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Efficient Pose Prediction with Rational Regression applied to vSLAM

George Terzakis' and Manolis Lourakis?

Abstract— Compared to polynomial splines, rational func-
tions are known to be more efficient and well-behaved data
fitting models. However, due to the potential presence of zeros in
their denominator, rational functions tend to yield notoriously
hard optimization problems. In this work, we present a novel
least squares method for 6D pose prediction that employs
rational regression. Our method can accommodate fixed data
points and is able to circumvent the occurrence of zeros for
rational quadratic interpolants. We demonstrate the suitability
of rational quadratics for pose prediction by applying our
approach to real data from the feature tracking stage of a real-
time visual SLAM system and showing that it yields far more
stable predictions when compared to state-of-the-art rational
and polynomial spline methods.

I. INTRODUCTION

Predicting camera motion is a frequent task in real-time
structure from motion (SfM) applications, e.g. [1], [2], [3],
[4], [5], [6]. In the majority of cases, such applications are
designed to operate in an agnostic manner with respect to the
nature of camera motion in order to be independent of the
platform the camera is attached to. Leveraging previously
estimated poses to obtain a reasonably stable estimate of
present camera pose allows the tracking system to anticipate
where known features from the the previous frame will have
moved in the present one. Therefore, pose prediction is
important for successful preliminary feature tracking.

In purely visual simultaneous localization and mapping
(SLAM), simple techniques for pose prediction relying
on the relative pose between the two most recent cap-
tured frames have been employed in the tracking front-
end, e.g., PTAM [7] or ORB-SLAM [8]. In the case of
discrete time visual-inertial SLAM (viSLAM), more com-
plex pose prediction models that implicitly use quadratic
position polynomials and linear orientation increments be-
tween inertial measurement unit (IMU) samples have been
employed, e.g. [9], [10], [11]. More elaborate polynomial
spline schemes were proposed in the context of continuous-
time visual SLAM (vSLAM) with optional inclusion of IMU
measurements [12], [5], [13].

The rest of this section presents an overview of existing
relevant works from the literature. The novel aspects of the
proposed method are outlined in Section II whereas its details
are presented in Section III. Experimental evaluation results
are reported in Section IV and a conclusion is in Section V.
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A. Related work

Polynomial splines have been employed not only for pose
prediction during tracking, but also to fully parametrize pose
in the back-end non-linear optimization in continuous-time
vSLAM. In [6] and [14], a continuous-time parametrization
of pose with polynomial basis functions is proposed along
with a novel visual-inertial optimization framework. Instead
of targeting pose variables, it focuses on the coefficients
of the corresponding basis functions. This approach was
adopted and extended with time derivative regularization
terms in [5] and [12]. In the latter study, the use of IMU
is optional, wherein the “missing” constraints on velocity
acceleration and angular velocity can be substituted by
regularization terms. The resulting polynomial splines yield
pose predictions that primarily enhance the performance of
tracking but they also constitute an alternative parametriza-
tion for camera pose that is refined in the context of iterative
optimization of the reprojection error.

Non-parametric regression with Gaussian Processes (GP)
is the other side of the pose regression coin. In [15], [16],
[13], the entire pose optimization framework is approached
with GP pose priors. An important downside in this method-
ology is the scaling of the GP covariance matrix, particularly
when trying to employ the prior in a non-linear optimiza-
tion framework that includes visual landmark observations.
Further, Persson et al. [12] argue that another shortcoming
of the use of GP pose priors compared to splines is that
they induce short optimization windows in orientation due
to approximations. Note, however, that for the purpose of
predictions from previous poses during tracking, a GP prior
is a plausible regression technique and we therefore include
it in our comparisons in Section IV.

B. Rational regression

Polynomial approximations suffer from the so-called
Runge’s phenomenon [17], [18], which refers to the tendency
of the interpolant to oscillate away from data points as
the degree of the polynomial increases, like demonstrated
in Figure 1. Thus, predictions with polynomial splines can
become unreliable due to this issue. In contrast, rational
models that represent a given function as the quotient of
two polynomials, are known to remain more faithful to the
trend of the data and therefore possess good predictive (i.e.,
extrapolation) properties [19], [20].

Despite their attractive properties, rational functions
present significant challenges in regression such as the ac-
cidental occurrence of unwanted zeros (aka poles) in the
denominator as a by-product of a potentially naive data-
fitting algorithm, or the difficulty of controlling derivatives
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Fig. 1. Polynomials of 3rd, 4th, 5th degree and rational quadratic fit to

data points drawn from y = exp(—0.2t) cos(—0.7t) in the interval [0, 6].
All polynomial curves diverge at the right edge of the interval manifesting
Runge’s phenomenon, whereas the rational quadratic (cyan) remains more
faithful to the trend of the curve.

in ways that are very forthcoming in the case of polynomial
splines. Floater and Hormann [21] proposed a family of
barycentric rational interpolants that lack real poles and have
arbitrarily high approximation orders on any real interval,
regardless of the distribution of the points. The techniques
employed to avoid the unwanted poles are typically numeri-
cal and recursive in nature since they re-estimate the model as
they sequentially parse the data points [22], [20], [23]. Such
a technique is the AAA algorithm [20], which builds the
interpolating rational function incrementally. In particular,
AAA repeatedly recovers sets of weights via least squares
in a series of steps as it progressively builds a set of support
points from the data. The poles are chosen in a fashion
that the singularities that emerge are benign. The way this
works is to choose the next support point by identifying the
corresponding weight associated with the highest residual in
the previous step.

II. CONTRIBUTIONS

This work puts forward a novel method for pose regression
and interpolation with a rational quadratic, i.e., a ratio of
polynomials of degree at most two. The method was devised
in order to efficiently predict the orientation and location of a
coordinate frame by fitting or interpolating where necessary,
a sequence of poses previously estimated (e.g., by means of
SLAM/VSLAM). To the best of our knowledge, this is the
first time that a rational approximant/interpolant is used for
pose prediction particularly for SLAM/vSLAM applications.
The novelties can be summarized in the following:

1) We devise a linear least squares (LS) algorithm that
performs regression with optional fixed data points,
using a 5-degree of freedom (DoF) model that is
guaranteed pole-free.

2) The algorithm has characteristics suitable for pose
regression in real-time applications. Specifically, being
a linear LS solver, it exhibits very low computational
overhead. Furthermore, with 5 DoF, it can fit more than

5 past poses', a number sufficiently large to maximize
the prediction’s efficiency for standard frame rates.

3) It is straightforward to implement. The solution of the
regression problem involves operations with up to 3 x3
matrices, thereby allowing for the use of fast analytical
methods that can be deployed even on low capacity
hardware [24]. Our C++ implementation is publicly
available.

III. METHOD

We define our pose prediction problem with an outlook to
the tracking front-end of a vSLAM pipeline such as [7], [25],
[8], [10]. In such a setup, a number of past pose estimates
is available, typically with no motion prior. Further, we
assume no additional process input such as IMU readings?.
We will construct a rational quadratic that fits the data and
interpolates up to 4 data points (6D pose vectors).

A. Pose convention and parametrization

Let SE(3) be the special Euclidean group consisting of
all proper rigid transformations in the 3D Cartesian space.
Denote n past pose estimates by T4,...,T,, € SE(3) at
times t1,...,t, and the goal is to predict the pose of the
most recently captured image frame. We choose to fit pose
in its decoupled orientation — position representation, i.e., as
a body-to-world point transformation as suggested by Ovren
et al. [5]. In other words, the pose T'(t) as a 4x4 homogenous

matrix is
T(t) = [}ffﬁ P (ﬂ , (M)

where R(?) has the direction vectors of the local frame as
its columns and p(t) is the position of the camera in the
world. Ovren et al. [5] argue that this convention decouples
the location from the orientation and therefore favors more
efficient pose fitting.

Clearly, position vectors pi,...,p, can be used directly
in the LS formulation to fit the position function. However,
in the case of orientation, a minimal DoF parametrization
is necessary. We thus choose the modified Rodrigues pa-
rameters (MRPs) [26], [27], [28] to represent orientation.
Denote next the orientation MRPs at the data points as
¥1,...,9%, € R? and the corresponding function in time,
9 (t). Like any other minimal parametrization of orientation,
MRPs present a singularity on the quaternion sphere, yet it
is a benign one. This is because not only the corresponding
rotation matrix is representable at the origin, but in fact,
all rotations can be represented by an MRP vector 9, such
that ||¢|| < 1°. For completeness, we provide below the
expressions that relate MRPs with the corresponding axis-
angle vector 6 and quaternion ¢ = (s, v) as given in [29]:

_ lely 6 v
""ta“<4>||o|| = Trs @

I'The typical choice in our experiments was 8 with the 2 most recent ones
being interpolated/fixed.

2The method can be extended to also account for IMU samples.

3MRPs inside the unit sphere in R® map to exactly one hemisphere of
the quaternion sphere.
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B. Rational quadratic regression

Consider n > 5 samples y1....,y, € R at the corre-
sponding time instances t¢1,...,t,, such that ¢t; < --- < t,.
We wish to fit this data to the rational function

() = ap + art + aot? B a7 (t)
" bg byt +bot2  BTT(H)]

3)

where a = [ag a3 ag]T, b= [bo by bg}T and 7(t) =
[1 ¢ t*]7, subject to the constraint that the denominator

has no zeros, i.e. its discriminant is negative:

0 0 —2
b2 —4boby =b"Kb<0, K=|0 1 0. (4
-2 0 0

1) Simple approximation: We begin our analysis by con-
sidering the problem of approximating the data points with
the rational function f in (3). This is a quadratic program
with a data likelihood LS objective and a quadratic constraint
corresponding to the negative discriminant of (4),

n
. 2
Iﬁfrilgﬁé%e ;21 ||7'1Ta. — yi‘r?bH st. 'Kb <0, (5

where 7; = 7(t;). Note that although the unknowns are 6,
the DoF of the problem are 5 due to the negative discriminant
constraint. To solve it, we consider the Lagrangian function,

£=Y"|lrTa —yTo||" — WTKb, (©6)
i=1
where A > 0 is a Lagrange multiplier. Using matrices, the
Lagrangian can be written as

L=a"Aa—-2a"Bb+b"Cb—- Nb"Kb, (7

where

n n n

T T 2T

A= E T,7;, B= E y;i7iT;, C= E Y; TiT; .
i=1 i—1 i=1

Setting the partial derivative of £ with respect to a to zero
yields a relationship between a and b,
oL

— =24Aa—-2Bb=0 < a=A"'Bb. (8)
Oa

Similarly, setting the partial derivative of £ with respect
to b to zero and substituting from (8) yields a generalized
eigenvalue problem which can be readily turned into a
standard one:

(C’ — BA_lB) b=)Kb — K! (C — BA_lB) b=Xb

©))
The solution(s) for b will be the eigenvectors of matrix
K~! (C — BA!B) that correspond to positive eigenvalues.
The latter can be computed analytically as the roots of the
cubic characteristic polynomial. The solution for a is then
recovered from b via (8). The inverse of matrix A involved
in egs. (8) and (9) is computed with the aid of the LDLT
(i.e., square root free Cholesky) decomposition [30].

2) Approximation with fixed points: We now extend our
analysis by considering a more general case of regression in
which a non-empty subset of the data points is interpolated
instead of simply being approximated by f. Note that using
hard constraints is a sensible design requirement in pose
regression, if we consider that features are typically tracked
from the most recent past frame(s) to the current one and
we therefore want to make sure that the curve does not
deviate from the latest pose(s) under the influence of older
estimates. Let C = {jl, .. .j|c|} be the set of the indexes of
the fixed data points. We augment the problem of (5) with
linear equality constraints on the fixed points:

n 9
e . T T
migingze > [[7ia Y| (10)

s.t. B'Kb <0, T?a—ijijzo VjeCcC.

Clearly, imposing hard data constraints is meaningful only
when n > 5 (i.e., the problem is overdetermined), in which
case the cardinality |C| of C can be at most 4.

To solve the problem of (10), we resort once again to the
corresponding Langrangian function, this time including the
terms associated with the fixed points indexed by C:

L=a"Aa—2a"Bb+b"Cb—No" K b+1jc/M (Da — Eb).
(1D

Vector 1|¢| is of length |C| with all entries equal to 1, and

T .
D = [le Tj‘c‘] , M:dlag{,ul,...,,um},
T
E = [ylejl yj\cfrj\c‘] ) (12)
where 11, . .., p1)c|, are the Lagrange multipliers correspond-

ing to the fixed points. From the above, it follows that
rank (D) = min {3, |C|}. We can therefore express a in
terms of the null and row space of D as follows,

a=Nda +Had",

where N ¢ R3*(3—min{3, |C|}) and H < R3*min{3, |C[}
contain bases of the null and row space of D in column
arrangement and a’ € R3—™in{3,[Cl} g7 ¢ Rmin{3,[C]}
Clearly, if |C| > 3 it follows that N = 0. Substituting eq. (13)
into the hard constraint equality, Da = Eb, we get

(13)

D(Nd +Hd")=FEb < DHa"=FEb
" = (H"D"DH) ' (DH)" Eb=Fb. (14)
For brevity, let F = (H'D"DH )71 (DH)" E. By substi-
tuting (13) and (14) into (11), the term associated with the

fixed points vanishes (since the constraint is satisfied) and
the Lagrangian is expressed in terms of @’ and b as

L=a"Aa — 2 "Bb+b"Cb— \bTKb, (15)
where
A=NTAN, B=N"(B- AHF),
(16)
C=(HF)" AHF +C - 2(HF)" B.
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Having eliminated the equality constraints, the Lagrangian
of eq. (15) is an expression similar to (7) in section III-B.
In quite the same way, a’ can be eliminated from the first
order conditions, as follows

o —=A 'Bb. (17)
This eventually leads to yet another generalized eigenvalue
problem, which is turned into a standard eigenvalue problem
by multiplying with K~! from the left

(ch

K
5 AKb <—

_BTA‘13>1, _
— =T
K <C+20 - BTA‘13> b = b,

and the solution(s) for b will be the eigenvectors that cor-
respond to positive values of A. The solution for @ can be
recovered from b using egs. (17), (16) and (13).

IV. EXPERIMENTS

This section reports results from the application of the
proposed method to data originating from our feature-based
stereo VSLAM system, whose tracking back-end is a variant
of the point tracker of PTAM [7] and ORB-SLAM [8]. More
specifically, three small inter-frame pixel displacement se-
quences captured at 30Hz in an indoor industrial environment
were employed, collectively exceeding 24K frames in total.
The sequences were processed by our vSLAM system which
operated as normal, performing its loop closures and graph
optimizations. The camera poses estimated for each sequence
are visualized in Figure 2.

A. Predicted vs optimized pose

Using a moving time window of length n = 7 for each
of the 6 pose parameters (3 for the MRP + 3 for location),
the proposed method predicted the poses for all frames of
the three sequences. Poses were also predicted with Matlab
implementations of the rational method of [21], polynomials
of degrees 3 and 4, Gaussian processes [15] and cubic
splines [31]. Finally, the predicted poses were compared
against those estimated by our VSLAM system, treating the
latter as ground truth.

To quantify the error for a predicted pose, the following ro-
tational and positional errors were employed. Given a camera
pose estimated by VSLAM (composed of a rotation matrix
Ry and position vector ps), the error for an estimated rotation
R, is the angle of rotation about a unit vector that transfers
R. to Ry, computed as arccos((trace(RsRY) —1)/2). The
error for a predicted position p. is simply the Euclidean
norm of the difference of the position parts, i.e. ||ps — Pe]l-

Figure 3 shows the rotation errors pertaining to the esti-
mates computed by each interpolation method for all three
sequences. The proposed method consistently outperforms
the other ones with that of [21] being the second best.
Positional errors are shown in Fig. 4, where the proposed
method again performs best.

B. Successfully matched features

The number of matches in vSLAM is clearly a strong qual-
ity indicator of tracking performance. We therefore generated
histograms of the number of features tracked during the
primary (frame-to-frame) and map (map-to-frame) tracking
phases over the first 5000 consecutive frames of the second
sequence in Fig. 2, which was chosen due to its increased
twists. Figure 5 overlays the histogram pertaining to our
method during primary tracking over these of competing
methods. Similar histograms are shown in Figure 6 for
map tracking. Regarding the choice of competing predic-
tion methods, we used those we considered in Sec. IV-A,
excluding [21] as well as polynomial splines due to the fact
that there are no C++ implementations readily available for
them.

Each histogram in Figures 5 and 6 illustrates the dis-
tribution of feature matches from rational function pose
prediction against a rival method indicated in the legend.
This is effectively a distribution of feature matches across
all types of conditions related to camera motion. This means
that benign vSLAM conditions (e.g, slow and stable camera
motion, absence of occlusions, rich texture, etc.) will favor
the less effective methods in these results. Yet, even with the
presence of such bias, we observe that rational pose predic-
tion has always a higher average number of 20 to 50 matches
without a single exception in these plots. Overall, rational
pose prediction results to an increment in the frequency of
matched features numbers between 200 and 400 of up to
50 in each plot. Furthermore, for features matches above
250, rational pose prediction yields almost certainly higher
frequencies as indicated by the green histogram being always
higher than any of the other methods in the > 250 matches
region.

V. CONCLUSIONS

Compared to polynomial splines, rational functions are
known to be smoother and less oscillatory data-fitting mod-
els. However, they give rise to hard optimization problems
due to the potential presence of zeros in their denomina-
tor. This work has suggested a method for stable rational
regression of 6D pose in visual SLAM, aiming at more
efficient feature tracking without the employment of a motion
model prior or IMU readings. Comprehensive experiments
performed with real-world data originating from a feature-
based VSLAM pipeline have demonstrated the effectiveness
of the approach. A C++ implementation is publicly available
at https://github.com/terzakig/RRP.
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Fig. 2. 3D plots of the local camera axes that correspond to the employed image sequences. Local axes are plotted as moving trihedrals using the common
computer vision convention (X points right, Y down and Z into the scene). The axes are colored using red for X, green for Y and blue for Z. The camera
starts at the points labeled with As and terminates at Bs; axis units are in meters. Sequence (i) consists of 9262 frames, (ii) of 6426 and (iii) of 8491. To
reduce clutter, only one every 10 camera poses is shown.
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Fig. 3. Box plots of the rotational errors (in rad) for the interpolants computed by the six methods being compared on all poses predicted for the three
sequences of Fig. 2. Observe that all Y axes have been clipped at 0.1 rad.
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Fig. 4. Box plots of the positional errors (in m) for the interpolants computed by the six methods being compared on all poses predicted for the three

sequences of Fig. 2. The Y axes have been clipped at 0.5 m.
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Fig. 5. Histograms of feature matches in primary (frame-to-frame) tracking over the first 5000 vSLAM tracker invocations for the sequence of Fig. 2(ii).
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Fig. 6. Histograms of feature matches during map-to-frame tracking in the first 5000 vSLAM tracker invocations for the sequence of Fig. 2(ii).
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