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Abstract— A Control Barrier Function (CBF)-based motion
planning algorithm is proposed. The algorithm explores an
unknown environment to reach a target point, providing ve-
locity commands to the robot controller module. CBFs, along
with a circulation inequality are used to generate safe paths
toward the goal while preventing collisions with obstacles. The
proposed global navigation scheme is experimentally verified
on a quadruped platform to demonstrate safe, collision-free
exploration over long distances.

I. INTRODUCTION

Developments in manufacturing technologies, computation
capabilities, and software toolkits enabled the realization of
legged robots that can traverse uneven terrains that wheeled
or skid-steering robots cannot, although with the added com-
plexity, cost, and power consumption [1]. Safety becomes an
important consideration for not only preventing damage to
the environment but also to the equipment itself.

Navigation, a prerequisite for autonomous capabilities in
a mobile robotic platform, depends on the position and
orientation estimation in the working environment. Drift-
free position information through global navigation satellite
systems (GNSS) [2], [3] is not reliable in artificial, indoor
structures where the radio signals cannot reach the robot.
Many options are available for GNSS-denied localization
[4]. In a controlled environment, a robot can extract reliable
pose information via the use of motion capture systems
[5], fiducial markers affixed to the environment at known
locations [6] or in known shapes [7], with ultra-wideband
(UWB) or similar radio frequency beacons [8], or with prior
information about the environment [9].

Unfortunately, many real-life robotic missions happen in
uncontrolled, unknown environments, invalidating the use of
all of the aforementioned methods. In an unknown navigation
scenario, the vehicle needs to simultaneously localize itself
and generate a map of the environment, a problem com-
monly referred to as simultaneous localization and mapping
(SLAM) [10]. However, false associations and dynamic
objects can degrade the map quality significantly, creating
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a need for robust path planning and navigation algorithms
with safety guarantees.

In this work, a navigation algorithm that does not assume
any a priori knowledge of the map and that leverages the
benefits of Control Barrier Functions (CBFs) [11]–[16] is
proposed. With the CBF framework, it is possible to compute
safe velocity commands guiding the robot to a target point,
given a function that provides the distance between the robot
and the environment at a given configuration and a target
velocity. This is used to both plan a safe path towards the
target and to avoid collisions in the proposed algorithm. For
path planning , it is known that CBFs are prone to generate
paths that converge to undesirable equilibrium points [17].
To mitigate this issue, the modification proposed in [18] is
applied, which incorporates additional inequality constraints
to circulate around obstacles. This modification is espe-
cially useful in maze-like environments with long corridors
and corner points. Following the walls either clockwise or
counter-clockwise is often enough to generate a safe, smooth
path toward a target, which will be demonstrated in the
experimental section of this paper.

Unlike many of the existing path planners ( [19]–[21]
to cite some recent examples), the proposed approach is
deterministic, not requiring any probabilistic schemes (e.g.
RRTs, PRMs) for navigation. Deterministic planners have
advantages over non-deterministic ones as predictability and
simplicity (it is easier to verify and validate). Finally, the
proposed idea can be adapted to other modes of motion.
Although the demonstrated implementation considers a robot
in 2D without non-holonomic constraints (with 2D position
and orientation controlled independently), with some modifi-
cations the idea can also be applied to other types of robots as
drones that move in the 3D space with arbitrary 3D rotations.

The contributions of this paper are:
• A deterministic and global planner with CBF and cir-

culation constraints that can traverse complex paths in
maze-like environments,

• The formulation of a differentiable distance-like func-
tion between a robot represented as a rectangle, and a
discrete point cloud representation of the environment.
This differentiable formulation is necessary to imple-
ment the CBF inequalities.

• A modification of the vector field implementation pro-
posed in [22] that can be generalized to motion in SE(2),

• Experimental validation of the proposed method on a
real quadruped platform.
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The details of the proposed algorithm are provided in
Section II. Experimental studies, along with the parameters
used for the test, are given in Section III, and concluding
remarks can be found in Section IV.

Mathematical notation: All the vectors are column vec-
tors. (·)⊤ represents the transpose. Given a function f(q),
∇gf(q) is a column vector representing the gradient on the
subset of variables g of q. S is the set of points in a circle,
representing the topology of rotations in the 2D space. The
symbol 0a×b represents the a× b zero matrix.

II. METHODOLOGY

A. Problem statement

This paper considers a robot in a plane with position p ∈
R2 and orientation θ ∈ S, as expressed in a fixed (world)
frame. The vector q = [p⊤, θ]⊤ ∈ R2 × S is the system
configuration. It is assumed that the robot’s linear velocity
and angular velocity can be controlled independently, that
is, ṗ = vD and θ̇ = ωD and thus, as far as the proposed
algorithm is concerned, vD ∈ R2 and ωD ∈ R are the system
inputs. It is assumed that the environment is not known a
priori. Furthermore, the robot is equipped with a LiDAR that
allows it to build a (time-varying) map of the environment
M(t), represented as a (time-varying) finite set of points
ri ∈ R2, also expressed in the world frame.

The robot aims to reach a target position pGL, described
in the world frame, though the same algorithm can be used
for exploration with a slight modification.

B. Algorithm overview

Figure 1 shows an overview of the control scheme. At
the top, the Localization/Mapping module uses the LiDAR
measurements to estimate the robot’s configuration q and to
generate the current map M. This information is fed to the
Global Planner module whose purpose is to compute the
linear velocity vD and angular velocity ωD for the robot.
The computed velocities are then provided to a Velocity
Controller module that controls the motor motions to comply
with these velocities.

Fig. 1. Overview of the algorithm.

The localization/mapping module will be discussed in
Subsection II-C. The structure of the Global Planner is
shown in more detail in Figure 1. It is divided into four
sub algorithms which will be explained in detail in the
forthcoming subsections. The velocity controller module is
omitted as the high-level controllers on board the quadruped
platform are used.

The Global Planner, the genPath function, receives the
current configuration, current map, and the current target
position pTG (not necessarily pGL, as explained later) and
generates a safe path (position and orientation) from the
starting configuration to the target position. It returns a path
P and a flag S saying if it was successful or not in planning
the path towards pTG. The path is not updated at every step
of the control loop but at every TGP step-units.

Assuming that a path is successful (S = TRUE ), the path
and the current configuration are passed to the vecField
algorithm that generates linear and angular velocity com-
mands vVF, ωVF to track the path P . The path P is planned
to be safe with the map information available at the time
(however, the path may lead to collisions with the unexplored
portions of the environment). To mitigate potential collisions,
the CBFfilter function takes the current map, configura-
tion, and velocities vVF, ωVF generated from the vector field
and “filters” them to guarantee that the velocities generate
safe motions with the most up-to-date map knowledge. These
filtered results are then supplied to the velocity controller.

If the path from genPath is unsuccessful (S =
FALSE ), then the robot reaches a dead end. In this case,
selectPoint algorithm is executed to select a new target
point pTG to explore the environment, aiming to reach pGL.
This is done by selecting a suitable frontier point to explore,
following the seminal work [23].

C. The localization/mapping module

Leveraging the LiDAR on board, the robot uses KISS-
ICP [24], an odometry algorithm that uses Point-to-Point
ICP for fast and reliable odometry without any additional
sensor, as the basis for localization. No inherent loop closure
mechanisms are implemented within KISS-ICP, but the sys-
tem is observed to provide minimal drift, thus providing an
ideal condition to test the safety guarantees of the proposed
system. Odometry information obtained from KISS-ICP is
used to generate an octree-based 3D occupancy grid map
with OctoMap [25] library. To reduce the computational load
in mapping, LiDAR readings are integrated into the OctoMap
up to dmax distance away.

Following [26], the 3D binary occupancy information is
reduced to a 2D binary occupancy map via a conservative
projection of the map within a height range [zmin, zmax]
onto xy-plane. The time-varying map representationM(t) is
comprised of the occupied voxels of the projected 2D binary
occupancy grid map. The odometry information projected
onto this 2D occupancy map provides the system configura-
tion vector q.
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D. The robot-to-map safety function

Given a mapM as a set of points ri ∈ R2, it is necessary
to define a differentiable function that measures how far the
robot is from this point cloud given the current configuration.
This function does not have to be exactly the Euclidean
distance function but should approach 0 when close to the
points and increase when far from it. The metric will be
called robot-to-map safety function.

Before this, the robot-to-point safety function S : R2×S×
R2 7→ R will be defined. This function S(q, r) gives a metric
between the robot at the configuration q ∈ R2×S and a single
point r ∈ R2, with r = [rx ry]

⊤. For this, it is convenient
to consider first the function S0(r) that computes this safety
in the particular case when p = 02×1 and θ = 0, that is,
S0(r) = S(03×1, r). This function has three parameters:
the robot width WR, robot length LR and the smoothing
parameter hR, that will define the geometry of the robot.
The function S0(r) is defined as:

h2
R log

[
1

2

(
exp

(
r2x−L2

R/4

h2
R

)
+exp

(
r2y−W 2

R/4

h2
R

))]
.

The level set {r ∈ R2 |S0(r) = 0} can be seen in Figure 2,
and represents the geometry for the robot. It is a smoothed
rectangle with (approximate) width and length WR and LR
respectively. The smoothing is necessary because the gradi-
ent of this function on r will be necessary. The gradient is not
always continuous for a rectangular geometry. Regardless,
with this definition, it is possible to define S(q, r) simply
as S(q, r) ≜ S0(Q(θ)⊤(r − p)), in which Q(θ) is the 2× 2
rotation matrix of the angle θ counter-clockwise. This means
that the safety is computed by mapping the point r written
on the (p, θ) coordinates into (p′, θ′) coordinates in which
p′ = 02×1 and θ′ = 0, and then applying S0.

-1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3 3.5
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Fig. 2. Geometry of the robot (set {r ∈ R2 |S0(r) = 0}) for
different values of LR,WR and hR. Note that when hR → 0, the geometry
approximates a rectangle with width WR and length LR.

Once S(q, r) is defined, it is possible to define the robot-
to-map safety function SM(q). One first idea is to define
SM(q) as the minimum of the values S(q, ri) among all
points ri ∈ M. However, this definition implies a non-
differentiable function SM due to the effect of the minimum
function. This issue can be solved by using a smoothed
(differentiable) approximation of the minimum [27]. So, it
is possible to define:

SM(q) ≜ −h2
S log

 1

|M|

|M|∑
i=1

exp
(
− S(q, ri)/h

2
S

) (1)

in which hS is a parameter. When hS → 0, SM(q) converges
to the true minimum function.

E. The genPath algorithm

Given a starting pose q0 ∈ R2 × S, the map M and a
desired position pTG, the (P, S) ← genPath(q0,M, pTG)
function should provide a path in the pose space between the
starting pose and the final position (no constraint is imposed
in the final orientation) while considering the obstacles
codified into M. This is done by using a CBF+Circulation
formulation, proposed in [18], with a modification to con-
sider the orientation of the robot. This formulation will
generate a sequence of linear v = [vx vy]

⊤ and angular ω
velocities that, once integrated numerically, generate a path
in the pose space. This path will guide the starting pose to
the desired position.

For the objective function, a steering controller for the
linear velocity uv(q) ≜ −Kv(p − pTG), for a positive
scalar Kv, is considered. This would drive the position
to the target one if the obstacles were disregarded. Thus,
one part of the objective function is ∥v − uv(q)∥2, in
which v is the linear velocity. Furthermore, even though
the quadruped does not have a non-holonomic constraint,
it is desirable to impose it as a “soft constraint” to in-
duce the robot to move forward (instead of sideways) as
much as possible. So, a steering controller for the angular
velocity, uω(q, v) ≜ −Kω sin(θ)vx + Kω cos(θ)vy , for a
positive scalar Kω , is also included. This induces the non-
holonomic constraint − sin(θ)vx + cos(θ)vy = 0. Define
rω(q) = [−Kω sin(θ) Kω cos(θ)]. Thus the other part of the
objective function is ∥ω − rω(q)v∥2. The objective function
is therefore:

min
v,ω

∥v − uv(q)∥2 + ∥ω − rω(q)v∥2 (2)

which is quadratic and strictly positive definite on the vari-
ables (v, ω). The first constraint of this optimization problem
is the classical CBF constraint:

d

dt
SM = ∇pSM(q)⊤v +

∂SM

∂θ
(q)ω ≥ −KCBFSM(q) (3)

for a positive KCBF. It is important to note that since the
map is time-varying, so is the function SM(q) = SM(t)(q).
Therefore, the partial derivative term in t, ∂SM(t)

∂t (q), should
be added to (3). However, this term is disregarded, especially
since the function SM(t)(q) is not continuous -and therefore
not differentiable - on t, due to the fact that the map is
updated “discretely” by new points being added into the map.

The other constraint is the modification proposed in [18],
which helps the system avoid local equilibrium points. Given
an anti-symmetric 2× 2 matrix Ω and a function β : R 7→ R
that is decreasing and such that β(0) > 0, the following
constraint is implemented:(

Ω∇pSM(q)
)⊤

v ≥ −β
(
SM(q)

)
. (4)

With (2) as objective function and constraints in (3) and (4)
a strictly convex QP for the variables v, ω is defined. With
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this QP, one can integrate it for T time units to generate a
path into the pose space.

This path generation procedure is performed for three
different values of matrices Ω, namely a positive rotation
of 90o, a negative rotation of 90o, and the zero matrix (no
circulation). For the “no circulation”, the constraint in (4) is
effectively removed. If no path is successful in reaching the
target point, the genPath algorithm returns S = FALSE
and an empty path P . If at least one of them is successful,
the genPath algorithm gets the best among them (the
shortest) and performs a post-processing step on it to improve
its safety. So given the samples qk of this path, iterations
of the form qk ← qk + η∇qSM(qk) for a positive η are
performed. This path is then returned along with the success
flag, S = TRUE.

F. The vectorField algorithm

For path tracking, a vector field approach based on [22]
is used to compute (vVF, ωVF) ← vectorField(q,P),
i.e., the velocities that should be followed to track the path
P at the current configuration q (the map M is not used
in this function). For the sake of mathematical exposition,
the path is initially considered as a differentiable mapping
qP : [0, 1] 7→ R2×S, i.e., a parameterized position pP(s) and
orientation θP(s) for the robot, qP(s) = [pP(s)

⊤ θP(s)]
⊤.

The methodology presented in [22] cannot be applied directly
because it assumes that the target path is Euclidean, which
is not the case here due to the presence of the rotation.
[22] proposes a strategy to “Euclidianize” the target curve
by considering many copies of it along the dimensions
of S. Inhere, a simpler approach is proposed. Consider
the distance-to-path function DP(q) ≜ mins∈[0,1]

{
0.5∥p −

pP(s)∥2+1−cos
(
θ−θP(s)

)
}. This distance function takes

into consideration the topology of the rotation space S.
To apply the methodology in [22], it is necessary to define

the normal and tangent vector to the path. Let s∗(q) be the
minimizer of the optimization problem for DP in a given
q ∈ R2× S. In a similar reasoning as presented in [22], it is
possible to deduce that, as long as s∗(q) is unique

∇qDP(q) =

[
p− pP(s

∗(q))

sin
(
θ − θP(s

∗(q))
) ]

. (5)

This allows the definition of the normal vector NP(q) ≜
∇qDP(q)/∥∇qDP(q)∥. The tangent vector TP(q) can be
defined using the derivative of qP(s) on s as TP(q) ≜
q′P(s

∗(q))/∥q′P(s∗(q))∥. The Karush-Kuhn-Tucker condi-
tions applied to the optimization problem for DP guarantee
that indeed NP(q) and TP(q) are orthogonal (a key feature
for the vector field algorithm, as explained in [22]) whenever
the two vectors are defined.

Given a function G : R+ 7→ [0, 1] that vanishes if and
only if its argument is 0, H(u) ≜

√
1−G(u)2 and a speed

multiplier AVF, the vector field fVF : R2 × S 7→ R3 can be
defined, following [22]:

fVF(q) ≜ AVF

(
G
(
DP(q)

)
NP(q)+H

(
DP(q)

)
TP(q)

)
. (6)

The first two components of this 3D vector represent the lin-
ear velocity vVF to track the path, whereas the last component
is the angular velocity ωVF.

The path provided by genPath is not a continuous func-
tion qP , but a sampled version {qk}, k = 1, 2, ..., N . First,
it may be necessary that this path is upsampled (using, for
example, linear interpolation) to a set {q̃k} = {[p̃⊤k θ̃k]

⊤},
k = 1, 2, .., N ′, with N ′ > N . The optimization problem for
DP(q) can be solved numerically by checking all the points,
obtaining the optimal index k∗(q) so qP(s

∗(q)) = q̃k∗(q).
With this, (5) can be used to compute NP(q). Numerical
differentiation can also be used to compute TP(q), however,
special care must be taken when numerically differenti-
ating the orientation θk, due to the topology in S. With
this consideration, TP(q) can be calculated by computing
∆q = [(p̃k∗(q)−p̃k∗(q)−1)

⊤ sin(θ̃k∗(q)−θ̃k∗(q)−1)]
⊤ and

then TP(q) ≈ ∆q/∥∆q∥.

G. The CBFfilter algorithm

The function (vD, ωD)← CBFfilter(q,M, vVF, ωVF) is
relatively simple. The optimization problem is a QP with an
objective function:

min
vD,ωD

∥vD − vVF∥2 + ∥ωD − ωVF∥2 (7)

with the same constraint as in (3), but with v and ω switched
to vD and ωD respectively. By solving this QP, the outputs
vD, ωD can be obtained.

H. The selectPoint algorithm

The genPath algorithm may fail to generate a path
between the starting configuration and the target position
pTG. In that case, the pTG ← selectPoint(q,M) al-
gorithm is responsible to select a new point pTG, always
aiming to find the “global” target pGL. Once it is called, the
algorithm processes the map M to find the set of frontier
points, which is a set of points {rF

i } from the 2D binary
occupancy map that is (a) in the contour of the free region,
(b) is in the 8-neighborhood of an unknown region (i.e., a
region without any label), and (c) does not have any occupied
cells in its 8-neighborhood. Continuous segments of frontier
points are clustered together. The point rC

i with the largest
safety function value SM(rC

i ) is selected from each cluster,
reducing the set of points that are candidates for exploration.

The selection is based on the following criteria: the frontier
points that provide the shortest predicted route between the
current configuration q and the global target pGL, LP(rC

i ).
The predicted path length is composed of two terms, LP1 and
LP2, that are computed using the exploration graph G. This
graph is constructed as the robot moves in the environment.
Each node represents a visited position p and there is an edge
between two nodes if the robot travels between the respective
points. The weight of the edge is the traveled distance.

The first component, LP1, is the length of the path from
the current configuration q to the candidate frontier point
rC
i . This can be estimated by the graph G by finding the

shortest path (on the graph) between the closest node to the
current position p (so the robot orientation is ignored) and
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the frontier point rC
i . The algorithm disregards orientation

to enhance efficiency. Given that the robot is not subject
to non-holonomic constraints, it is expected to accurately
follow any continuous path within the position space without
being significantly affected by its orientation. The second
component, LP2, can be estimated by using the genPath
function to plan a path between the frontier point rC

i and the
global target pTG. If this function is not successful, LP2 is
assigned to a very large number, but this should not prevent
the point rC

i from being selected.
Execution time for selectPoint algorithm depends on

the number of frontier points to be tested and the number
of obstacle points to validate. With the naive implementation
on a single thread, the execution time can reach 10 s. The
algorithm permits parallelization (i.e. multi-core or GPU) to
reduce selectPoint algorithm computation, but is not
implemented as part of this work. Once a frontier point
is selected, the selectPoint algorithm will generate a
sequence of target points pTG that travels the graph and then
goes to the selected frontier point. Once it is reached, pTG
is set to the global target pGL.

III. EXPERIMENTAL STUDIES

The algorithm was tested at the interior of the NYUAD
campus using a Unitree B1 quadruped robot (see Figure 4,
top left tile). The robot is tasked to reach a rough coordinate
provided in the map frame, without any prior information
about the environment and layout. The robot needs to navi-
gate through narrow openings that do not admit to crossing in
any arbitrary orientation for a rectangular footprint. Figure 3
provides a sketch of the environment, showing the geometry,
starting point, target point, and obstacles (boxes and doors).

Door

Box

Start

Goal

2m

2
.7

m
1m

3m

3
m

2m

36.6 m

28.5 m

30.0 m

Fig. 3. Sketch of the environment used in the experiment.

The Localization/Mapping module generates pose and
map estimates at 10 Hz, matching the LiDAR update rate.
Map updates are performed at dmax = 10 m with a resolution
of 0.1 m. The OctoMap algorithm is observed to fall behind
the target rate, but odometry updates are received consistently

at around 10 Hz. As such, the functions vectorField and
CBFfilter match the 10 Hz update rate.

The value selected for TGP was 25 steps, which means
that a path is replanned using genPath at every 25/10 s =
2.5 s. For the robot geometry, hR = 0.15 m, LR = 1.5 m,
WR = 0.50 m and hS = 0.15 m were used. For the
genPath parametrization, Kv = 0.4 s−1, Kω = 4.0 s−1,
KCBF = 1.0 s−1 and β(s) = cβ(1 − s/s0) in which
cβ = 1.25 m/s, s0 = 0.10 m. For the vectorField
algorithm, the parameters selected were AVF = 0.45 m/s
and G(u) = (2/π)atan(

√
u/uG), in which uG = 0.25 m.

Figure 4 shows photos from the experiment, while Figure
5 provides visualizations of the experiment, highlighting
the characteristics of the algorithm, while also showing the
timestamp and the current circulation matrix Ω. The robot
was able to finish the task in 8 minutes, traveling 183 m
(and thus with an average speed of 0.38 m/s). Note that the
proposed circulation+CBF planner was appropriate for the
geometry of the environment, composed of corridors with
corners. This is seen in Figure 5-(Top Center), in which the
plan was able to circulate the corners towards the target.

Fig. 4. Snapshots of the experiment at Top Left: t = 0 s, Top Right: at
t = 80 s, Bottom Left: at t = 305 s and Bottom Right: at t = 380 s. To
see the robot in action, see https://bit.ly/risclab-cbf-quadruped-icra24.

IV. CONCLUSION

In this paper, a CBF-based path planning algorithm was
proposed. The algorithm leverages the properties of CBFs
[11], the circulation inequalities proposed in [18], a differ-
entiable distance-like formulation using point clouds and a
modification of the vector field proposed in [22]. The utility
of the approach is demonstrated on a legged robot, Unitree
B1 quadruped, operating in an unknown environment. The
quadruped is equipped with a LiDAR to create a partial
view of the environment as the robot navigates. Although
the ideas were presented and tested on a planar robot with
no non-holonomic constraints, they can be generalized for
other settings, like an omnidirectional drone that can accept
arbitrary linear velocities and angular velocities.
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Fig. 5. Top Left: the robot starts planning a path P towards the goal (orange path), given the map so far (blue points). Top Center: the robot executes
given velocities. Note the graph G (in black) mentioned in Subsection II-H. Top Right: zoom in on the robot planning to evade the rightmost box (see
Figure 3). Middle Left: The robot reaches a dead end (see Figure 3), preventing it from reaching the target. The robot plans to explore a new frontier
(gray dots, with the selected one in green) and then travels the graph to reach the frontier points. Middle Center: Upon reaching the frontier, the robot
replans a path towards the target through the 1 m wide door (see Figure 3). Middle Right: Going through the corridor, it eventually reaches the leftmost
box. The genPath algorithm did not replan the path yet, considering the newly discovered points. However, collision is avoided because of the layer
CBFfilter, which acts much more often. Bottom Left & Center: planned paths towards the goal. Bottom Right: The robot completed the task.
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