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Abstract—Many applications of path planning in time-
varying flow fields, particularly in areas such as marine robotics
and ship routing, can be modelled as instances of the fime-
varying shortest path (TDSP) problem. Although there are no
known polynomial-time solutions to TDSP in general, our
recent work has identified a tractable case where the flow
is modelled as piecewise constant. Extending this method to
allow for computational reuse in larger multi-query problems,
however, requires additional thought. This paper shows that the
piecewise-linear form of the cost function employed in previ-
ously work can be used to build an analogy of a shortest path
tree, thereby enabling optimal concatenation of sub-problem
solutions in the absence of an optimal substructure, and without
uniform time discretisation. We present a framework for multi-
query TDSP that finds an optimal path that passes through a
defined sequence of waypoints and is computationally efficient.
Performance comparison is provided in simulation that shows
large (up to 100x) speedup compared to a naive approach. This
result is significant for applications such as ship routing, where
route evaluation is a desirable capability.

I. INTRODUCTION

Path planning problems where costs can change over time
are surprisingly difficult compared to corresponding time-
invariant versions with well-known solutions. Planning in
ocean currents is an interesting example with important
applications such as marine robotics [1-6] and ship rout-
ing [7,8]. This work considers the time-dependent shortest
path (TDSP) problem in flow fields in a multi-query setting
that, for example, allows for a cost evaluation for a path that
must visit a sequence of waypoints, such as would appear in
route evaluation for ship routing among other applications.

Recent theoretical progress in solving TDSP problems
has shown that polynomial-time solutions are possible for
a particular variant relevant to planning in time-varying flow
fields [9, 10]. This variant models the flow field as piecewise
time-invariant, that is, changing instantaneously at fixed time
intervals and remaining fixed during the intervening periods.
This is analogous to accepting the output of a numerical
forecasting system, which predicts the flow at a sequence of
fixed times, as being literally true. Although the performance
of this approach is encouraging, the question of how it can
be extended to more complicated problem settings through
computational reuse remains unanswered.

Multi-query vehicle routing problems arise in applications
such as ship routing and scientific observations, where the
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vessel or vehicle is required to visit a sequence of ports or
sampling stations in some defined order, but there is scope
to vary factors such as departure times to minimise the total
travel time or fuel expenditure. Efficient approaches to such
problems often rely on computational reuse in the time-
invariant case as a means to achieve computational efficiency.

A critical challenge in solving TDSP problems in flow
fields is that typical problem formulations do not necessarily
have the property of optimal substructure, which allows op-
timal solutions to subproblems to be readily combined [11].
In the present case, departure and arrival times would have
to coincide to permit combinations of sub-paths, and so
solutions at arbitrary times would have to be computed and
stored. Further, it is known that small deviations in departure
time can lead to major deviations in arrival time [12]. This
property disallows techniques such as uniform discretisation
of start time as a way to pre-compute paths for later reuse.

The key advance we make in this paper is to observe that
a piecewise-linear representation of the cost function used
in the single-query solution possesses properties that can
be exploited to avoid the need for time discretisation and
thereby combine solutions to subproblems in the absence
of optimal substructure. We present a method that builds a
structure analogous to a shortest path tree by storing pre-
computed paths to any given node in a graph of locations.
Using this structure, we then derive a multi-query solution
for TDSP in flow fields that precisely resolves the alignment
between arrival and departure times at each node. The
algorithm takes as input a desired sequence of nodes and
returns an optimal path that passes through them. The time
complexity of this algorithm is polynomial in the length of
the input sequence and we provide evaluations in simulation
using ocean forecast data that demonstrate its substantial
performance advantage relative to a naive approach.

The main contribution of this work is a multi-query solu-
tion to TDSP problems in flow fields, which was previously
unavailable due to the challenge of computational reuse. Our
results are significant for a wide range of applications in
marine robotics and ship routing, which have been limited
to poor approximations or impractically small problem sizes
due to the complexity of the underlying TDSP problem.

II. RELATED WORK

A common approach to solving for an optimal path over
time-varying flow fields is to discretise time. There have
been multiple variants of A* [13—15] that generate a time-
optimal path in a time-varying ocean current. A recent
version implements the A* algorithm along a graph that
adaptively samples in spatio-temporal space reflecting the
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time-varying flow field [16, 17]. Beyond the A* approaches,
recent work [18] proposes a planning framework for time-
varying currents that finds a locally optimal solution at
every time step. A well-known issue with the discrete-time
approach is that the solution is resolution complete in time.
This property makes reusing results for different initial states
difficult without a finer time resolution, as deviations in
starting time not captured by the original resolution can result
in a suboptimal solution.

Approaches for solving an optimal path in time-varying
flow fields in continuous time include level set methods [19,
20] and time-varying Markov decision processes [21]. Both
assume a general edge cost function, which makes their
worst-case computational complexity non-polynomial.

Our previous work on TDSP planning in time-varying flow
fields showed that it is possible to generate a travel time-
optimal policy in polynomial time [9, 10]. We also showed
that the same policy could generate a travel time-optimal
path for different starting times. In this paper, we extend
this approach by reformulating it as a multi-query algorithm,
where it can generate a travel time-optimal path using the
same sets of travel time-optimal policies.

One benefit of formulating the TDSP algorithm for multi-
query application is that it allows for fast action evaluation.
This property helps address TDSP variant of multi-robot
coordination by applying our work in well-known multi-
robot algorithms [22-26]. It can also potentially address
TDSP variants of the travelling salesman problem [27],
vehicle routing problems [28] and their variants [3,29].

III. BACKGROUND
A. Vehicle dynamics in time-varying flow fields
Suppose v, (x(t), u(t)) = [u, (), v,(t)]T is the still-water
velocity of a given vehicle with n-dimensional state x(t)
and m-dimensional control input u(¢). Then, the vehi-

cle’s motion across a time-varying 2D flow field environ-
ment v.(x(t),t) = [uc(t),ve(t)]” is defined as:

X(t) = vo(x(t), u(t)) + ve(x(t), 1). (1)

Remark 1. The vector flow field is modelled as piecewise-
constant at each successive time interval. This representation
matches the output of ocean forecasting systems.

Remark 2. The vehicle operates under a sparse control
scheme, common for operating autonomous underwater glid-
ers, where the vehicle control input is changed infrequently
and remains constant between updates [30, 31].

We define an (n + 1)-state path ¢ = xox; --- X, as the
sequence of vehicle states where control changes occur. We
denote by 1, = XoX1 - - - X the path 9 up to the k-th state,
and by ¢[k] = xj, the k-th state for k € [0, -+ ,n].

B. Arrival and travel time

The arrival time axx (t) is the time when a vehicle
departing from state x at time ¢ would arrive at a state x’
in reference to a datum time (i.e., £ = 0). For example, if a
vehicle takes 2 seconds to travel from x to x’ after departing

at t = 3, then axx’ (3) = 5. Assuming waiting is not allowed,
i.e., the vehicle must depart as soon as it arrives, the recursive
arrival time representation of path v is:

ay(t) = ax,_1x, (@, (1)) 2)

The travel time Txx(t) is the time duration for the vehicle
to move from state x to x’ departing at time ¢. The travel
time from the previous example is Txx (3) = 2. Assuming
no waiting, the travel time of path 1 is:

Tw (t) = ad,(t) —t. (3)

C. Problem formulation

The objective is for a vehicle in a time-varying flow
field to visit every user-defined goal state at least once
while minimising the travel time, which is a variant of the
Travelling Salesman Problem. Formally:

Problem 1 (Travelling Salesman Problem on time-varying
flow fields). Given a vehicle velocity model v, time-varying
flow field v. in piecewise-constant form, initial vehicle
state X;n;t, a deployment time to, and a set of goal vehicle
states X goq1 that the vehicle must visit at least once, find the
path Y* that minimises the travel time:

Y™ = argmin ay (to) — to
¥ “4)
S.t. ’IZJ[O] = Xinit and Xgoal C w

Minimising travel time is more applicable for robotics than
arrival time, as vehicle energy costs are often proportion-
ate to mission duration. The time-varying flow field may
exhibit non-first-in-first-out (non-FIFO) properties; that is,
temporal changes in the flow velocity may allow the vehicle
to arrive earlier at a downstream position by departing
later [32]. We assume waiting at a state is not allowed,
but allow revisiting a state. The resulting cyclic path is the
equivalent of waiting at a state for the duration of the cycle.
Therefore, we allow revisiting goal states in the TSP solution
for a time-varying flow field. Unlike static TSP, such a path
can still be optimal due to the non-FIFO properties.

IV. MULTI-QUERY TDSP IN FLOW FIELD

We previously presented a single-query approach to the
TDSP problem in time-varying flow fields with non-FIFO
properties that solves it in polynomial time [9, 10]. In this
section, we propose a multi-query framework variant.

The framework consists of offline and online components.
The offline component computes the travel policies for all
goal positions X4, @ priori across a graph representation
of the time-varying flow field. The online component extracts
the policy for a goal position and synthesises a time-optimal
path from any initial vehicle position that may not be on any
vertices. In Sec. V, we show that the online component can
generate the optimal path in linear time.
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A. Time-dependent directed graph

A time-dependent directed graph G = (S, E) is defined
by a finite set of states sampled in an n-dimensional free
space S C R™ and edges (s,s’) € E where s,s’ € S.
The graph state s here can represent the vehicle state x or
its position. We expand on the definition of the (N + 1)-
length path as a sequence of graph states ¥ = sps1--- SN
where (sg,sg+1) € E Vk € [0,N). The neighbourhood
of state s is defined as a set of states S, C S that are
immediately reachable from s such that (s,s’) € E for s’ €
Ss. A set of goal states is defined as S, C S where [Sy| > 1.

Remark 3. A self-transition edge is added at each goal state.
Le., (84,84) € E Vsy € Sy with Cs_,, () =0Vt > 0.

Each edge (s,s’) € E is associated with a piecewise-
constant edge cost Cs4 () that represents the time to traverse
from state s to s’ when starting at time ¢. The partitioning
of the time subdomains is taken from the ocean forecast
datasets. The edge cost to move through a time-varying flow
is derived by forward integrating (1) from s at time ¢ over a
finite test set of vehicle controls u € U, then choosing the
travel time of one of the test paths that pass sufficiently close
to s’. Using the control scheme outlined in Remark 2, the
control parameter for each forward integration is constant.

Remark 4. As the vehicle traverses faster moving down-
stream, Csgr (1) # Cyr5(t) for some t € R. That is, the graph
has directional properties.

Remark 5. Because the edge costs are evaluated by forward
integration (1), the corresponding paths between pairs of
states are continuous and curved.

B. Constructing the TDSP multi-query framework

We present how the offline component constructs the
multi-query framework using the single-query TDSP ap-
proach. We present how the offline component constructs
the multi-query framework using the single-query TDSP
approach. We showed in [10] that we can formally re-express
the travel time for a path up to the k-th state ¢ = sps1 - - - si
over graph G from (3) to a piecewise-constant Bellman
equation. Abusing the notation so that TF*! represents the
travel time after k£ + 1 state transition from state s:

TH(t) = min Cos(t) + TE(t+ Co (t) ift>t;

s'e

®)
where t; is the i-th time subdomain. We define the converged
travel time 77 (t) as when TF+1(t) = TF¥(t) Vvt € R. That
is, further state transitions do not change the travel time.

Example 1 (Path with converged travel time). Consider a
k-length path ) where each state transition satisfied (5)
and sy_1 € Sy. Then by (5) and Remark 3, the only valid
transition beyond sy_1 is the self-transition. Therefore, such
path has a converged travel time T (t) = T*(t) = TF1(¢).
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Fig. 1. Step-by-step visualisation of an example choosing the optimal
initial state from the initial vehicle position q. Graph edges are omitted.

The resulting T2 (t) from Example 1 is the optimal travel
time function to a goal state. Formally, the optimal travel
time for a path from s to the goal state s, is expressed as:

min Cyo () + 15, (L+Cser(t)) Lt >t

T:,, (1) = { min

(6)

The TDSP path is defined by a piecewise-constant travel

policy w(t). The policy represents the state transition from s

within some time subdomain. Formally, the optimal travel

time policy that minimises the path’s travel time to the goal
state s, is expressed as:

T, () = argmin Cse (t) + T30 (t+ Cosr (1) if t > 1

$)8g s'eSs

)
We define II;, = {7, | Vs € S} as a set of optimal
travel policies to goal state s, from all states in S. We also
define 7,, = {17, |Vs € S} as a set of optimal travel time
functions to goal state s, from all states in S.. Both IT,,
and 7T, are evaluated directly by solving the Bellman
equation (5). We construct the TDSP multi-query framework
by solving Il and 7, for all s, € S, then cache them
for use in the online component. We denote the cached
policies and travel time functions as IT = {II,, | Vs, € Sy}
and 7 = {7, | Vsy € Sy} respectively.

C. Querying from the TDSP multi-query framework

We present how the TDSP is queried online from the
multi-query framework defined in Sec. IV-B. We assume
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that all desired goal vehicle states X,q; are represented in
a time-dependent directed graph G, but the initial vehicle
position ¢ may not be represented.

Given the time-dependent directed graph G, cached poli-
cies II, and travel time functions 7 from the offline com-
ponent, we construct a travel time-optimal path from the
deployment time ¢, desired goal state s, € .S, and the initial
vehicle position q. First, we query the set of optimal travel
time functions 7, € T and the corresponding set of optimal
travel policies 1L € II for the desired goal state s,. We then
connect an edge from the initial vehicle position ¢ to graph G
such that (¢, sq) € E Vs, € S5, where:

§=argmin||s — ¢ql|, (8)
ses

and derive the query travel time 7,5, from g departing at ¢
to each neighbouring state s; € S,,. We do this by forward
integrating (1) over set of controls u € U, using the
same control scheme as shown in Sec. IV-B. Finally, we
choose s, € Ss that minimises the path travel time to s,
at the corresponding query time. That is, given T7 sy € Tsy»

Sinit = argmin Ty (to + 7s), )
SESs )

If we want to evaluate the travel time from ¢ to s4, we
call the optimal travel time function T . (to + 7). If
we want to evaluate the TDSP in graph space, we follow
the optimal travel policies, starting from W;‘im)sg (to + 75)

and evaluating the time at each state with 777, . Figure 1
visualises this approach to finding the optimal initial state.

V. ANALYSIS
A. Multi-query policy computation

The worst case time complexity for building all edge
cost functions in the graph G over time-varying flow fields
is O(|S|?|U||T|), as we forward integrate the trajectories
over |U| number of controls for |T| number of time par-
titions. We can reduce this time complexity to O(|S]|) by
generating the trajectories in parallel and reusing them when
evaluating the edge cost to other neighbouring states.

The time complexity to generate optimal policies to a
single goal state in graph G is O((|S||Cin|)**2), where |S|
is the number of states in the graph G, |C,,| is the worst case
number of subdomains over the edge time function, and & is
the number of state transitions [10]. Solving a problem with
multiple goal states requires generating optimal policies for
each goal multiple times. For example, a brute-force solution
of a Vehicle Routing Problem (VRP) requires the generation
of |S|-|S|! number of optimal policies. However, recall that
we can synthesise an optimal path solution from any initial
state s; € S to the goal state using a set of policies II; . By
caching the set of policies for all s, € S, we avoid resolving
for policies that share the same goal state. Hence, the policy
only needs to be generated at most |S| times, and the overall
time complexity remains polynomial, at O(|S|**+3|C,, [F*2).

Consider that policies for all goal states s, € S can be
constructed independently from each other. As such, using

parallel processing can significantly speed up policy genera-
tion and reduce the overall time complexity of generating a
single set of policies to O((|S]|Cp|)*2).

B. Multi-query policy evaluation

As discussed in Sec. IV-C, extracting a time-optimal path
from the sets of policies comes in four parts. We first extract
the set of travel policies for a given goal state s,. Then, we
find the nearest state S to the initial vehicle position q. Next,
we query the time from ¢ to each of the states s, € Ss.
Finally, we find the starting state s;,;; € Sz that minimises
travel time from ¢ to s,.

The worst-case time complexity for extracting the sets of
travel policies and finding the nearest state to ¢ is O(].S]).
Similar to when we evaluated the edge cost between states,
we can reduce the time complexity for evaluating the query
time to O(1) by caching the forward integrated trajectories.
Otherwise, the worst case time complexity is O(|S|). Finally,
the worst-case time complexity for finding the optimal start-
ing state is O(|S]). Therefore, the overall time complexity of
extracting the solution from the policy lookup table is O(|S])
with parallel processing. Otherwise, it is O(|S|?).

C. Practical application of multi-query approach

The construction of the multi-query framework is useful in
a number of practical applications. One important use is the
option to offload the burden of computing a TDSP solution
from robotic platforms with limited computing power. Mar-
itime applications are a prime example. Directly computing
a TDSP solution over a time-varying environment in a large
search space is computationally demanding and well beyond
the capabilities of a marine robot. By pre-generating the
policies, the robot can simply query the optimal solution for
a given start and goal state.

VI. SIMULATION

We present our multi-query TDSP approach by using it to
solve the TSP in time-varying flow fields. We first illustrate
its performance by comparing the computation time between
multi-query and single-query approaches when exhaustively
solving for a TSP. We also compare the computation time
between our framework and a naive sequential method to
evaluate a path’s travel time. Finally, we solve the TSP
with real-world time-varying ocean forecast data. We ran
all experiments on a standard desktop with Intel 15-9500
3.00GHz CPU and 32GB RAM.

A. Computation of TSP with time-varying flow fields

We compare the computation time to exhaustively solve
for the travel time-optimal TSP path between various meth-
ods to highlight the computational efficiency of our ap-
proach. The single-query approach computes the travel
time presented in [10] for every possible pair of vehicle
positions. The policy caching approach is similar to the
single-query approach, except that it caches the policies
for the goal state and reuses them when evaluating paths
with the same goal state. The multi-query approach uses
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Fig. 2. Example time-dependent directed graph with states (circle nodes)
and edges (black arrows). The flow field (blue quiver) changes with time.

the precomputed policies to compute the travel time as
presented in Sec. IV-C. We evaluate the computation time for
different numbers of goal states, chosen from the following
set: {51, S92, 83, 54, S6, S8, 89}.

Figure 2 illustrates the TSP problem setup. Starting at the
initial vehicle position ¢ = [0.8,0.167]7, a vehicle with a
constant forward speed of 0.5 m/s must visit all goal states
at least once. The flow field has a constant magnitude of
0.45 m/s, and its flow direction rotates counter-clockwise
with a period of 2.2 seconds.

Table. I shows the computation time comparison. Any
time longer than 1800 seconds is excluded. As expected, the
computation time for the single-query approach grows expo-
nentially with the number of goal states. The computation
time for the policy cache approach shows a linear relation to
the number of goal states, as the policies for each goal only
need to be computed once. Finally, the multi-query approach
finds the travel time-optimal path for all tested numbers of
goal states in less than a second. The computation time grows
exponentially, while the increase in the number of goal state
sequences is factorial.

B. Comparison with a sequential approach

We compare our approach against a naive sequential
path evaluation method, which is a control-driven approach.
Given a path over graph G, this approach directly solves
equation (3) by forward integrating the vehicle model (1)
over the node sequence.

We compare the approaches over the graph shown in
Fig. 2, with all nodes set as goal states (S, = ), giving 12!
permutations of goal state sequences. For a fair comparison,
we evaluate our multi-query and control-driven approach
over the same path randomly generated with the following
constraints: 1) Each path always starts from a user-defined
initial state. 2) Each path is built from a random sequence

TABLE I
COMPARING COMPUTATION TIME BETWEEN SINGLE AND MULTI-QUERY
TDSP FOR SOLVING TSP IN TIME-VARYING FLOW FIELD.

[Sg| | Single-query | Policy cache | Multi-query
3 111.765 53.755 0.029
4 374951 63.059 0.045
5 1758.341 72.304 0.070
6 > 1800 95.865 0.140
7 > 1800 112.162 0.482

124

101

Route travel time (sec)

4 —_—

6 160 260 3(I)0 400 5(50 660
Computation time (sec)
(a) Plot of best travel time out of randomly sampled routes versus run
time. The dashed black line is the precomputed optimal travel time.

104 4

Number of route evaluated
= =
£ i

=
%

100 4

0 100 200 300 400 500 600
Computation time (sec)

(b) Plot of number of routes evaluated versus run time (log scale).
Fig. 3. Analysis for route evaluation in a time-varying flow with non-
FIFO properties between the multi-query policy (red) and the control-driven
(blue) approach. Each approach evaluates a series of randomly generated
routes for 600 seconds but only counts valid routes to the run time.
of state transitions along graph edges. 3) All generated paths
visit all goal states at least once, and total travel time must
not exceed 30 seconds. The comparison excludes any time
spent generating and evaluating invalid paths.

For both methods, we evaluate the travel time along as
many randomly generated paths as possible for 600 seconds.
After each path evaluation, we save the path count and the
historically best travel time. We also compare both methods
against the exhaustively evaluated true optimal travel time.

Figure 3 shows the empirical analysis. The multi-query
method evaluates randomly-chosen routes roughly 100 times
faster than the sequential path evaluation method. As a result,
the multi-query method converges closer and earlier to the
optimal solution.

C. TSP over time-varying forecast data

Given a real-world ocean forecast, we exhaustively solve
for the travel time-optimal path that visits 9 goal states. The
forecast was generated using the Relocatable Ocean Atmo-
sphere Model (ROAM), providing an hourly partitioned 5-
day forecast starting from 25 November 2022. The strongest
oceanic flow strength was forecasted as 0.22 m/s and oc-
curred during the second day. The vehicle’s initial position is
set to ¢ = [—31.825,151.690]7 in geographical coordinates
and travels with a constant speed of 0.3 m/s.

Figure 4 shows a time-lapse representation of the vehicle
visiting each of the 9 goal states, which was exhaustively
searched in 2 minutes using the multi-query approach. Note
that using either a single-query or policy cache method would
result in the same path, only it would take considerably
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the current to reach its goals so that it can later ride the strong current near the end. Overall travel time is 222,900 seconds (approx. 2.58 days).
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Fig. 5. Clockwise path of Fig. 4 where the vehicle ride the current at the
start. The overall travel time is 234,000 seconds (approx. 2.71 days), which
is more than three hours longer to complete.

longer to search exhaustively. The continuous vehicle path
across the flow field is shown in red. The flow field is initially
weak and flows south before becoming a stronger current and
flowing north. Counter-intuitively, the vehicle initially heads
against the current to reach its first goal before riding the
strong northwards current to complete the path.

We compare this optimal solution with a manually defined
path that follows the optimal path in reverse order, shown
in Fig. 5. In this path, the vehicle takes advantage of the
ocean current early and moves south towards its first goal

states. However, as the current changes, it must traverse
against a stronger oceanic current to reach the remaining
goals. The resulting travel time is roughly 3 hours slower
than the optimal path. This result highlights the non-FIFO
property, where initially operating in slower areas results in
the vehicle arriving at a stronger downstream position for
a faster overall travel time. Such properties are difficult to
define heuristically.

VII. CONCLUSION

We have presented a multi-query TDSP framework that
lets us quickly construct travel time-optimal vehicle paths
in a time-varying flow field. We have demonstrated its
computational capability by showing it can solve the TSP
problem 100 times faster and converge closer to the optimal
solution earlier than a naive control-driven method. We have
also shown an example of solving the TSP problem with
real-world ocean forecast data.

With the capabilities of this multi-query approach estab-
lished, future work includes applying this method to evaluate
actions for many well-established multi-robot coordination
algorithms, such as MCTS [24, 33] and Dec-MCTS [26, 34].
We also intend to investigate reducing the computation
time for policy building by reusing policies generated from
previous goal states. Finally, we intend to validate our new
multi-query TDSP path planner by conducting multi-robot
field trials.
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