

− S(n)ω̇d + S(ṅ)(ω − ωd) + nd + kωeω + ∆C ], (18)

where kω is a positive control gain, and

∆C := S(n)∆Cx
= S(n)ω̇ + τx. (19)

Similar to Fxd
in (25), from the expression of V̇3, we define

the control input τx at the rotational level as

τx := L−1

(
1

1− GC(s)

)
(S(ṅ)(ω − ωd)− S(n)ω̇d + knnd

+ kωeω) + S(n)L−1

(
sGC(s)

1− GC(s)

)
ω, (20)

where the filter GC(s) = kC/(s+ kC) ∈ R with kC ∈ R>0

is used to compensate for the perturbation caused by ∆C .

C. Quadrotor Attitude Controller Design

The objective of this section is to drive the direction −r of
the thrust force to a desired direction −rd which in line with
equation (7), is set as rd := −Fx(x,ux)/‖Fx(x,ux)‖. We
introduce the quadrotor attitude error as er := r− rd and a
Lyapunov function candidate V4 := (1/2)eT

r er with its time
derivative given by V̇4 = rTdRS(e3)

[
ωQ −RTS(rd)ṙd

]
.

Due to the existence of the estimation errors ∆̃L := ∆L −
∆̂L and ∆̃C := ∆C − ∆̂C , consider the expression ṙd :=
ṙdn + (∂rd/∂vL)∆̃L + (∂rd/∂ω)∆̃C , where ṙdn represents
the nominal part of ṙd computed at ∆̂L = ∆L and ∆̂C =
∆C .

From the expression of V̇4, the angular velocity of the
quadrotor ωQ is designed as

ωQ := Π(e3)
[
RTS(rd)ṙdn + kωQ

S(e3)RTrd
]

− kψ(ψ − ψd)e3, (21)

where kωQ
∈ R>0 and kψ ∈ R>0 are control gains, and ψ

and ψd are respectively the actual and desired yaw angles of
the quadrotor.

Remark 3: The uncertainties ∆L in (12) and ∆C in (19)
are functions of the external disturbances dL/Q and tracking
errors rather than control forces Fxd

and Fx.
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V. GLOBAL SYSTEM ANALYSIS

Theorem 1: Consider the feasible trajectory pd(t), and the
state x(t) with ẋ(t) = hx(t,x,ux(t,x)) in (8). For ∀t > 0,
provided that the state x(t) satisfies ‖x(t)− x̌(t)‖ ≤ ε with
an arbitrary positive number ε, then inft≥0 ‖Fx(x,ux)‖ > 0.

Proof: From the definition of Tx in (10), one can
conclude that supt≥0 max ‖∂Tx(t,x)/∂x‖ ≤ T̄x ∈ R>0 is
bounded when the error states e and ev are bounded. We
then introduce a standard vector Tx(t, x̌) := ‖ge3 − p̈d‖ in
x̌ system whose states are known, where x̌ system represents
the nominal x system computed at that all tracking errors are
zero. Employing the Lagrange’s Mean Value Theorem, yields

‖Tx(t,x)− Tx(t, x̌)‖ ≤ max
‖x−x̌(t)‖≤ε

∥∥∥∥∂Tx(t,x)

∂x

∥∥∥∥ ‖x(t)− x̌(t)‖

=⇒ sup
t≥0
‖Tx(t,x)− Tx(t, x̌)‖ ≤ T̄xε. (22)

Now, Fx(x,ux) in equation (7), with the property estab-
lished in (22), verifies

‖Fx(x,ux(t,x)‖ ≥ |(mQ +mL)Tx(t, x̌)−mQl‖ω̌‖2

− ε
(
mQl(ε+ 2ω̌s) + (mQ +mL)T̄x

)
|, (23)

where ω̌ := S(ň)p
(3)
d /‖ge3 − p̈d‖ and ω̌s :=

supt≥0 ‖ω̌(t)‖ < ∞. From Definition 1 and (23), one
can conclude that given ‖x(t) − x̌(t)‖ ≤ ε, Fx(x,ux)
satisfies inft≥0 ‖Fx‖ > 0.

According to Theorem 1, if pd is a feasible trajectory,
we have that inft≥0 ‖Fx(x̌,ux̌)‖ > 0 and uy in (6) is well
defined with Fx(x̌,ux̌) 6= 0, which implies that for any state
x(t), there always exists the corresponding control input uy.

By substituting (6) and (7) into the tension TL, we obtain
TL = Tx+nT(mL∆Lx−dL). From Definition 1, the tension
TL(x̌) in x̌ system is always positive. Similar to the proof of
Theorem 1, one can conclude that given ‖x(t)− x̌(t)‖ ≤ ε,
the tension in cable satisfies inft≥0 TL > 0.

Theorem 2: Consider the feasible trajectory pd, the es-
timates ∆̂L and ∆̂C , and the x system described in (8),
in closed-loop with the control laws given in (10), (20),
and (21). For the any initial state x(0), the tracking and
estimation errors ep, e, en, eω , er, ∆̃L, and ∆̃C are UUB.

Proof: We consider a Lyapunov function candidate
consisting of estimation errors ∆̃L and ∆̃C as V∆ :=
∆̃T

L∆̃L/2 + ∆̃T
C∆̃C/2. From the design of the estimate

∆̂L in (14), the realization of ∆̂L in frequency domain
verifies s∆̂L(s) = kL∆̃L(s), leading to ˙̂

∆L(t) = kL∆̃L(t).
Employing the above, the time derivative of V∆ satisfies
V̇∆ ≤ ζ∆L

‖∆̃L‖−kL‖∆̃L‖2+ζ∆C
‖∆̃C‖−kC‖∆̃C‖2, where

ζ∆L
:= supt>0 ‖∆̇L‖ and ζ∆C

:= supt>0 ‖∆̇C‖.
We further consider the final Lyapunov function V :=

V1 +V2 +V3 +V4 +V∆, with its time derivative V̇ given by

V̇ ≤− kp‖ep‖2 − k2‖e‖2 + ‖e‖‖∆̃L‖ − kn‖Π(n)en‖2

− kω‖eω‖2 + ‖eω‖‖∆̃C‖ − kωQ
‖Π(r)er‖2

+ ‖Π(r)er‖
(
ζrL‖∆̃L‖+ ζrC‖∆̃C‖

)
+ ζ∆L

‖∆̃L‖

− kL‖∆̃L‖2 + ζ∆C
‖∆̃C‖ − kC‖∆̃C‖2, (24)

Fig. 4. Time evolution of the position error, disturbances and its estimates.

where ζrL := supt>0 ‖∂rd/∂vL‖ and ζrC :=
supt>0 ‖∂rd/∂ω‖. Employing Young’s inequality, V̇
in (24) can be rewritten as

V̇ ≤ −α‖z‖2 + Λ, (25)

where z := [eT
p , eT, Π(n)eT

n, eT
ω, Π(r)eT

r , ∆̃T
L, ∆̃T

C ]T ∈
R21 is the cascaded error, α := min{kp, k2−λv/2, kn, kω−
λω/2, kωQ

− λrLζrL/2 − λrC ζrC/2, kL − 1/(2λv) −
ζrL/(2λrL)− ζ∆L

/(2λ∆L
), kC − 1/(2λω)− ζrC/(2λrC )−

ζ∆C
/(2λ∆C

)} ∈ R>0 with positive constants λω , λrL , λrC ,
λ∆L

, and λ∆C
, and the positive number Λ := λ∆L

ζ∆L
/2 +

λ∆C
ζ∆C

/2. According to (25), the cascaded error z is UUB
with the ultimate bound given by ‖z‖ ≤

√
Λ/α, resulting in

V ≤ Λ/(2α) (from the definition V = ‖z‖2/2).
The essence of Theorem 2 is that, with feasible trajectories

and under the proposed controller, the errors of the trans-
formed system x ultimately converge to a region surrounding
zero. Based on the Theorems 1 and 2, there exists a number
εe ∈ R>0 satisfying limt→∞ ‖pL(t) − pd(t)‖ ≤ εe, which
means that Problem 1 is addressed.

Remark 4: When the disturbances dL/Q in (3) and (4)
are zero, the lumped uncertainties ∆L in (12) and ∆C

in (19) become functions of the tracking errors, ensuring
ζ∆L/C

= 0 and Λ = 0. In such case, the time derivative
in (25) satisfies V̇ ≤ −α‖z‖2. With the feasible trajectory
pd, all terms of the time derivative of V̇ are bounded, from
which it follows that V̇ is uniformly continuous. We can now
invoke Barbalat’s Lemma to infer the convergence of V̇ to
zero, resulting in the convergence of tracking errors to zero.
Consequently, the lumped uncertainties ∆L/C also converge
to zero.

VI. SIMULATION RESULTS
This section presents simulation results in a MAT-

LAB/Simulink environment to validate the convergence per-
formance and the robustness of the proposed controller. The
length of the cable used in the simulation is ` = 0.6 m,
the quadrotor mass is mQ = 0.21 kg and the load mass
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Fig. 5. Time evolution of the position error of the load and the quadrotor.

is mL = 0.05 kg. Consider a reference spherical Lissajous
curve described by the following parametric vector:

pd(γ(t)) :=

sin(γ(t)) cos(γ(t)− π)
sin(γ(t)) sin(γ(t)− π)

cos(γ(t))

 (m), (26)

where γ(t) ∈ R is a pseudo-velocity parameter defined as
γ(t) := vd

∫ t
0
‖∂pd(γ(τ))/∂γ(τ)‖−1

dτ . such that the speed
along the trajectory is vd.

We considered disturbances characterized by a Brown-
ian motion, more specifically, described by the following
differential equations ḋL/Q = [−dL/Q + aL/Q �wd] �
[16.5, 15, 19], where gain matrices aL = [1.6, 1.5, 2.2] and
aQ = [3.2, 3, 4.4], and wd ∈ R3 is a vector of zero-mean
Gaussian noise sequences produced from various seeds, with
noise power set to 10−3. The simulation starts with the load
and the quadrotor initially at rest at pL(0) = [0.5, 0, −1]Tm,
and with vL(0) = [0, 0, 0]Tm/s, n(0) = [0, 0, − 1]T,
ω(0) = [0, 0, 0]Trad/s, and the quadrotor orientation
R(0) = I3. The control gains used in simulation results
were kp = 1, k2 = 1, kn = 2, kω = 2, kψ = 2, kωQ

= 4,
kL = 10, and kC = 10.

The effectiveness of the proposed control strategy is
demonstrated through the results of tracking the reference
(26) presented in Fig. 4. During steady-state operation, the
position error converges to a mean value of approximately
1.9 cm, as illustrated in Fig. 4. Furthermore, the proposed
methodology exhibits robustness to time-varying lumped
disturbances, as demonstrated by the convergence of the
disturbance estimates to their corresponding actual values
over the entire maneuver.

In addition, a simulation comparison between the proposed
controller and the controller presented in [29] is analyzed.
We selected the line trajectory pd := [0, t, − 1]T(m)
and used the time-varying disturbances to ensure fairness in
the comparisons, with results shown in Fig. 5. Although in
steady-state, the mean magnitudes of the quadrotor position
error ‖epQ‖ resulting from the proposed controller and the
controller in [29] are very close (2.8 cm and 3.2 cm, re-
spectively), the load position error ‖ep‖ exhibits a significant
difference (0.6 cm for the proposed controller and 3.6 cm
for [29], respectively).

VII. EXPERIMENTAL RESULTS

Due to the lack of payload for onboard sensors, the states
of the quadrotor were measured through external sensors.

The indoors drone-testing arena in the SCORE Laboratory
of the University of Macau is an 11 × 5 × 7 m3 volume
featuring a VICON motion capture system comprising a
total of 30 Vantage cameras. This high-performance system
operates with sub-millimeter accuracy at 100 Hz.
A. Trajectory Tracking Test

The results of tracking a reference spherical Lissajous
curve (26) are depicted in Fig. 6, and the video of
the experiment can be found at https://youtu.be/
jZNbOG-ZYTc. We conducted experimental comparison
tests using the proposed controller and controllers designed
in [29] and [16], all under identical conditions. The load
mass information fed to the controller had a 40% discrepancy
(0.03 kg instead of the actual 0.05 kg). In steady-state,
the mean position errors are 3.01 cm and 7.36 cm for
vd = 0.5 m/s and vd = 1 m/s, respectively. These values
are smaller than the corresponding errors (3.07 cm and
10.24 cm; 8.61 cm and 12.00 cm) obtained by the controllers
presented in [29] and [16]. The uncertainties in the system
are visually revealed in the estimates. As expected, both
estimates ∆̂L/C are higher during the initial transient to
compensate for partial nonlinear dynamics associated with
the underactuation. Once accurate tracking is attained, they
vary slightly, only to deal with external disturbances and
unknown dynamics.
B. Disturbance Rejection Test

Our second test involved evaluating the disturbance rejec-
tion capabilities of the proposed controller.

1) Manually Induced Disturbances: to evaluate the con-
troller’s robustness to externally induced disturbances, we
manually stroked the load four times while the QSLS was
hovering. As shown in Fig. 7, each strike resulted in a sudden
spike in the cable angular velocity (ω), with magnitudes
reaching up to 100 deg/s. The plots in Fig. 7 demonstrate
that the UDE-based controller’s agile and prompt corrections
effectively dampened the induced and undesired oscillations.
Most importantly, rapid and effective responses from the
UDEs are noticeable.

2) Constant Wind Disturbance: we conducted a hovering
maneuver in the presence of constant disturbances generated
by a mechanical fan (see results in Fig. 8). A video of
the experiments can be found at https://youtu.be/
Gk7_q_0u6ek. Following a period of 10 s with the system
hovering in steady-state, we turned on a mechanical fan
at t = 10 s, distanced one meter from the quadrotor,
blowing a major wind flow pointing in the negative x
direction, therefore generating a somewhat constant external
disturbance. The fan was kept on for around 20 s. Afterwards,
and while the system remained hovering, we turned off the
fan and moved it to a different location, also distancing
one meter from the quadrotor. Following a period of 10 s
with the system hovering in steady-state, we turned on
the fan. A major wind flow kept blowing for 20 s in the
positive y direction. The results are plotted in Fig. 8. The
three components of ∆̂L quickly set in to counteract the
wind action. Notice, in particular, that within the interval
t ∈ [10, 30] s, the x component settles around a negative
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Fig. 6. On the left: the superposition of reference trajectory (26) and the actual trajectories. The QSLS is plotted at several time instants, with realistic
representation of positions and attitudes. On the right (under two distinct reference speeds): the time evolution of position error magnitude, horizontal
dashed lines depict mean values computed in steady state, with values showed in legends; the angle between the cable and the vertical defined as
θ := arccos(nTe3); UDE estimates; and thrust and angular velocity control laws.
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Fig. 7. On the left: angle θ between cable and vertical; load angular velocity
ω; and UDE estimates ∆̂L and ∆̂C . On the right: time evolution of tracking
errors; and thrust and angular velocity control laws. Shaded bands are used
to highlight periods of load disturbance and ensuing recovery.
value, which is consistent with the wind direction on the
horizontal plane. Likewise, when the fan changes direction,
the y component of ∆̂L change accordingly.

3) Disturbance Caused by the Offset of the Tethered
Point: the results of load tracking the trajectory (26) in
the presence of disturbances caused by an offset of the
tethered point, were illustrated in case (c) of Fig. 1. The
plots in Fig. 9 demonstrate that the proposed methodology
exhibits robustness to the disturbances, as evidenced by a
mean position error of only 3.6 cm and the convergence of
estimates ∆̂L and ∆̂C throughout the entire maneuver.

4) Disturbance Caused by Uncertain Cable Length:
the results of load tracking for the trajectory pd(γ(t)) :=
[sin(γ(t)), 2 sin(γ(t)/2),−2.15+cos(γ(t))]T(m) in the pres-
ence of disturbances caused by uncertain cable length (a 20%
discrepancy, 0.48 m instead of 0.6 m) are illustrated in Fig.

Fig. 8. On the left: angle θ between cable and vertical; load angular velocity
ω; and UDE estimates ∆̂L and ∆̂C . On the right: time evolution of tracking
errors; and thrust and angular velocity control laws. Shaded bands are used
to highlight periods of load disturbance and ensuing recovery.
10. These plots demonstrate the robustness of the proposed
methodology to parameter uncertainties, as evidenced by a
mean position error of only 6.6 cm and the convergence of
estimates ∆̂L and ∆̂C throughout the entire maneuver.

VIII. CONCLUSION

This study presented an UDE-based robust control ap-
proach for trajectory tracking of a QSLS. To simplify the
control design, we employed a coordinate transformation
strategy to convert the system into a standard quadrotor con-
figuration. The proposed controller consists of nominal and
robust components, with the nominal component handling
trajectory tracking and the robust component compensating
for lumped disturbances. We provided a thorough analysis
of the robustness of the closed-loop control system. The
designed control inputs ensure that the cable remains taut,
and all error terms achieve uniformly ultimate boundedness.
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Fig. 9. Time evolution of the tracking errors; UDE estimates; and thrust
and angular velocity control laws.
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Fig. 10. Time evolution of the tracking errors; UDE estimates; and thrust
and angular velocity control laws.
We presented both simulation and experimental results to
demonstrate the effectiveness of the proposed control ap-
proach. A comparison with state-of-the-art works further
confirms the good performance of our proposed solution.
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