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Abstract— Smooth and safe speed planning is imperative for
the successful deployment of autonomous vehicles. This paper
presents a mathematical formulation for the optimal speed
planning of autonomous driving, which has been validated
in high-fidelity simulations and real-road demonstrations with
practical constraints. The algorithm explores the inter-traffic
gaps in the time and space domain using a breadth-first search.
For each gap, quadratic programming finds an optimal speed
profile, synchronizing the time and space pair along with dy-
namic obstacles. Qualitative and quantitative analysis in Carla
is reported to discuss the smoothness and robustness of the
proposed algorithm. Finally, we present a road demonstration
result for urban city driving.

I. INTRODUCTION

Trajectory planning has been a vibrant area of research
engagement in autonomous driving. While foundational plan-
ning algorithms have existed for decades [1], [2], calls to
navigate efficiently, precisely, and smoothly through highly
dynamic and uncertain scenes where safety is critical have
pushed researchers to probe the limits of existing algorithms
in an effort to prioritize often conflicting objectives [3], [4],
[5]. Due to both their interpretability and theoretical guaran-
tees, formal optimization methods such as model predictive
control (MPC) and quadratic programming (QP) still remain
popular choices for trajectory planning and control tasks for
autonomous driving [6], [7].

Motion planning in the presence of dynamic and uncertain
agents can result in highly non-convex problems [8], [9].
These can either 1) be slow to solve thereby limiting the
optimality or time horizon of the solution, or 2) make use
of approximations that get stuck in local optima, resulting
in shaky or otherwise undesirable trajectories [10]. Thus,
path and speed decomposition methods have been actively
adopted by relieving planning subtasks in terms of complex-
ity [11], [8], [12], [13]. By decoupling the path planning
problem from the speed planning problem, we can restrict the
optimization space, resulting in faster high-quality solutions
[14].

For decades, there have been collective efforts to im-
prove the decomposition method [12], [15]. Especially for
autonomous driving applications, a space-time (ST) graph
[16], [17] has been a popular choice to refine lower and
upper bounds, thus reducing the search space. The ST graph
also helps address dynamic obstacles and their associated
ordering problems [18] (see the motivational example in
Fig. 1).
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Fig. 1.
crossing the intersection for the ego vehicle (in green) along with the
crossing timings of cars 1, 2, and 3. Precisely synchronizing the timing and
distance as well as choosing the best gaps is the key for a safe maneuver.

Motivational example: there exists multiple timing options of

While the ST graph simplifies the problem, the synchro-
nization of time and space remains challenging [19]. To
address that, the authors in [13] added synchronized time as
a decision variable and solved the non-convex problem with
iterative QP approximations. However, the iterative process
is often computationally heavy and approximations may lead
to local optima [20]. Similarly, the author in [16] employed
an ST graph and approximated the non-convex problem as
QP, but solved it in the space domain to ease the integration
of position-based speed limits (e.g., for curved paths). Yet,
planning in the space domain cannot seamlessly consider
zero speed as it causes the time evaluation to be infinity
[21], problematic in stop-and-go scenarios. In [22], [17]
the authors applied Dynamic Programming (DP) to directly
optimize non-convex problems on the ST graph. However,
DP typically suffers from the curse of dimensionality, and
thus is often limited in number of states and control inputs.
Customization [22] and heuristic solutions [17] (e.g., using
spiral curve interpolations [22]) are inevitable for real-time
implementation, while the number of states and controls
remain limited. Overall, the existing methods are promising
and mathematically sound, but have yet to address rigor-
ous ways of designing speed planners that simultaneously:
(i) search solutions in temporal space, (ii) secure global opti-
mality without approximations, (iii) have high computational
efficiency without heuristics, and (iv) address space-time
synchronization along with dynamic obstacles. Importantly,
thorough validations in various scenarios, often missing in
academic literature, are essential before deploying a method
in an automated vehicle.

Thus, we further explore a rigorous speed planner design
by encompassing collective efforts in optimal speed planning
under the path-speed decomposition scheme. We adopt the
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space-time graph to refine the lower and upper bounds,
while the refinement is along with the temporal steps. This
allows for a direct and efficient integration of lower and
upper bounds into a QP. The QP, as a convex optimization,
yields a globally optimal solution that secures comfort and
safety. While robust, hard constraints often lead to overly
conservative behaviors (if not infeasible solutions) that leave
a real-time system with no course of action. We choose to
combine hard and soft constraints to produce behaviors that
remain safe while dynamically adapting to the complexities
of the current scene.

In short, this paper contributes to the literature by pre-
senting a mathematical framework that (i) explores multiple
combinations of spatial and temporal scenarios associated
with dynamic obstacles and (ii) optimizes the speed profile
for the scenarios explored. Importantly, the formulation re-
mains in the temporal domain and addresses the space-time
synchronization in a convex optimization. We also introduce
techniques to integrate lateral acceleration limits along with
curvatures on a given path (and thus account for kinematic
limits). The proposed framework has been heavily validated
in both simulation and road tests.

II. SPACE-TIME (ST) GRAPH CONSTRUCTION AND
DOMAIN INITIALIZATION

A. Overview

This section details the algorithm that sequentially (i) gen-
erates the space-time graph, (ii) finds cases of passage orders
among traffic agents with respect to the ego vehicle (we call
it “profile”), and (iii) obtains the lower and upper bounds
associated with each profile. We assume the knowledge of the
current state, path-to-follow, and predictions on other traffic.

To illustrate the algorithm, see Fig. 2. Given the ego
car’s path (in yellow), the predictions on other traffic (with
constant speed predictions) indicate the ego vehicle inter-
secting with three vehicles (veh 1, veh 2, and veh 3). The
vehicles are shaped as a polygon and we draw a (time
t, distance s) trajectory where the polygon intersects the
given path — thus, the ST graph. As an instance of the ST
graph, the plot at the top center conveys: veh 1 currently
intersects with the path and will drive along the path; veh 2
is approaching with a lower speed and will merge into the
path later time; veh 3 is closest to the ego vehicle and will
cross the path in a very low speed. The ST Cell Planner
then segmentizes the continuous ST graph and finds “viable
cells” (representing a discretized feasible space). Within the
segmentation, Breadth-First Search (BFS) finds the possible
cases of passage order with respect to the ego vehicle (i.e.,
profile). Given the profile, the associated lower and upper
bounds are generated considering the kinematic limits (green
space in the bottom left plot).

When multiple profiles exist, the best profile is chosen
with respect to the minimum cost of QP. Note that the profiles
are independent of each other, thus applicable for parallel
computations.

B. Construction of Space-Time Graph

Aligned with the prior efforts in [22], [16], the construc-
tion of the ST graph is an essential step for MPQP as it is
the base for determining the feasible space of the quadratic
programming in a later step.

For each agent, we compute a polygon based on its
dimensions and predicted positions. This polygon can be
oversized by parameterized margins or uncertainty measures
(e.g., noise, risk, or prediction noise). If the polygon inter-
sects with the path of the ego vehicle, the intersecting area
(time and distance) is marked on the ST graph. Note that
the ST graph is in Frenet frame [23], and thus we convert
the intersecting area to Frenet frame'. After all, each agent
is represented as two line segments in the (time, distance)
coordinate. Note that these lines can be shifted to account
for safety margins.

C. Viable Cell Generation

A “viable cell” represents a feasible set in the ST graph,
excluding the space occupied by other agents (represented by
“occupied cells”). At each time segment, a cell is defined by
the bounds in distance s, i.e., cell = [Smin, Smax]. For brevity,
we call the algorithm of the segmentation and cell generation
a “Cell Planner”. The cell planner first identifies occupied
cells associated with each agent at each time segment. It is
possible that multiple occupied cells exist. If the occupied
cells overlap, they are combined. The viable cells are then
found as a complementary set of the occupied cells. For
instance, at the time segment with ¢ = 2, suppose there exist
three vehicles (i.e., three occupied cells):

ocy = [4, 6]
occupied cells(t = 2) = < ocy = [5, §] ()
ocs = [20, 25].

As ocy and ocy are overlapped, they are combined:

2
0@ = [20,25] @

occupied cells(t = 2) = {

The viable cells are the complementary set of oc; and ocy:

vey = [0, 4]
viable cells(t = 2) = { vey = [8,20] 3)
veg = [25, 8]

where the 5 is the upper bound in distance.

D. Profile Search

We adopt BFS [24] to discover possible profiles in the ST
graph. The search process reads:

1) Starting from the origin, progress one step forward in
time.

2) Expand a profile for each viable cell if the cell overlaps
with any viable cells in the previous step.

3) Otherwise, terminate and discard the profile.

Note that we use “distance” and “space” interchangeably in Frenet frame.
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Fig. 2. T-junction scenario (top left), corresponding ST-graph (top center) and ST Cell Planner (top right). ST Cell Planner shows also the possible paths
found using the Breadth First Search Algorithm (BFS). Bottom images shows the feasible and infeasible paths found in the ST-graph.

4) If the time step reaches the end (i.e., planning horizon),
return all valid profiles.
The step 2 indicates that multiple viable cells can be con-
nected in each time step (see the top right plot in Fig. 2).
If no viable cell exists at the origin, the ST graph is not
traversable, and thus no profile exists.

E. Integration to QP

Recall, constructing the ST graph is eventually to fa-
cilitate the underlying speed optimization. There are three
techniques we employ: First, we segmentize the ST graph
with the equivalent time step (0.1 sec) to that of QP. This is
straightforward while being highly effective in synchronizing
the path and the speed. Second, we generate a lower bound
of each profile by connecting the lower end of viable cells
at each time step. Similarly, an upper bound is generated by
connecting the upper end of viable cells. Third, we post-filter
all valid profiles with kinematic limits (in speed, acceleration,
and jerk). This helps reduce the number of profiles as well
as ensure the (longitudinal) kinematic limits.

Depending on the step size, the overall process might
be computationally expensive. However, processing each
profile in Section II-D and II-E is completely separable, thus
parallel computations resolve the issue. A resulting profile is
represented by a pair of boundaries with synchronized time.
That can be seamlessly integrated into QP.

III. OPTIMIZATION PROBLEM

Given the piecewise linear bounds obtained from the
ST graph, we formulate quadratic programming [20] that

optimizes speed and keeps safety.

1) System Dynamics: The state includes [distance, speed,
acceleration] denoted by [p, v, a], and the control is jerk j.
We aim to find the optimal speed profile along with the
longitudinal direction, and thus we leverage the simplified
longitudinal dynamics:

p(t+1) =p(t) +o(t)dt, vte{0,...,N—-1}, @

v(t+1)=v(t)+alt)dt, Vte{0,...,N -2}  (5)

a(t+1) =a(t) +jt)dt, vte{0,...,N—-3} (6)
With the augmented variable = = [p, v, a, j], we write the
dynamics in the compact form:

z(t+1) = f(x(t), (7
where f(-) is the linear mapping with Eqn. (4)-(6).
A. Objective Function

The objective is to enhance passenger comfort and reduce
travel time. Formally, the objective function F' reads:

1
F= 5acTHx + ' h, (8)

where H € Rdim(@)xdim(z) j5 3 diagonal matrix where
the weight w, is imposed on accelerations (for all ¢ &
{0,..., N —2}) and the weight w; is imposed on jerks (for
all t € {0,..., N —3}) while it is zero everywhere else. The
vector h has zero value for all elements except for the final
displacement at ¢ = N (i.e., p(N)), which is set to —wg
(wy > 0) to encourage a large displacement with respect to
the initial position (i.e., a shorter travel time).
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Fig. 3.

T junction scenario with 2 agents (Car 1966 in grey, Car 1967
in dark red). The hard constraints can be seen in a solid color fill, the soft
constraints can be seen in a semi-transparent color fill.

B. Constraints

There are two types of constraints: (i) initial conditions
and (ii) lower and upper bounds. The initial conditions read:

p(0) = po, 9)
v(0) = vo (10)

where py and vg denote the displacement and speed measured
at the current time, respectively. In compact form, we can
rewrite it with the augmented variable z, i.e., 2(0) = xo.
Recall that the lower and upper bounds are obtained from
the ST graph in Section II-B and thus they are given and
known. The corresponding inequality constraints read:

Ib(t) < x(t) < ub(t), Vte{0,...,N}. (1)

Note that the lower and upper bounds can be engineered with
customized margin choices (such as parameters), which can
potentially cause infeasibility issues. Details are discussed in
Section III-D.

C. Complete problem

The complete optimization problem reads:

min%xTHx +z"h (12a)
subject to:
z(t+1) = f(z(t), Vvte{0,...,N -1}, (12b)
Ib(t) < x(t) <ub(t), Vte{0,...,N}, (12¢)
x(0) = . (124d)

Note that this is a generic form of QP without any (iter-
ative) approximations — it retains nice convex optimization
properties [20], e.g., optimality and convergence rate.

D. Soft-constraints for relaxed problem

The inequality constraints (11) can be violated depending
on the constructed ST graph, leading to a problem that
is infeasible to solve. Examples include: (i) two predicted
agent trajectories overlapping, causing no-existing feasible
throughput within the planning horizon, and (ii) the ini-
tial position of the ego vehicle being outside the feasible

space defined by the two bounds (due to excessive margin
parameters and/or perception/localization noises). Infeasible
solutions may cause jerky and uncomfortable maneuvering
(depending on the pre-defined actions for infeasible solu-
tions).

One well-received solution is to reformulate the prob-
lem by relaxing the constraints, leaving the problem soft-
constrained. We add a slack variable for each bound (i.e.,
sip and s,p) and penalize non-zero slack variables in the
objective function. The problem now reads:

1
min —z' Hx+z' h+ wa(Slb + Sup)

o in (13a)
subject to:

z(t+1) = f(z(t)), vte{0,...,N—1}, (13b)

Ib(t) — sip(t) < z(t) < ub(t) + sup(t), Ve€{0,...,N},

(13¢)

2(0) = xo, (13d)

0 < sip(t) < Smaxin(t), (13e)

0 < 5up(t) < Smaxub(t), (13f)

where wy, denotes the penalty weight on the boundary slack
variables. Note that the slack variables are temporal for all
t and only non-zero values will be penalized. Also note that
the slack variables are bounded (by Syaxip and Spmax ). The
bounds on slack variables ensure the safety guarantee, re-
stricting the slack variables being overly penalized. Figure 3
illustrates the soft margins for a simple T-Junction scenario.
The soft margins enable to obtain the feasible trajectory
(green line) which cannot be found with the hard margins;
there is no feasible gap between the two agents.

E. Funnel Technique to Impose Lateral Acceleration Limits

One caveat of longitudinal speed planning is that it dis-
regards lateral accelerations and associated kinematic limits
associated with the given path. However, directly evaluating
the lateral accelerations leads the problem to non-convex,
resulting in a higher complexity problem to solve [16], [13].
We introduce an easily implementable yet effective method:
the funnel technique.

Given the path, we compute the curvature K at each
position step s. With a parametric lateral acceleration limit
ag, the associated speed limit is:

(14)

With a parametric distance lookahead L, the speed limit v,
is set to the minimum of vy, i.e., v = min(vy, Vmax), Vs €
{0,..., L}, where v,y is the traffic speed limit. Yet, the
speed limit v, cannot be immediately used to upper bound the
speed in QP in Eqn. (13) since the QP becomes infeasible if
the current speed is higher than v,. Instead, the upper bound
is funneled down from the traffic speed limit to v, by linearly
decreasing with a fixed rate. Note that a high decreasing
rate might overly tighten the upper bounds (which in turn
restricts the feasible set). We found that half the minimum

acceleration, i.e., —%, is a comfortable rate.
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Fig. 4. Testing scenarios (from left): (i) highway merging, (ii) T-junction, (iii) four-way intersection, and (iv) lane changing in dense traffic.

Time Brake Thr. Ang. Ang. Ang. Ang.

Scenario Time S(l(l;j ?3/];' out B;:ke il:r Il\sflfx Jerk Jerk  Acc. Ace. Jerk  Jerk

‘ ‘ (%) g g Avg Avg Avg Max Avg Max

Highway merging  20.17 100 0 0 064 075 187 073 09 136 822 231 1543

T-junction 2218 100 0 0 071 066 197 -086 085 244 1226 346 2345

LHomEEy 3134 100 0 0 032 042 196 -047 045 097 1059 424 4736
intersection

Lane change 4177 100 0 0 019 025 14 034 032 15 1884 217 3029
in dense traffic

TABLE 1

SIMULATION RESULTS WITH THE FOUR DIFFERENT SCENARIOS. THE RESULT OF EACH SCENARIO IS WITH 50 RUNS. THE IDENTICAL SYSTEM IS USED

FOR ALL FOUR SCENARIOS, AND POSITIONS AND DRIVING BEHAVIORS (E.G., TARGET SPEED) OF THE OTHER VEHICLES ARE RANDOMLY INITIALIZED

IN EACH RUN. A RUN STOPS IF A COLLISION OCCURS OR A TIME LIMIT (80 SECONDS) IS REACHED.

IV. VALIDATIONS
A. Simulation Overview

We leverage CARLA [25] for the high-fidelity simulation
environment which has been broadly adopted for validating
autonomous driving research. Scenarios are generated using
the “scenario runner”, the CARLA built-in simulation gen-
eration platform.

We test MPQP with four different scenarios: (i) highway
merging, (ii) T-junction, (iii) four-way intersection, and (iv)
lane changing in dense traffic, as presented in Fig. 4. Each
scenario has different road structures, target lanes, and traffic
participants.

Highway merging scenario: The ego vehicle starts on the
ramp and merges into the lane. Other vehicles in the target
lane drive fast with randomness in their yielding behaviors
toward the ego vehicle.

T-junction scenario: The ego vehicle makes an unprotected
left turn while maintaining safety for crossing pedestrians.
Four-way intersection scenario: The ego vehicle makes
a left turn. The increased complexity is due to additional
vehicles approaching from the opposite direction.

Lane changing scenario: The goal is to lane change into
dense traffic to avoid an emergency vehicle stopped in
front. There exists no safe space for the ego vehicle to
merge without interacting with other cars (i.e., without the
cooperation of other vehicles).

This set of scenarios and their inherent challenges evaluate
the general performance of the proposed algorithm. Note
that we use the same algorithm for all scenarios, while
positions and driving behaviors (e.g., target speed) of other
vehicles are randomly initialized in each run. Other vehicles
are modeled as intelligent driver model (IDM) [26] with
some modifications to detect the ego vehicle in the adjacent
lane. The yielding behavior is triggered according to a pre-set

Bernoulli parameter. Interested readers are referred to [5] for
details. Overall, the vehicles are designed to be aggressive in
order to challenge our algorithm. The behavior model for the
agents is lane following (except for pedestrians that randomly
change directions) and traffic does not change lanes.

MPQP’s processing time averages 20 ms with a maximum
time cycle of 84 ms on a laptop with an Intel® Core™ i9-
12900H and 32 GB RAM. This processing time includes
all the aforementioned steps: ST graph construction (using
ClipperLib [27]), ST Cell Planning, and quadratic program-
ming (using qpOASES [28]). While the planned trajectory is
sent to an underlying controller, MPQP finds a new solution.
The planning horizon was set to 10 seconds for slow-
speed scenarios and 15 seconds for high-speed scenarios.
This indicates a strong potential for MPQP to be applicable
to real-time systems even with a relatively long planning
horizon.

B. Simulation Result

We first investigate the performance of MPQP in the
four-way intersection scenario aligned with the motivational
example in Fig. 1. Unlike the motivational example, the
ego vehicle takes a left turn to interact with unexpected
pedestrian crossing. The general behaviors of MPQP were
observed as: (i) the ego vehicle approaches the intersection;
(ii) the ego vehicle stays stopped until the oncoming vehicles
cross - Figure 5 illustrates the ego vehicle slowly cruising
until the oncoming cars (labeled as 258 and 257) pass on
lane 98; (iii) if the car (car 264 in Fig. 5) on the merging
lane does not slow down, the ego vehicle slows down and
waits. Otherwise, it proceeds. (iv) While completing the
turn, a pedestrian suddenly crosses the road and MPQP
waits. Depending on the initial positions and aggressiveness
of the traffic, the behaviors might vary, however, MPQP
consistently secured safe and successful merging.
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Fig. 5.
(iii) four-way intersection, and (iv) lane changing in dense traffic.

Testing scenarios (from left): (i) highway merging, (ii) T-junction,

Now, we extend our analysis across the aforementioned
four scenarios: highway merging, T-junction, four-way in-
tersection, and lane change. Table I tabulates the overall
performance for each scenario that was repeated 50 times
with random initialization. Overall, MPQP successfully com-
pletes all scenarios without collisions or timeout. Note that
MPQP does not have prior knowledge of what scenario
will be running and of what behavior model the traffic
is based upon. That is, MPQP demonstrates a capability
of generalizability without situational knowledge and with
the presence of uncertainties. Some observations from the
results: (i) Interestingly, the T-junction scenario has a higher
average on the brake than that in the highway (which has a
higher speed throughput). This is explained by the uncertain
behavioral changes of traffic in the T-junction scenario. Due
to the unexpected acceleration of the vehicle at the merging
point, the ego vehicle had to slow down strongly to keep the
safety. In fact, the same behavior is observed in the four-way
scenario, however, the average speed is much lower due to
the density which results in less aggressive brake and jerk.
(ii) The ego vehicle tends to drive smoother and slower for
lane changing in dense traffic, waiting for their cooperation
(i.e., making room for the ego vehicle). (iii) The ego vehicle
tends to be more conservative in the T-junction and four-
way scenarios as there exists priority between traffic agents.
The priority is given to the pedestrians and oncoming cars
(especially in the T-junction scenario). Accordingly, the ego
vehicle tends to be defensive and merges to the target lane
only if the car obviously gives way to the ego vehicle or if
safety is guaranteed (e.g., no vehicle). The overall behaviors
are aligned with an experienced human driver who balances
between being defensive and not being too conservative.

C. On-road Demonstration

While the simulation effectively evaluates the general
performance of MPQP, there still exists a sim-to-real gap.
That is, the behavior model of other vehicles often fails
to correctly represent the decision making process of other
drivers. Simulation environments do not precisely represent

Fig. 6. Public demonstration of MPQP on a closed course in Joso city,
Japan. The white CR-V on the left of the image is the AD vehicle.

localization and perception noises. Different controllers are
used, and there are variations in the physics and system
timing. We thus extended our validation in the real-world
urban city course in Joso city, Japan, in July 2023. The
course includes several driving scenarios, including 4 way
intersection (snapshot in Fig. 6), T-junction, and lane change.

Public participants feedback was generally positive. Par-
ticipants mentioned the ride was very smooth and had good
user comfort. Some users said the crowded intersection felt
complicated even for human drivers. Some participants said
some maneuvers, like the lane change and driving around a
stopped car, felt a little dangerous but expressed that they
had trust in the autonomous driving system.

V. CONCLUSION

Inspired by the efficacy of path-speed decomposition
methods, this paper provides a mathematical framework to
optimally plan a speed profile for automated vehicles, namely
MPQP. Given a path, we leverage the Breadth First Search
algorithm to find timing combinations to follow the path
when dynamic objects are present. Each profile is then
integrated into Quadratic Programming as lower and upper
bounds. The formulation and implementation are computa-
tionally efficient, being capable of providing a new solution
within 20 ms on average for 10+ seconds of planning hori-
zon. Simulation results in CARLA demonstrate the strong
potential of MPQP, followed by a real-car demonstration
with public participants. One caveat is that this work relies
on deterministic predictions for traffic which precludes the
ability to yield interactive behaviors. Handling uncertainties
in multi-modal predictions remains for future work.
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