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Abstract— A kinematically redundant (6+3)-degree-of-
freedom (DOF) hybrid parallel robot with an axisymmetric
workspace is proposed. By arranging the first revolute joint
of each leg such that they have the same rotation axis, this
robot can achieve an axisymmetric workspace, resulting in a
large reachable workspace. In addition, type II singularities,
which critically limit the orientational workspace, can be
fully avoided by utilizing kinematic redundancy. A gripper
mechanism is developed to increase the orientational workspace
by exploiting the redundant DOFs. Moreover, the orientational
workspace can be further increased by controlling one of
the redundant DOFs to keep a certain constant angle. As a
result, the proposed hybrid parallel robot achieves a high
workspace-to-footprint ratio comparable to that of serial
robots. A CAD model of the robot and computer animations
are provided to demonstrate the large workspaces and the
gripper mechanism. A significant advantage of the proposed
robot over serial architectures is that the robot is backdrivable
since it uses direct-drive or quasi-direct-drive actuators.

I. INTRODUCTION

Parallel robots are well known for their advantages of
high speed and acceleration, improved accuracy, and high
payload capacity. In addition, this type of robot is beneficial
for increasing physical interaction performance owing to its
low moving inertia. However, a critical drawback of parallel
robots is the limited size of reachable and orientational
workspaces compared to serial robots of similar scale. Since
the robot’s moving platform is connected to multiple legs, the
workspaces of the robot are easily restricted by interference
between legs and the limited intersection area of each leg.
Type II singularities of parallel robots also deteriorate the ori-
entational workspace, which the geometric scaling of robots
cannot solve. Moreover, a disadvantage of parallel robots is
a relatively large footprint. Indeed, the low workspace-to-
footprint ratio is the main reason for reducing the usefulness
of parallel robots.

As an approach to increasing the workspace-to-footprint
ratio, several studies introduced parallel architectures with
an axisymmetric workspace. This approach, which can be
achieved by making the connection between a base and
the robot to only have one rotational axis, is advantageous
for securing a large reachable workspace because each leg
can rotate about the same axis. In [1] and [2], the authors
proposed a 3-degree-of-freedom (DOF) parallel architecture
with an axisymmetric workspace by modifying the leg con-
figuration of the delta robot. In [3], the authors suggested a
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4-DOF SCARA robot with two RRR legs and an RP leg for
a cylindrical workspace without a void. In [4]-[7], 5-DOF
and 6-DOF parallel architectures were proposed by utiliz-
ing coaxially actuated upper arms. Although these robots
achieved a large reachable workspace, type II singularities
greatly limit their orientational workspace and this issue was
not addressed.

Recently, kinematically redundant parallel architectures
have been investigated to overcome type II singularities.
Using kinematic redundancy, the legs of parallel robots can
avoid configurations that cause type II singularities for an
arbitrary configuration of the moving platform. In [8] and
[9], [10], it was shown that planar parallel architectures with
respectively 1 and 3 redundant DOFs can avoid all type
IT singularities. Spatial kinematic redundant architectures
with the same capability were proposed in [11]-[16]. In
each study, the architectures can successfully achieve a
large orientational workspace owing to singularity avoidance.
However, the legs of these architectures are fixed in dis-
tributed locations like traditional parallel robots, so the size
of the reachable workspace is still limited.

Our research goal is to develop a parallel or hybrid parallel
robot with a large reachable and orientational workspace
and a small footprint, comparable to that of serial robots.
To achieve this, we devised a novel kinematically redundant
(6+3)-DOF hybrid parallel architecture with an axisymmetric
workspace. This architecture has 3 redundant DOFs and three
legs of RRRSR architecture, where R, R, and S represent
an actuated revolute joint, a passive revolute joint and a
spherical joint, respectively. By arranging the first revolute
joints of each leg (i.e., the only joints that are fixed to the
base) to have the same axis of rotation, the axisymmetric
workspace and the small footprint could be achieved. As
suggested in [14], this architecture also utilizes the first
redundant DOF to remotely operate the open/close function
of an integrated gripper.

Moreover, we propose a gripper mechanism that further
exploits the second redundant DOF to expand the orienta-
tional workspace. Indeed, in addition to the rotatable angular
range of the moving platform, our gripper’s finger base frame
can be rotated independently from the moving platform
by a rotation of the second redundant DOF. Furthermore,
the rotation of the redundant DOF is amplified by a gear
transmission mechanism to generate more rotation of the
finger base. As a result, the rotation range of the moving
platform with respect to the rotation axis of the finger base
can be further increased by controlling the second redundant
DOF.
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R: Passive revolute joint
R: Actuated revolute joint (&)

R* R*: Revolute joint actuated by timing belt
S: Spherical joint

RL: Redundant link

Moving platform

Floating link

Fig. 1. Architecture of the proposed hybrid parallel robot.

Fig. 2.  Geometrical description of the proposed robot.

At last, the third redundant DOF is utilized to increase
the rotation range of the other redundant DOFs. Originally,
each redundant DOF had a restricted rotation range of 120
degrees for type II singularity avoidance. We found that if
one redundant DOF maintains a certain angle, the rotation
range of the remaining two redundant DOFs can be increased
to 180 degrees. Consequently, this function of the third
redundant DOF increases the amount of rotation range of
the finger base generated by the gripper mechanism above.
The estimated masses of the entire robot and gripper are
17 kg and 1.5 kg, respectively. Due to the actuators being
fixed to the base or having a small moment arm to the base,
the masses of the actuators and their mounting structures
were excluded when estimating the effective moving mass,
resulting in a total of 4.5 kg. The proposed robot is designed
to achieve a payload of 3 kg, excluding the gripper mass,
with a maximum speed of 1 m/s and a maximum acceleration
of 10 m/s2.

This paper is structured as follows. Section II explains
the proposed robot architecture. In Section III, kinematic
modelling and singularity analysis are presented. The gripper
mechanism utilizing redundancy is introduced in Section IV.
Section V shows the analyzed reachable and orientational
workspaces of the robot. Section VI introduces the contents
of CAD demonstrations of a virtual prototype. Finally, Sec-
tion VII concludes this article.

II. ROBOT ARCHITECTURE

As illustrated in Fig. 1, The architecture of the proposed
robot consists of a moving platform and three kinematically
identical legs. Each leg can be considered as a combination
of an RRR chain and an RS chain. The RRR chain generates
3-DOF positional motion of the S joint. The RS chain, which
is denoted as a redundant link, connects the RRR chain to the
moving platform and generates redundancy. Fig. 2 shows a
geometrical description of one leg. s;; denotes a vector along
the jth link of the ith leg, which has a length of 1;;. e;; is
a unit vector along the axis of the corresponding joint.

The first R joints of each leg are fixed to the ground
while their rotation axes have a coaxial line forming a
central column of the actuators. The second and third R
joints having the same axis of rotation are connected to
the first R joint through floating links. This rotation axis of
the second and third R joints is perpendicular to the axis
of the first R joint. As illustrated in Fig. 1, the floating
links for leg 1 and leg 3 have an angled shape to avoid
interference with the central column. The second actuated
joint rotates a proximal link directly. Unlike typical parallel
robots using a 5-bar planar linkage architecture to rotate
the distal link, the proposed robot has a timing pulley/belt
mechanism to minimize interference between legs. Since the
RRR chain of each leg forms a vertical work plane, the
workspace deterioration due to interference between legs and
work environments can be greatly reduced.

The redundant link is connected to the distal link by an
S joint and to the moving platform by an R joint. The R
joints of each redundant link are located on the vertices of
a triangular end-effector and have parallel axes. The total
number of actuated revolute joints is 9. Even though the
moving platform has 6-DOFs, each redundant link generates
an additional 1-DOF, so the total number of DOFs for the
proposed robot is 9. Therefore, the proposed robot does not
have actuation redundancy that causes antagonistic forces in
the structure. Furthermore, the robot can avoid configurations
that cause type II singularities by utilizing the redundant
DOFs.

III. KINEMATIC MODELLING AND SINGULARITY
ANALYSIS

A. Kinematic modelling of the proposed robot

Through kinematic modelling, we derive the Jacobian
matrices which provide the relation between a vector of
Cartesian velocities of the moving platform and a vector of
actuated joint velocities. Since the proposed robot architec-
ture is essentially the same as that of the robot proposed in
[14] in terms of kinematic modelling, the detailed equations
of this reference can be used. Nevertheless, this section
briefly introduces the kinematic model of the proposed robot
to clearly describe the architecture. As shown in Fig. 2, a
global frame and local frame attached to the centroids of
the base and moving platform are described as OXY Z and
O'z'y' 2, respectively. Vector p represents the position of O’
with respect to O. Vector r; is the position of the spherical
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joint with respect to O. Vector n denotes the unit vector
along the axis of the R joint of the redundant links. Vector
d; represents the position of the R joint of the ¢th redundant
link. @ is the orientation of the moving platform with respect
to the fixed frame. All vectors are expressed in the global
coordinate frame, except for d;, which is expressed in the
local frame. To derive the kinematic model, two geometrical
constraint equations of each leg are formulated, resulting in
six constraint equations. The first constraint equation which
expresses that the length of the redundant link is constant is
written as,

(P+Qd; — )" (p+ Qd; —r;) = [su|* (1

Also, the redundant link must be orthogonal to vector n
which yields
n”(p+Qd; —r;) = 0. )

In (1) and (2), index i refers to the legs with values 1, 2 and
3. The time derivative of (1) yields,

sup + [(Qd;) x sig)w = st 3)

To express r; in the right-hand side of (3), the relation equa-
tion between a vector of Cartesian velocities of the spherical
joint and a vector of actuated joint velocities is required.
As shown in Fig. 2, the timing pulley/belt mechanism is
represented as the virtual 5-bar linkage and the radius of the
timing pulley is denoted by s,,,. Using the detailed derivation
in [14], the relation is written as follows,

;= J;7'W,0;, (4)
where
el
Ji=| sk 5)
lpu T
Tis Si2
and
Wil 0 0
Wl‘ = 0 S;Tg (eig X Sig) 0 (6)
0 wWiz2 sh(eis x Spu)
with
winn = (5 —si1)” (e x e;1) @)
lpu
wiza = (1 4+ 2%)si57 (si2 X €:2). (8)

li
By substituting (4) into (3), the kinematics of the global
robot is derived as,
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sty [(Qdy) x sua]” {
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where

k] =s1,J;'"W,,i=1,2,3. (10)

and 'OT' represents a zero vector of dimension 1 x 3. 0, =
[0510:20;3])T is a vector of three actuated joint velocities of
ith leg with dimension of 3 x 1.
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Fig. 3. Type II Singularity analysis. (a) Description of the Pliicker lines.
(b) Singular conditions of matrix J 4. The common plane is perpendicular
to the moving platform. (c) Singular conditions of matrix J . (d) The effect
of a redundant DOF with a certain constant angle.

Next, the time derivative of (2) is written as

n’p + (c; x n)Tw =n'ry, (11
where
c; = Qd; — si4. (12)
Using (4), the right-hand side of (11) is expressed as
ki, =n"J;'W,i=1,2,3. (13)

By substituting (13) into (11), the three velocity equations
obtained from the second constraint equation are as follows,

n? (c; xn)T] . kI of o él

n?  (cy x )T [p]: ol kI oT| |0,|. (19)
w .

T (e3 xn)T o” oT kI| |6,

Finally, the Jacobian matrices are derived by combining
(9) and (14) as

Jt =K®6 (15)

where t denotes [p”w”]7, 0 is [0,0,05]T and matrices J

and K are written as
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(a) Implementation design of the proposed robot. The redundant link 3 (RL 3) is hidden behind the gripper. The RL 3 is connected to the gripper

frame via a simple revolute joint. (b) Additional rotating function generated by redundant link 1. (c) Finger open/close function generated by redundant

link 2.

B. Singularity Analysis

The type I and II singularities of a leg occur when W;
of (9) and J; of (5) are singular, respectively. In practice,
these singularities can be avoided by a proper dimensioning
of linkages. The configurations causing these singularities
and their avoidance were addressed in detail in [14]. The
type II singularities of the moving platform that can occur
in the robot configurations correspond to singular conditions
of matrix J of (16). To simplify the singularity analysis,
matrix J is expressed in the local coordinates of the moving
platform and divided into two matrices as

0 0 1 ay bl 0 i
JA = 0 0 1 a9 b2 0 (18)
0 0 1 as b3 0 1
and ~
fa g2 0 0 0 hy
Jo=1|/fs g5 0 0 0 hs (19)
Je g6 0 0 0 he |

The sub-matrices J 4 and J g consist of rows 2, 4 and 6
and rows 1,3 and 5 of matrix J, respectively. Since these
two matrices are completely independent from each other,
the singular conditions of J can be identified separately as
the conditions for which either J 4 or Jp loses rank. Each
row of the sub-matrices can be expressed as a geometrical
line of Pliicker coordinates. The Pliicker lines of matrix
Ja are parallel to n and pass through the centre of the
spherical joints. The Pliicker lines of matrix Jp have the
same directions as their corresponding redundant link. In
Fig. 3(a), the Pliicker lines are illustrated as Pl and Pl
where 7 denotes each row of the sub-matrices. According
to Grassmann line geometry (GLG), the sub-matrices lose
their rank when 1) the three lines are parallel to each
other in the common plane, 2) the three lines, which are
in common plane, have a common intersection point, 3)
any two lines among three lines coincide. Fig. 3(b) and (c)
show the configurations of the redundant links corresponding

to the singular conditions. It was proved that all of the
type II singular conditions can be avoided by restricting
the redundant DOF in a 120-degree rotation range [14], as
illustrated in the left side image of Fig. 3(d).

Here, we propose a method to extend the rotation range
of the redundant DOF. Because the rotation range deter-
mines the possible configuration of each leg for singularity
avoidance, an extension of this range is important to reduce
the interferences between legs and increase the dynamic
performance of the robot. Moreover, since we utilize the
redundant DOF to generate further rotation of a gripper,
the extension of the rotation range can increase this rotation
range of a gripper. As illustrated in the right image of Fig.
3(d), when one redundant DOF maintains an angle that
makes its redundant link point to the R joint of another
redundant DOF, the rotation ranges of the two free redundant
DOFs are increased to 180 degrees. For example, if the
redundant DOF 3 points to the R joint of the redundant
link 2, the intersection point always occurs at the R joint
position of the redundant link 2. Therefore, if the redundant
link 1 is limited to a rotation range that does not pass the
straight line connecting R joints 1 and 2, the three Pl%
lines cannot meet at a common intersection point. At the
same time, if the redundant link 2 is limited to a rotation
range that does not pass the straight line connecting R joints
2 and 3, the three Pl% lines cannot be parallel to each
other. Consequently, when one redundant DOF maintains
the aforementioned angle, the rotation angles of the two
remaining redundant DOFs increase to 180 degrees.

IV. GRIPPER MECHANISM

The redundant DOFs that overcome the type II singulari-
ties to ensure a large orientational workspace can be further
exploited to generate additional functions of a gripper. As
shown in the singularity analysis, except for the redundant
DOF with a constant angle, the remaining two redundant
DOFs can rotate freely within a range of 180 degrees. There-
fore, the two redundant DOFs can be considered as remotely
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Workspace analysis of the proposed robot. (a) Reachable workspace. (b) Constant orientation workspace when the moving platform rotates 60

degrees around the Z axis. (c) Constant orientation workspace when the moving platform rotates 90 degrees around the Y axis.

controlled actuators. Moving on from our previous studies
that achieved only one function of the gripper, the proposed
gripper mechanism is developed to have three functions by
fully utilizing the redundancy. The first function is finger
open/close generation. The second function is a generation
of finger base rotation which is called a finger base twist.
The last function is the expansion of the rotation ranges of
the other redundant DOFs by maintaining a constant angle.

The implementation design of the proposed robot is il-
lustrated in Fig. 4(a). Three actuators of each leg control
the position of each spherical joint. Motor 2 actuates the
proximal link of a leg. The distal link is driven by motor 3
through a timing belt which is installed inside of the proximal
link. The angles of each redundant DOF are determined
by the position control of each spherical joint. The twist
generation and finger open/close functions are assigned to
the redundant links 1 and 2, respectively. The redundant link
3 performs the third function.

The twist rotation by the redundant link 1 is generated in
the following sequences (see Fig. 4(b)). Since the finger base
where finger links are installed is separated from the gripper
base, it can rotate independently. The axis of the twist is y’
of the local frame. When redundant link 2 rotates clockwise,
spur gear 1 connected to the link rotates. The rotation of spur
gear 1 is transmitted to spur gear 2, resulting in the rotation
of bevel gear 1. Because the finger base is connected to the
bevel gear 2, the rotation of the bevel gear 1 rotates the
bevel gear 2 resulting in the rotation of the finger base. The
rotation of this finger base can further expand the orientation
workspace determined by the configuration of the moving
platform in the twist direction. There is an amplification ratio
of 1.5 between spur gears 1 and 2 so that the rotation range
of the redundant 180 degrees produces 270 twist rotations.

Next, the finger open/close function is achieved in the
following order (see Fig. 4(c)). When redundant link 2 rotates
clockwise, connected spur gear 1 rotates about the axis of
the corresponding redundant DOF. The rotation of spur gear
1 makes the rotation of spur gear 3 through spur gear 2.
The rotational motion of the spur gear 3 creates an upward
linear motion of the shaft connected with the circular rack
gear. The linear motion of the circular rack gear connected

on the opposite side of this axis generates a rotational
motion of spur gear 4, resulting in fingers opening. By the
same process, counterclockwise rotation of the redundant
link closes the finger. During this transmission process, the
amount of rotation is maintained and the finger rotates as
much as the redundant link rotates. Since the two functions
are mechanically separated, each function can be controlled
independently. This gripper design is advantageous for reduc-
ing its mass and the complexity of electrical or pneumatic
wiring because it utilizes the moving platform of the parallel
robot as the main frame and the kinematic redundancy to
create functionality without additional actuators.

V. WORKSPACE ANALYSIS

The evaluation of the workspace consists of reachable
workspace, constant orientation workspace and orientational
workspace analysis. The links and joints are considered as
straight-line segments and points, respectively in a simulation
model to reduce a computational burden. In addition, the
angles of each redundant joint are fixed to the specific
constant values for forming an equilateral triangle of the
spherical joints. Since the proposed robot has an axisym-
metric workspace, the evaluations are conducted only on a
representative X Z plane (X > 0,Y = 0) and the results on
this plane are expanded by rotating it around Z. Using polar
coordinates, the simulation intervals of radius and rotation
angle to Y axis are set to 1mm, 3 degrees for the outer
boundary area and 5 mm, 18 degrees for the inner boundary
area. The mechanical interferences between the proximal,
distal and redundant links are considered in this analysis.

Fig. 5(a) shows the axisymmetric reachable workspace
of the robot. The reachable workspace means all positions
that can be reached by the moving platform with at least
one orientation. Due to the interference between the column
structure and the floating frame, the angle range of the axial
symmetry is limited to about £ 110 degrees. Inside the
reachable workspace, there is a cylindrical hole because of
type I singularities that occur when the spherical joint of
the central leg is located on the axis of rotation of the first
actuator. The constant orientation workspaces of the robot
are illustrated in Fig. 5(b) and (c). A constant orientation
workspace refers to all positions that can be reached by
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Fig. 6. (a) Orientational workspace with respect to the X axis rotation.
(b) Orientational workspace with respect to the Z axis rotation.

the moving platform when the orientation of the platform
is kept constant. Fig. 5(b) represents the constant orientation
workspace when the moving platform is rotated 60 degrees
around the global Z axis from its reference orientation.
This constant orientation workspace has a reduced volume
compared to the reachable workspace. In particular, there
is a large cylindrical hole at the centre of the workspace
due to the interference. Fig. 5(c) illustrates the constant
orientation workspace when the moving platform is rotated
90 degrees around the global Y axis. Although the volume
of the workspace is smaller, the shape feature of the central
cylindrical hole is similar to that of the reachable workspace.

Next, the orientational workspace is analyzed. Because
type II singularities can be completely avoided through
kinematic redundancy, we focus on the interferences between
links restricting the workspace. Fig. 6(a) and (b) show the
orientational workspaces with respect to the global X and
Z rotations of the moving platform, respectively. The colour
of the graph indicates the rotational range of the moving
platform. The average rotational range of X axis rotation
is 198 degrees. As shown in Fig. 6(a), the X axis rotation
range shows significant differences depending on the location
within the workspace. Near the outer boundary, a wide
rotation of about 300 degrees is possible, while only a narrow
rotation of about 50 degrees is possible at the bottom right
and top right. Through a visual representation of the robot
configuration at each location, the reasons for the narrow
rotation range are identified. For the bottom right area, the
interference between the distal link of the central leg and
the proximal links of the side legs is a restricting factor. The

interference between the proximal link of the central leg and
the proximal links of the side legs mainly limits the rotational
range at the top right area. The average rotational range of
Z axis rotation is 192 degrees. Although this value is lower
than that of the Z axis rotation case, the rotational ranges
are distributed more uniformly in the workspace. Especially,
since the gripper mechanism can generate an additional 270
degrees of rotation around the Z axis, one revolution of the
gripper can be achieved at almost all positions, resulting in
enough reorientation range of a gripped object.

VI. VIDEO ANIMATIONS OF THE VIRTUAL PROTOTYPE

The animation of the CAD model of the prototype is
provided as supplemental material to explain the robot and
gripper motions in more detail. At first, the animation
demonstrates translational motions in the X Z plane. Second,
the rotational motion of the robot around the X-axis is
demonstrated to show the axisymmetric workspace. Next, the
orientational motions of the moving platform are presented.
The last part presents finger open/close and twist functions
which are remotely controlled by the actuators mounted near
the base.

VII. CONCLUSION

In this article, we propose an axisymmetric kinematically
redundant (6+3)-DOF hybrid parallel robot for increasing the
ratio of workspace to footprint while allowing mechanical
backdrivability. The axisymmetric workspace is achieved by
placing the first actuator of each leg coaxially. By the kine-
matic redundancy, the proposed robot can fully avoid type
IT singularities resulting in a large orientational workspace.
Moreover, we suggest a method of utilizing a redundant DOF
to further expand the orientation workspace. When one of
the redundant DOFs is fixed to a certain angle, the rotation
ranges of the remaining redundant DOFs increase from 120
degrees to 180 degrees. In addition, the proposed gripper
mechanism can generate 270 degrees of the additional rota-
tion of the gripper around the 3’ axis of the moving platform.
The results of workspace analysis show that the proposed
robot achieves a large axisymmetric workspace. The orien-
tational workspace analysis shows that the average rotation
ranges of the moving platform about the global Y and Z
axes are 198 and 192 degrees, respectively. In particular,
the global Z axis rotation allows one revolution within the
workspace owing to the additional rotation function of the
gripper. As a result, the proposed robot achieves low moving
inertia and improved accuracy, which are the advantages of
parallel robots and a large translational and orientational
workspace compared to the footprint. The implementation
design of the prototype utilizes a quasi-direct-drive motor to
ensure backdrivability. Due to these advantages, the proposed
robot is ideal for physical interaction. Our future works
include evaluating the physical interactive performances by
measuring the bandwidth and perceived inertia of the manu-
factured prototype. Quantitative comparisons with conven-
tional serial robots will be conducted using experimental
results of the manufactured prototype.
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