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Stability Analysis of Distance-Angle Leader-Follower
Formation Control*

Manao Machida and Masumi Ichien

Abstract— Necessary and sufficient conditions are described
for stable distance-angle leader-follower formation control of
first- and second-order holonomic and non-holonomic mobile
robots. The distance-angle leader-follower formation is a prob-
lem of maintaining the desired relative distance and orientation
of robots in a group. Our analysis shows that the input
constraints on the leader are necessary for stable formation
control. These constraints are summarized as follows: 1) In
a team of first (second) order holonomic mobile robots, the
leader has to be controlled as a first (second) order non-
holonomic mobile robot; 2) In a team of first (second) order
non-holonomic mobile robots, the control input of the leader
must be limited so that the curvature is first (second) order
differentiable. We further show that these constraints are
sufficient for the followers to maintain formation. Moreover, we
present globally asymptotically stable controllers and describe
simulation experiments that demonstrate the effectiveness of
these controllers.

I. INTRODUCTION

Formations of autonomous mobile robots can be used in
diverse applications, such as terrain inspection, disaster mon-
itoring, environmental surveillance, and search and rescue. In
particular, the control of such formations has been widely
studied in relation to unmanned ground vehicles (UGVs)
[1], [2], unmanned aerial vehicles (UAVs) [3], [4], [5], au-
tonomous surface vehicles (ASVs) [6], [7], and autonomous
underwater vehicles (AUVs) [8], [9].

In formation control, especially in the distance-angle
leader-follower approach, a robot that has been assigned as
the leader moves toward its goal, while the other robots—
the followers—maintain the desired relative distance and
orientation to the leader [10], as shown in Figure 1. Various
methods of distance-angle leader-follower formation control
have been developed, including robust control [11], [12],
model predictive control [13], feedback linearization control
[5], sliding mode control (SMC) [10], [14], [15], [16], and
backstepping control [17], [18], [19]. In particular, back-
stepping and SMC controllers have been extensively used
because they guarantee the global asymptotic stability of the
formation.

The formation problem of an uncertain multi-robot system
has been addressed with SMC controllers [14], [15]. Here,
the controller and observer are integrated into the control
scheme to allow formation maneuvers despite uncertainties
[14], and a fuzzy compensator is used to approximate the
uncertainties [15]. To avoid inconsistencies between different
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Fig. 1: Distance-angle leader-follower formation of two robots. [;

and v; are the desired relative distance and orientation,
respectively.

robots’ postures, an augmented distance-angle formation was
introduced in [16]. However, these studies are for a desired
formation that is different from what we consider (they focus
on the relative position between the leader’s center and the
follower’s front castor, not the follower’s center), and the
stability analyses of these two formations are significantly
different.

The stability of formations under a backstepping control
was proven in [17]. To address the impractical velocity jumps
problem inherent to the backstepping control, a bioinspired
neurodynamics approach was introduced in [18]. Moreover,
a decentralized formation control via a bioinspired neurody-
namics approach was proposed in [19]. The proof presented
in [17] assumes that the angular velocity of the leader is
differentiable. However, it was not discussed whether this
assumption is necessary for stability.

In this paper, we present necessary and sufficient condi-
tions for stability. We focus on the control of the leader,
which is in contrast to previous studies that focused on the
control of the followers. We show that the input constraints
on the leader are necessary for stable formation control.
These constraints are summarized as follows: 1) In a team
of first (second) order holonomic mobile robots, the leader
has to be controlled as a first (second) order non-holonomic
mobile robot; 2) In a team of first (second) order non-
holonomic mobile robots, the control input of the leader
must be limited so that the curvature is first (second) order
differentiable. We further show that these constraints are
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performed simulation experiments that demonstrate the ef-
fectiveness of these controllers.

II. PROBLEM DEFINITION
A. Mobile Robot Dynamics

This paper considers first- and second-order holonomic
and non-holonomic mobile robots. The robot dynamics are
described as follows:

o First-order holonomic model
¢ Second-order holonomic model
D | v
-l ] g

o First-order non-holonomic model

z vE cos
y = | vEsing 3)
0 Wey

¢ Second-order non-holonomic model

x vl cos 6

Y vl sind

o | = w 4
ol aﬁ

w Bu

In the holonomic models, (1) and (2), p, v, a € R? are the
position, velocity, and acceleration of the robot, respectively.
In the non-holonomic models, (3) and (4), (z,7) € RZ,
0, v, w,a”, 3 € R are the position, orientation, linear ve-
locity, angular velocity, linear acceleration, angular accelera-
tion of the robot, respectively. The subscript u indicates that
the variable is a control input; that is, v, o, vE, w,, oL, 3,
are the control inputs in each model. Note that p = (x,y)
and v = v¥(cosf,sinf) hold. For sake of simplicity, the
state of a robot corresponding to each model is denoted by
q. In other words, ¢ = p, ¢ = [p",v"]T, ¢ = [z,v,0] T,
and q = [z,,0,vL,w]T correspond to (1), (2), (3), and (4),
respectively.

In the non-holonomic models, we assume that forward
movement in one direction can translate into backward
movement in the opposite direction as follows.

Assumption 1. In non-holonomic models (3) and (4), (v’, )
can be converted to (—v*, 8 4 7).

B. Distance-Angle Leader-Follower Formation Control

We consider a team of mobile robots containing a leader
labeled 0 and NV followers labeled 1,..., N. .% denotes the
set of followers. The subscript 0 and 7 € % indicate that
the variables are the leader’s state and follower 7’s state,
respectively. In the distance-angle leader-follower formation,
the desired position of each follower is fixed with respect to
the leader reference frame. Let I; > 0,1; € [0,27) be the
desired relative distance and angle for each follower i € .%.

As shown in Figure 1, the desired position of follower ¢ is
given by

v
pi = po + LR ()
[lvol|
where R(1);) is a rotation matrix:
N\ _ | cost  —sinyy;
R(yq) = siny;  cos;
Note that vg/||vg|| = (cosby,sinfy) holds for the non-

holonomic models, (3) and (4). To simplify the discussion
in the following section, we assume that the leader has the
following constraint.

Assumption 2. The velocity of the leader has a minimum
value vi" > 0; that is, ||vo|| > v and vl > vi*" hold.

To discuss the stability of the formation, we introduce the
desired velocity v¢ and orientation 6¢ such that v¢ = p¢
and (cos 6¢,sin6) = v/ ||vd||. Let ¢? be a desired state
corresponding to each model. The stability of the formation
is defined as the stability of the system ¢& — g;.

Definition 1. A formation of a leader and followers is glob-
ally asymptotically stable if the following three conditions
hold for each i € .%.

D gl(t) — qi(t) =0 = ¢{(t) — 4s(t) =0

2) YVe> 0,30 >0, Vt>0,

|/ (0) = ¢:(0)|| <6 = ||al(t) — a:(t)|| <
3) limy o0 || (t) — qi(t)]| = 0

Finally, we assume that the robots in the team communi-
cate and share information with each other, as follows.

Assumption 3. The leader always sends its (virtual) state
and control input to the followers so that each follower knows
this information. However, the leader does not monitor the
followers; that is, the leader does not know the states of the
followers.

Note that, in the following section, we describe that the
leader may be controlled as a virtual model that is different
from its original one. Therefore, messages sent by the leader
may include the virtual state and control input corresponding
to the virtual model.

III. NECESSARY AND SUFFICIENT CONDITIONS FOR
STABLE FORMATION CONTROL

This section presents an analysis of the necessary and
sufficient conditions for stable formation control. Fig. 2 is an
example to illustrate why the input constraint on the leader
is necessary for stable formation control. In the figure, there
are two first-order non-holonomic mobile robots (3). The
blue real line is the trajectory of the leader, and the red
dashed line is the trajectory of the desired follower position
pd with [; = 3,4; = 67/5. Intuitively, the trajectory of p is
not smooth, so follower ¢ cannot track pgi. Hence, the input
constraint on the leader is necessary for stable formation
control.

12056



Fig. 2: Example of trajectory of the desired formation position p¢
with /; = 3 and 9; = Sm.

If ¢d(t) is not differentiable, then obviously ¢%(t) —
¢;(t) = 0 does not hold. Thus, the condition that ¢(t)
is differentiable is necessary for stable formation control,
from Definition 1. The differentiability of ¢¢ is also closely
related to a sufficient condition. If qfl is differentiable, stable
feedback control laws are available for the system q;i — G-
The following lemma is a necessary and sufficient condition
for a stable formation.

Lemma 1. There are control laws for the followers such that
the formation is globally asymptotically stable if and only if
qd(t) is differentiable for any ¢t > 0 and i € 7.

The following controller in each model is one of the
global asymptotic stable feedback control laws, where ¢
is a desired state and where ki, ko, k3, ks, ks > 0 are the
control gains in each controller.

o Controller of first-order holonomic model (1)
vu = vy + k1 (p? = p) (6)
o Controller of second-order holonomic model (2)
o = ay +ka(p? —p) + k(" =) (D)

o Controller of first-order non-holonomic model (3)

L Ld
v, = v, cosb. + k1x,

®)

Wy = wﬁ + kgvﬁdye + k3sin 6,

o Controller of second-order non-holonomic model (4)

L _ _Ld
Qg = Qy

cos 0. — v %, sin b, + ke
+ ko (v cos B, — o)
Bu = B+ k3 (aﬁdye + (vF)2sin g, — dewme)

+ ]{4 sin 06 + k5(k’3deye + we) ’

©))

where ., = (¢ —2) cos 0+ (y? —y)sin 0, y. = — (% —

x)sin 6+ (y? —y) cosh, 6. = 0% —0, and w, = w? —w.
The proof of the stability of these controllers is shown in
Appendix A.

A. First-Order Holonomic Mobile Robots

The following lemma follows from Lemma 1.

Lemma 2. In a team of first-order holonomic mobile robots
(1), there are control laws for the followers such that the
formation is globally asymptotically stable if and only if
Vuo(t)/ ||vuo(t)|| is differentiable.

Proof. From Lemma 1, we only need to prove that p¢(t) is
differentiable if and only if v,0(t)/ ||v.o(¢)]] is differentiable.
po is differentiable (pg = vy,0). Thus, in Equation (5), p¢(t) is
differentiable if and only if v,0(t)/ ||v.o(t)]] is differentiable.

O

Consider a first-order holonomic mobile robot in which
vu(t)/ ||vu(t)|| is differentiable. This model can be repre-
sented by the following equation.

P Uy
d vy = U,j )
dt T[vu] CuTo,T]

\
where ¢, € R and v = R(7/2)v,.
Equation (10) is shown in Appendix B.

Consider the following model, which is a variant of the
first-order non-holonomic model, (3).

(10)

The derivation of

T vE cosf

. L .

Y | wvysind
%COSH | —w,sind an
= sin 6 Wy, COS 0

Obviously, when v, = vZ(cos6,sin#) and ¢, = w,, model

(10) is equivalent to the variant (11), so model (10) is
equivalent to the first-order non-holonomic model (3). Hence,
Lemma 2 can be rewritten as follows.

Theorem 1. In a team of first-order holonomic mobile robots
(1), there are control laws for the followers such that the
formation is globally asymptotically stable if and only if the
leader is controlled as a first-order non-holonomic mobile
robot (3).

Finally, we show the velocity of the desired position p¢
when the leader is controlled as a first-order non-holonomic
model, (3).

I [ cos bty

’U(-i — —sin 90
v u0 sin 90

cos by

} + wuoli Ri (¥:) [ } (12)
We can obtain a globally asymptotically stable formation law
by substituting the desired position (5) and velocity (12) into
the feedback controller (6).

B. Second-Order Holonomic Mobile Robots

We will follow the same procedure as in Section III-
A to derive a necessary and sufficient condition for stable
formation control of second-order holonomic mobile robots.
The following lemma holds from Lemma 1.

Lemma 3. Consider a,, b, € R such that

v vt
Qy = Qy—— + by—.

13
EIRESATT (13
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In a team of second-order holonomic mobile robots (2), there
are control laws for the followers such that the formation
is globally asymptotically stable if and only if byo(t) is
differentiable.

Proof. Obviously, pd(t) is differentiable. Thus, from Lemma
1, we only need to prove that v¢(t) is differentiable if and
only if b,o(t) is differentiable.

The following equation holds because v - vy~ = 0.

v =v9+ LR(W;)——= <Oéu0 Hvo||2 — vg(vg - Oéuo))

| 0||

ok
= vg + buoli R(1h;) ——
o]
vo and H Toc? are differentiable. Hence, v¢(t) is differentiable
if and only if byo(t) is differentiable. O

The second-order holonomic model in which b,(t) is
differentiable can be represented by the following equation.

P v

. £

Ul =] Gumen tbater | (14)
bu Cy

where ¢, € R.
Consider the following model, which is a variant of the
second-order non-holonomic model, (4).

T vl cos 6
y vl sin 6
v dolcosh | = akcos® — wolsind (15)
j vl sind al sin 6 + wol cosé
w Bu
When v = vl(cosf,sinb), a, = o, b, = wol, and

cu = Buv® + wozﬁ hold, model (14) is equivalent to variant
model (15), so model (14) is equivalent to second-order non-
holonomic model (4). Hence, Lemma 3 can be rewritten as
follows.

Theorem 2. In a team of second-order holonomic mobile
robots (2), there are control laws for the followers such that
the formation is globally asymptotically stable if and only
if the leader is controlled as a second-order non-holonomic
mobile robot (4).

Finally, we show the acceleration of the desired position
p when the leader is controlled as a second-order non-
holonomic model, (4).

i_ . L cos b . —sinfy
o; = fi(qo, o) { sin 6, } +9i(90, Buo) { cos by ] ’
(16)

where

fi(qo, 50) = C“uo wol R(i)
9i(q0+ Buo) = v§wo + Buoli R(;).

We can obtain a globally asymptotically stable formation
control law by substituting the desired position (5), velocity
(12), and acceleration (16) into the feedback controller (7).

C. First-Order Non-Holonomic Mobile Robots

First, let us derive the linear velocity and orientation of
the desired point p¢(t) in order to discuss the stability of
the formation. The desired linear velocity v2? equals ||p¢
where ¢ and g are

bl

9'0? = (1150 — Wyol; sin wi) cos By — wyol; cos; sin b
9 = (viy — waol; siny;) sin Oy + wyel; cos ; cos by.
(17)
Hence, the velocity is given by
Ld _ \/ vE) — wyol; sin wi)Q + (wyol; cos wi)Z. (18)

Note that vZ¢ > 0 holds if vy > 0 and ¢; # Z, 2T hold.
Let
Wyol; cos Y5

— waol; sin ;|
19)

©; = s(vfo — Wyol; sin ;) tan™! 7
|Uu0
where s is the sign function. ¢; € [—7, 7| satisfies

CoS p; = (v{;o Wyol; SN ;) /v; Ld

sin Qi = wuoli COSs ¢1/U7Ld

Thus, the dynamics (17) can be rewritten from the sum and
difference identities of angles as follows.

¢ = vl cos(By + ¢;)

yl = v sm(90 + vi)

Hence, the desired orientation is given by
Gd =0y + ;. (20)

Note that if ¢; = 7,5 3T holds, then 0¢ = 0y holds. This
means that ¢; = 7, 37 is a sufficient condltlon for stable
formation control. Thus, we will assume 1; g, 37” in
the following discussion. The following lemma follows from

Lemma 1.

Lemma 4. In a team of first-order non-holonomic mobile
robots (3), there are control laws for the followers such that
the formation is globally asymptotically stable if and only
if the curvature of the leader trajectory is differentiable; that
is, wyo/vL, is differentiable.

Proof. From Lemma 1, we only need to prove that 6¢ is
differentiable if and only if w,o/vk, is differentiable.
Let
Wy (t)1; cos;
vl () — wuo(t)li sing;

The following conditions hold: 1) ¢ is differentiable if and
only if ; is differentiable; 2) ¢; is differentiable if and only
if Q is differentiable.

Consider the differentiability of ). To simplify the nota-
tion, let @ and b be I; cost); and I; sinv;, respectively. The
following equation is derived from Q(t + At) — Q(¢).

Wy A Wy
oty -+ )t () (3688 - 28
( 11.0(t + At) - bwuo(t + At)) ( 11.0( ) - bwuo(t))

Q1) =
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Hence, 6¢ is differentiable if and only if w.o/vk, is differ-
entiable. O

To handle the curvature constraint easily, we consider a
first-order non-holonomic model in which the curvature is
differentiable, as follows.

T
i l=1 " | @
K

where x = w /vl is the curvature. Lemma 4 can be rewritten
as follows.

Theorem 3. In a team of first-order non-holonomic mobile
robots (3), there are control laws for the followers such that
the formation is globally asymptotically stable if and only if
the leader is controlled as a first-order non-holonomic mobile
robot with differentiable curvature (21).

Finally, we show the angular velocity of the desired
position p¢ when the leader is controlled in accordance with
the model (21).

L\ 2
v
wi = vik0 + Yuo (023) li cos; (22)

We can obtain a globally asymptotically stable formation
control law by substituting the desired position (5), linear
velocity (18), orientation (20), and angular velocity (22) into
the feedback controller (8)

D. Second-Order Non-Holonomic Mobile Robots

The following lemma follows from Lemma 1.

Lemma 5. In a team of second-order non-holonomic mobile
robots (4), there are control laws for the followers such
that the formation is globally asymptotically stable if and
only if the curvature of the leader trajectory is second-order
differentiable.

Proof. We only need to prove wd(t) is differentiable if
and only if curvature g (t) = wo(t)/v§ (t) is second-order
differentiable. Because vé, K0, viLd is differentiable in (22),

w¢ is differentiable if and only if 7o is differentiable. [

To handle the curvature constraint easily, we consider a
second-order non-holonomic model in which the curvature
is second-order differentiable, as follows.

T vl cos 6

Y vl sin 6

0 vl

G ok (23)
K v

o u

Lemma 4 can be rewritten as follows.

Theorem 4. In a team of second-order non-holonomic
mobile robots (4), there are control laws for the followers
such that the formation is globally asymptotically stable

(a) First-order holonomic model.

(b) Second-order holonomic model.

Fig. 3: Trajectories of three holonomic mobile robots with our
formation controllers.

if and only if the leader is controlled as a second-order
non-holonomic mobile robot with second-order differentiable
curvature (23).

Finally, we show the linear and angular accelerations of
the desired position p¢ when the leader is controlled in
accordance with the model (23).

L
) .
ap? = agysei + 70570. (rolf — lLisingh;)
v
B = oL ko + vl 24
272 .
+ {5“20 + % (Kol — i Sln¢i)}li cos i,
Svi vi

where s,; = vl4/vl. We can obtain a globally asymptoti-
cally stable formation control law by substituting the desired
position (5), linear velocity (18), orientation (20), angular
velocity (22), and linear and angular accelerations (24) into
the feedback controller (9).

IV. EXPERIMENTAL RESULTS

We demonstrated our controllers in numerical simulations.
The problem settings are as follows.

o Two followers track the leader while keeping a triangle
2

formation. Let I; =15 =4, ¢ = sm and ¥y = %71’.

« All control gains of the followers’ feedback controllers
are 1; that is, k;y = ko = k3 = k4 = ks = 1 in each
feedback controller (6), (7), (8), (9).

o The leader moves toward its destination while avoiding
collisions with obstacles. The navigation algorithm of
the leader is the dynamic window approach (DWA),
which is a well-known collision avoidance approach for
non-holonomic mobile robots [20].

o In DWA, the leader is considered to have a virtual body
with a radius of max;c & [; as a means for the followers

to avoid colliding with obstacles.

Fig. 3a shows the trajectories of first-order holonomic mo-
bile robots (1) with our controllers. The blue and green lines
are trajectories of the leader and the followers, respectively.
The red dotted line is a trajectory of each desired follower
position qfu The orange triangle is the formation of the robots
at each time. The leader that was controlled in accordance
with the first-order non-holonomic model (3) based on DWA
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Fig. 4: Trajectories of three non-holonomic mobile robots with our
formation controllers.

reached its goal while avoiding collisions between the three
robots and the obstacles represented by black circles. The
followers with the feedback controller (6) tracked the leader
while keeping the triangle formation.

Figures 3b, 4a, and 4b show the trajectories of second-
order holonomic robots (2) and the trajectories of first-
and second-order non-holonomic mobile robots (3) and (4),
respectively. These figures show that our controllers for each
model were asymptotically stable.

V. CONCLUSION

We described necessary and sufficient conditions for a sta-
ble distance-angle leader-follower formation with first- and
second-order holonomic and non-holonomic mobile robots.
We also presented globally asymptotically stable controllers.
The simulation results for a team of three robots in each
model showed that a triangle formation could be achieved,
demonstrating the effectiveness of our controllers.

APPENDIX
A. Proof of Stability of Feedback Controllers

We prove the stability of the feedback controllers us-
ing LaSalle’s invariance principle. Consider the following
Lyapunov function candidates V(¢) > 0 for the feedback
controllers (6), (7), (8), and (9), respectively.

1
Vi(g) = 5 Ilp* = p|[*

k 1
Va(a) = 5 [[p* = pl[* + 5 ] ol

2
_ k2 (o 2

Va(a) = 5 (2% +92) + (1 — cosfe)

k
Valq) = ?3 (wﬁ + yf) + (1 —cosb,)

+ ﬁ(de cos B, —vl)? + L(kvadye + we)?

2k 2ky
In each function, ¢ = ¢ if and only if V(g) = 0.
Vilg) = -k de —pH2 < 0 holds for the first-order

holonomic model. Obviously, the feedback controller (6) is
globally asymptotically stable.

In the second-order holonomic model, Va(gq)
—ko ||vd — v||2 < 0 holds. Any subset of the set

{q|Valq) = 0 A Va(q) # 0} which is simply the set
{g|v = v? Ap # p?} is not positively invariant because
a # a?if v = v? and p # p?. Hence, the feedback controller
(7) is globally asymptotically stable.

Suppose that v24 > 0. The following equations hold for
the first-order non-holonomic model.

i = vE?cos O, + wyye — vk (25)

u
Ye = vﬁd sinf, — w, e (26)
Therefore, V(q) = —kikox2—kssin® 6, < 0, and Vz(q) = 0
if and only if ¢ € {q |z, = 0. = 0}. The maximal positively
invariant set only contains ¢ # ¢ because w? # w, if
z. = 6, = 0 and y. # 0. Hence, the feedback controller (8)
is globally asymptotically stable.

In the second-order non-holonomic model, Vi(g) =
—%(vm cos B, —vl)? — Z—i(kngdye +we)? < 0 holds. If
q is an element of the positively invariant set, then q satisfies
the following conditions.

d
v cos b, — vl = T (de cosf, — ’UL) =0 @7

kBULdye + we = % (kSULdye + we) =0
z. = 0 is derived from equations (9) and (27). Similarly,
0. = 0 is derived from equations (9) and (28). Moreover,
vl = vl? holds because vX? cosf, — v¥ = 0 and 6, = 0.
Thus, if ¢ is an element of the positively invariant set, then
q also satisfies the conditions 96 = w, = 0. If we =0,
then y. = 0 holds, because kngdye + w, = 0. Hence,
the feedback controller (9) is globally asymptotically stable
because the maximum positively invariant set only contains
q=q" O

(28)

B. Derivation of Model (10)

Consider a(t), b(t) € R such that it satisfies v(t + At) =

L
a(t + At)% + b(t + At)ﬁ, where the subscript u
is omitted to simplify the notation. The following equation

holds.

o(t+ AL  w(t)
lo(t+ At @)

(a — Va2 +b?) v(t) + bo*(t)
lv(@®)| Va* + b ’

where a = a(t + At),b = b(t + At). Obviously, c(t) exists
such that it satisfies

b(t + At)
A W

lim
At—0
because % is differentiable. Moreover, a — Va2 + b? =
—b%/(a + va? + b2) holds, because (a+ va?+%)(a -
Va2 + b?) = —b?. Moreover, lima;_so % =0, so the
following equation holds.
b(t + At) vt (t)

i v(®) = lim ————= =c
Ao~ A~ ar e~ W
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