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Abstract—This paper presents a collaborative quadrotor-
quadruped robot system for the manipulation of a cable-
towed payload. In particular, we aim to solve the challenge
from the unknown dynamics of the cable-towed payload. To
this end, we first propose novel dynamic models for both
the quadrotor and the quadruped robot, taking into account
the nonlinear robot dynamics and the uncertainties associated
with the cable-towed load. Moreover, we design observers for
the hybrid interaction between the robots and the payload.
Theoretically, the convergence of these observers is analyzed
using Lyapunov functions under mild technical assumptions.
Finally, we seamlessly integrate the dynamics models and the
observers into a distributed Model Predictive Control (MPC)
framework with kinematics limitations and collision avoidance
constraints. The proposed system is validated through chal-
lenging field experiments in indoor and outdoor environments,
involving push disturbances, varying and unknown payloads,
uneven terrains, etc.

I. INTRODUCTION

This paper investigates a dual-robot system, composed of a
micro quadrotor and a quadrupedal robot, connected through
a cable-towed mechanism for load manipulation (refer to Fig.
1). The main challenge to control such a robotic system lies
in the cable-towed mechanism, where the interaction force
between the load and the robot is influenced by the length
of the cable. Even when considering a single agent, such as
a cable-suspended quadrotor [1]-[3], the existing methods
require the precise estimation of the cable state or the prior
knowledge about the dynamics of the payload.

However, it is difficult, if not impossible, to obtain the
accurate knowledge about the cable-towed load in real-world
applications, particularly in the wild. The difficulty will
amplify for a heterogeneous robot swarm, because the inter-
action forces between the robots become more complicated.

In this paper, we systematically address this challenge
based on the observer design theory and distributed model
predictive control. To the best of our knowledge, this work
presents the first quadrotor-quadruped robot system manip-
ulating a cable-towed load in the literature. Moreover, the
proposed control method include the following contributions:

« The cable state is an integer variable, leading to com-
putationally intensive, large-dimension integer program-
ming in MPC. To address this, we introduce novel dy-
namics models for both the quadrotor and the quadruped
robot. In particular, we propose to treat the physical
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Fig. 1.

The quadrotor-quadruped robot system in this paper.

interaction as an external, unknown uncertainties, which
are added to the nominal dynamics.

o To handle the unknown dynamics of the cable-towed
payload, we design observers for both robots. Theo-
retically, we prove that the estimation errors of our ob-
servers can be bounded by an arbitrarily small tolerance.
The proposed observers enable the robotic system to
adaptively and automatically handle varying payloads,
without any prerequisite knowledge about the cable
state or the load dynamics.

o We integrate the dynamics models with the proposed
observers into a distributed MPC framework, allow-
ing each robot to effectively compute its control in-
puts while simultaneously taking into account collision
avoidance constraints, kinematics limitations, naviga-
tion and manipulation objectives.

« We conduct extensive field experiments to validate the
proposed system. Notably, our robotic system relies
solely on onboard sensors and does not rely on any
ground-truth methods, such as motion capture systems.
Experimental results under significant disturbances,
with varying payload weights, on uneven terrains, and
in wild environments, demonstrate the effectiveness of
our method.

The rest of this paper is structured as follows. Section II
gives a brief review of related work. Section III provides a
detailed introduction of the proposed control method. Section
IV showcases the experimental results. Finally, Section V
concludes the paper.

II. RELATED WORK

1) Multi-Robot System: Multi-robot systems have long
been a focal point in robotics research, especially in the con-
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text of multiple unmanned aerial vehicles [4]-[6], multiple
unmanned surface vessels [7]-[9], and multiple quadruped
robots [10]-[12]. However, most methodologies are devel-
oped for homogenous robot systems and are not easily
adaptable to our quadrotor-quadruped robot system, which
is characteristically heterogeneous with high dimensional-
ity, nonlinear and non-convex constraints, and significant
interaction forces. In particular, most current methods tend
to consider highly simplified models in controller design,
however, the effective dynamics models for the quadrotor-
quadruped robot system still remain to be explored.

2) Interaction between Robots: Physical interactions play
a crucial role in the context of multi-robot collaboration.
Generally, these interactions can be categorized as soft, hard,
or hybrid. Soft interactions typically occur when dealing with
soft manipulators or during the manipulation of deformable
objects, which often involve complicated system dynamics
[13], [14]. On the other hand, hard interactions among robots
are commonly achieved through rigid linkage connections
[15]-[17]. While these hard interactions are easier to model
and control, the rigid connections constrain the working
space, making manipulation or navigation in confined areas
challenging. Our robotic system employs on a cable-towed
mechanism, falling into the hybrid interactions category
[18]-[20]. In contrast to hard interactions, the cable-towed
mechanism allows collaborative robots to utilize greater
freedom of motion, because the connection between the
robots is not rigidly fixed. However, it is challenging for
controller design to deal with the state of the cable, which
can be either tight or loose.

3) Control for Hybrid Manipulation: A straightforward
method for handling hybrid interactions is to maintain the
cable in a perpetually tight state. This can be achieved by
enforcing a constraint that keeps the distance between the
robots equal to the length of the cable. This assumption
significantly simplifies controller design, enabling collabora-
tive manipulation through rigid formation control [20], [21].
However, similar to hard interactions, a perpetually tight
cable restricts the motion capabilities of the collaborating
robots.

In contrast, the hybrid mode of the cable can be effectively
handled by mixed-integer programming [1], [22], [23]. In [1],
a complementary constraint is proposed to describe the cable-
towed dynamics, comprising a non-penetration constraint for
the cable length and a limit constraint for the interaction
force. This constraint is then integrated into the optimization
problem, which takes into account robot dynamics, navi-
gation objectives, and obstacle avoidance constraints. It is
known that mixed-integer programming is challenging to
solve in real-time. In [10], a parallelized optimization method
is proposed to deal with hybrid mode switches and expedite
the computation of mixed-integer programming. However,
most of the current methods require the accurate knowledge
of the cable-towed load, such as the position or the mass
of the load. Consequently, the corresponding controllers are
sensitive to inaccuracies of the dynamics models and rely on
ground-truth sensors.

System Overview

DMPC Payload Observer
—

s Payload Obscrver R DMPC
—
/ i

Fig. 2. The overall control system of our method. See Section II1I-A for
the introduction.

To solve this issue, robust and adaptive control methods
show promise, because they can handle cable-towed dynam-
ics without relying on prior knowledge. For multiple cable-
suspended quadrotors, an H., control based method is pre-
sented in [19], which considers model parameter uncertainty
and external disturbances without a precise dynamics model.
However, it only considers the tight cable case and neglects
physical constraints, such as collision avoidance constraints.
To the best of our knowledge, observer-based MPC has
never been explored for hybrid manipulation control in the
literature.

III. MAIN METHOD
A. System Overview

The proposed control framework is visualized in Fig. 2.
It can be seen that both robots follow a similar control
pipeline. Measurements from onboard sensors are fed into
the state estimation module, which computes the robot states
including position, orientation, etc. A local obstacle map is
subsequently generated using the registered point cloud. The
payload observer utilizes the control inputs and the robot
states to estimate uncertainties in robot dynamics. The two
robots exchange trajectory information via wireless commu-
nication, and each robot computes its low-level control inputs
through MPC. The MPC optimization problems involve the
desired trajectories, the payload observers, the estimated
states, and obstacle positions. Next, we will introduce the
robot dynamics, observers, and MPC formulations in detail.

B. Robot Dynamics under Uncertainty

1) Nonlinear Quadruped Dynamics under Uncertainty

Our quadruped robot model builds on the centroidal dy-
namics model with full kinematics [24]. This model can
balance the computational complexity between full-order
models and highly simplified models, and has been suc-
cessfully employed in dynamic locomotion on challenging
terrains [25], [26]. The robot state and the control input are
defined as

col{f, p,w,v,q},
u = COI{fly f27 f37 f4a vj}a
where 6 € R? is the base orientation in Euler angles, p € R3

is the position of the center of mass in the world frame,
w € R3 is the base angular velocity, v € R3 is the linear

T
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velocity of the center of mass, ¢ € R12 is the vector of joint
positions vd 6 R!? denotes the vector of joint velocities,
fi = col{f&, !, f7} € R3 is the ground reaction force of
the foot ¢ in the body frame with its projection into the x-,

- and z-axis f7, f}, f7.

In this paper, we further introduce uncertainties into the
original centroidal dynamics, which can be explained as the
impact of the cable-towed payload for the nominal dynamics.

The dynamical equations of the quadruped robot are:

0=T()w (1a)
p= R(O)v (1b)
w=1" wxlw+zn xf)+m ()
L : 1d

+— ; fit 1 (1d)

g=v (le)

where T(0) € R3*? is the mapping matrix from the base
angular velocity w € R? to 6, R(6) € R3*3 is the rotation
matrix from the base to the world frame, I € R3*3 is the
inertia about the center of mass, 7;(q) € R3 is the position
of the foot i € {1,---,4} with respect to the center of mass,
g(0) € R is the gravitational acceleration in the body frame,
71,7 € R3 are both unknown uncertainties caused by the
cable-towed payload.

2) On-Manifold Quadrotor Dynamics under Uncertainty

Our quadrotor model builds on the on-manifold dynamics
model [27]. Compared to Euler-angle-based models and
quaternion-based models, the on-manifold dynamics model
is both singularity-free and minimal-parameterized, and has
been applied for aggressive trajectory tracking control [27].
Similar to [27], our quadrotor employs the autopilot Pixhawk
4 (PX4) Mini, and its control input is defined as

u? £ col{a?,wi} € RY,

where a? € R is the thrust acceleration and w? € R3 is the
body angular rate. We use the superscript ¢ to distinguish
the state/control variables of the quadrotor from that of the
quadruped robot. The quadrotor state is defined as

2?7 2 col{p?,v?, R1} € R® x SO(3),

where R? € SO(3) is the orientation from the global to body
frame, p? € R3 and v? € R? are the body position and linear
velocity in the global frame, respectively. Then, we describe
the quadrotor dynamics in our dual-robot system as:

P =0t +7{, (2a)
09 =g—aR%;3 + 14, (2b)
R? = RY|w?| + 74, (2¢)

where g 2 [0,0,9.81]T is the gravity vector in the global
frame, e3 = [0,0,1]T is the selection vector, the notation
|| is the skew-symmetric operator, 7{, 7, 74 € R represent
unknown uncertainties caused by the cable-towed interaction
mechanism.

Note that both (2b) and (2¢) are on-manifold and cannot be
computed directly in the context of nonlinear MPC. Similar
to [27], we reformulate the original dynamics into the error-
state dynamics by utilizing the desired states. Let us define
the error terms as follows:

vl (t) £ vi(t) — v(t), (3a)
dal(t) £ al(t) — aqd (1), (3b)
wi(t) £ wi(t) — wi(t), (3c)
SRI(t) £ Log((R(t)) " R(t)). (3d)

where the superscript gd represents the desired value for the
related quadrotor state/control variables. Then, we employ
the first-order approximation techniques for manifolds intro-
duced in [27], [28], to reformulate the original on-manifold
dynamics (2) into the following linearized and discrete-time
forms:

P(E+1) = pU(E) + (G07(0) + v7(8) + ()AL, (da)
Svi(t+ 1) = vi(t) + a®(t)R1(t) e3 | SRI(t) At

— da(t)RI%(t)es At,
Exp(—w?(t)At)dR(t) + dw(t)At,

where At stands for the time interval between ¢ and ¢ + 1.

The above linearization incorporates two numerical tech-
niques: (1) projection from the manifold to the homoeomor-
phic space around the desired states, and (2) approximation
using the first-order Taylor expansion. Note that there is only
one uncertainty variable, Tf(t), remaining in the reformu-
lated equations. This is achieved by assuming 77 (¢) = 73%(t)
and 74(t) = 72%(t). Detailed mathematical derivations are
omitted here due to the page limit, but interested readers can
refer to [27].

(4b)

SRI(t+1) = (4c)

Remark 1. Different from [27], we only make the error-state
reformulations for v? and R? to address the on-manifold
dynamics. As for p9, we retain its original formulation,
mainly for two reasons: (i) the original dynamical equation
(2a) is linear, facilitating its integration as a linear constraint
in MPC; (ii) p? itself is crucial for navigation and collabo-
ration. Then, we can use p? directly in the objective function
and collision-free constraints for the following MPC.

C. Payload Observer

We aim to design the observers for the uncertainties in our
dynamics models (1) and (4). To this end, we first make the

following assumption about the uncertainties 7y, 71 and To.

Assumption 1. Suppose that there exist locally Lipschitz
functions ¢, ¢1, ¢a, such that

7 = ¢{(x?,u?), (5a)
71 = ¢1(z,u), (5b)
Ty = ¢a(x,u), (5¢)
169 (x,u) — &% (2, w)l| < Lillx — 2| + M{,  (5d)
¢1(z,u) = dr(z,w)l| < Lallw — 2| + My, (Se)
p2(z, u) — $o(z,u)|| < Lollw — 2| + Ma. (5D
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where ¢, ¢1 and ¢o are some predefined estimation func-
tions, L1, L1, Ly, M{, My, M> are nonnegative constants.

Remark 2. Note that this assumption is common in the
observer design theory [29]. The ground-truth sensors may
provide precise or even perfect estimation, which could be
used directly as (%17 él and qf)g. However, in this paper, we
do not assume there is any prior knowledge of the cable-
towed payload, and thus we simply let all the estimation
functions to be zero. To balance the ground-truth method
and our method, an alternative way may be to pre-train a
neural network as the empirical estimation.

Then, we can design the observers 7/, 71 and 7> for 7{,
71 and 79 as:

o= S0t =) + ), (62)
= %(w — Q) + 1z, u), (6b)
7&2:%(1)_@)—"_&2(%)”)7 (60)

where ¢ € (0,1), a1, 81,71 are positive gains, and the
auxiliary variables p?, @, v evolve as

5 o . .
Pl = f(pq — §7) + v + 01 + 7, (Ta)

4
&= %(m —w) —|—I_1(—w X Iw—i-;?“i(Q) x fi) + 71,
(7b)

. 1 &
@:P);Z(U—ﬁ)'kg(e)'f'm;fi"‘%?’ (7¢)

with the positive gains as, [z, 2. Next, we give a theoretical
analysis on the estimation error of the proposed observers.

Proposition 1. Under Assumption 1, there exists a small e,
such that the estimation errors of the observers (6) can be
bounded by

I — 711l < max{bfe~“i"/dl, ee{M{},  (8a)
I = 71| < max{bre™ "/ dy,eer M1}, (8b)
HTQ — 722H S max{bge*”t/edg, EEQMQ}, (8C)

q 9 39 .4
where ¥t > 0, and b],ci,di,ei,bi,c1,d1,e1,b2,c2,d2, ez
are some positive constants.

Proof. Please see the Appendix. [

Remark 3. Note that the estimation error can be arbitrarily
small by choosing a small enough €. In particular, if the
payload dynamics are perfectly known (e.g., through ground-
truth sensors), we can prove that the estimation error expo-
nentially converge to zero. To show this, we take T as an
example. If the payload dynamics are known as a prior, we
have My = 0 in Assumption | since ¢y(x,u) = ¢y (z,u).
Then, from (8b) we known that 71 tends to be Ty, i.e., the
estimation error tends to be zero.

Based on the above analysis, we can conclude that the
designed observers can accurately estimate the impacts of
the cable-towed payload for the robots in theory.

D. Distributed MPC

Our control objective is to compute control inputs based on
a high-level reference, taking into account the robot dynam-
ics, the navigation goal, the manipulation task, and collision
avoidance constraints. To this end, we leverage distributed
MPC, which offers an efficient approach for integrating
multiple objectives and equality/inequality constraints into
mathematical programs. For both the quadruped robot and
the quadrotor, we formulate different MPC optimization
problems, enabling each robot to independently calculate its
control inputs without relying on a centralized controller.

1) Quadruped Robot

At time step ¢, we formulate the following optimization
problem for the quadruped robot:

N-1

> (l(t + L) — 2t + 1t)lz,

=0

+ lu(t +1t) — w(t+ 18] 1,)

+ [|z(t + N|t) — 2%t + N[t)| Ln» (9a)
st x(t+141t) = flz(t +1t), u(t +1t), 71(t), T2(1)),

min
u(+[t)

(9b)
Ip(t +1t) =t + 1D = 71, (%)
Ip(t + 1t) = po(t + L[t)]| > 72, (9d)

e f7 (- 118) > \J(FE(E+ 102 + (2 +110)2,
(%)

fit+1]t) =0, (9f)

Vie{0,1,---,N—1},Yie C,¥j ¢C,Yo € O,

where the symbol ¢ + |t denotes the corresponding variable
at time t + [ predicted at time ¢, the predictive horizon is
N, 2% and u® denote the reference trajectories for the state
and control inputs, respectively, L,, L, and Ly are weight
matrices, f(-) represents the quadruped robot dynamics (1)
with the original uncertainties 7; and 75 replaced by 7, and
To in (6), r1 is the safe distance between two robots, p,, is the
position of the o-th obstacle, r is the safe distance between
the robot and the obstacle, . is the friction coefficient, C
is the set containing all the contact leg indexes, O is the set
containing all the obstacle indexes.

The motivation of this optimization problem is illustrated
as follows. The optimization objective (9a) seeks to minimize
the differences between the predictive and desired states
and control inputs, in order to guide the robot to its final
goal position. The equality constraint (10b) represents the
robot dynamics (1) using the proposed observer (6), enabling
the robot to adaptively respond to the cable-towed payload.
Notably, we do not have future information about 7y and 7.
To address this issue, we assume 7; and 75 remain constant
during the predictive horizon and use the observers at time
step ¢, namely 7 (¢) and 72 (). The inequality constraints (9¢)
and (9d) are designed to prevent the quadrotor-quadruped
collision or the robot-obstacle collision. The inequality con-
straints (9¢) represent the friction cones for the contact legs,
while the constraints (9f) guarantee that the contact forces

4594



of the swing legs are zero.

The problem (9) is nonlinear and non-convex, and we
leverage a sequential quadratic programming algorithm [25]
to solve the above optimization program in real-time. To
map the optimized ground reaction forces to joint-level
torques, we utilize a whole-body controller [30] that takes
into consideration the full nonlinear rigid body dynamics.
The desired joint torques are subsequently achieved by the
low-level motor controllers on the quadruped robot.

2) Quadrotor

The MPC problem for the quadrotor follows the same
design motivation with the quadruped robot:

N1—-1
> a9t +1t) — 2%t + 1t 1.
=0
+ [|out (t + 1)z,
+ Ip(t + 1t) = (¢ + 1t) — | 1,0)
+ |2t + N|t) — 29t + N|t)|| Lo (10a)
st 2t + 1+ 1t) = fUz(t + U|t), oud(t + U|t), 71(1)),

min
dud(-|t)

(10b)
p(t +1t) = p*(t + Ut)|| = 71, (10c)
[p4(t + U[t) — po(t + {[)[| = 12, (10d)
Sul(t +1lt) > ul, —ut(t +1|t) (10e)
Sul(t +1|t) < ud, —ui(t+1)t) (10f)

vie{0,1,--- ,N"—1},Yo € O,

where 6u = col{da?,éw?}, p? is the desired relative

position between the quadrotor and the quadruped robot,
f9(-) represents the quadrotor dynamics (4) with the original
uncertainties 7{ replaced by 7{ in (6), ul. and ul, are
the lower and upper bound of the control input, respectively.

In (10), we try to reduce the relative position error as
part of the optimization objective. Specifically, this objective
aims to maintain a soft formation, which is defined by
pd. In contrast to hard formation control, such as [20],
[21], our MPC allows both the robots to exploit greater
motion capabilities, which is particularly useful in coordinat-
ing navigation, manipulation, and collision avoidance. The
constraints (10e) and (10f) are from the physical limits of
the control inputs, while the other components in (10) are
similar to those in (9).

The optimal value of ju is mapped into the original control
signals a? and w based on the error-state definitions (3).
We map the thrust acceleration command a? to the throttle
command by leveraging a calibrated hovering throttle, and
the desired throttle and the body angular rate are finally
achieved by the low-level controller in the PX4 mini.

IV. EXPERIMENTS

A. Experiment Setup

The hardware configuration of our robotic system is
depicted in Fig. |. The Unitree Al robot has 18 degrees
of freedom with a weight of approximately 12 kilograms,
while the customized micro quadrotor weighs around 1.8

kilograms. These two robots are connected to a load using
monofilament fishing lines.

Our objective is to achieve collaborative manipulation both
indoors and outdoors without GNSS signals. To accomplish
this, each robot is equipped with a solid-state LiDAR sensor
for localization and mapping. Regarding the quadrotor, we
employ the Fast-LIO2 algorithm [32] directly for odometry
computation. For the quadruped robot, we tightly integrate
the measurements from LiDAR, IMU, and legged kinematics
to estimate the robot states.

Note that the MPC problem of one robot utilizes trajec-
tory information from the other. To facilitate data exchange
through wireless communication, we have established a 5G
WiFi on the quadruped robot.

B. Results and Discussion

We conducted several experiments to demonstrate the
effectiveness of our control framework, and snapshots of
these experiments are shown in Fig. 3.

1) Indoor and Outdoor Environments: In these experi-
ments, the robots transported a payload along the x-axis in
the global frame for 4 meters. We conducted tests in both
indoor (Fig. 3 (a)) and outdoor (Fig. 3 (b)) environments.
In Fig. 4(a), we illustrate the behavior of the quadrotor in
terms of the robot body positions in outdoor environments.
Note that the quadrotor takes off at around 8 [s] and the
navigation begins at around 24 [s]. This test shows that our
control method is effective without relying on any ground-
truth sensors and is robust in the wild environments.

2) Collision Avoidance: In this test, we placed an obstacle
wall in front of the initial robot location, and the target
goal is set behind the wall (Fig. 3 (c)). Trajectories for both
the quadrotor and the quadruped robot can be observed in
Fig. 4(b). The results demonstrate that the robot system can
successfully navigate around the obstacle while carrying the
load to the destination.

3) Push Disturbance: In this experiment, we subjected
the quadruped robot to lateral thrust multiple times (Fig. 3
(d)). The trajectory of the quadruped robot is depicted in
Fig. 4(c). The results highlight the robustness of our control
system in effectively handling unknown disturbances.

4) Terrain Uncertainty: The quadruped robot traversed
unstructured blocks during the test (Fig. 3 (e)). The orienta-
tion of the quadruped robot is shown in Fig. 4(d). The results
show that the quadruped robot is able to maintain its balance
during the collaborative manipulation, and our control system
is effective to deal with terrain uncertainties.

5) Variant Payloads: In this test, the initial payload is
around 1.5 kilograms. Then, during the navigation, we added
an extra load weighing approximately 2 kilograms on the top
of the original payload (Fig. 3 (f)). This experiment demon-
strates that our control method can automatically respond to
variant payloads without requiring prior knowledge of the
related dynamics.

V. CONCLUSION

In this paper, we introduced a distributed adaptive model
predictive control framework for a novel dual-robot system
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Fig. 3.

The snapshots of the (a) indoor experiment, (b) outdoor experiment, (c) experiment with obstacle, (d) experiment with push disturbance, (e)

experiment on unstructured blocks, and (f) experiment with variant payloads. Videos are available online [31].

—— quadruped
1 quadrotor

E -

c £

2 ‘;‘

B -1

&
-2

0 10 20 30 40 50 60 70 80 0 1 2 3 4 5
Time [s] X [m]
() (b)

Position [m]
N

-

Angle [degree]

0 10 20 30 40 50 0 10 20 30 40
Time [s] Time [s]
(©) (@
Fig. 4. (a) The trajectory of the quadrotor in the outdoor experiment. (b)

The 2D trajectories of the quadrotor and the quadruped robot in the collision
avoidance experiment. (c) The trajectory of the quadruped robot in the push
disturbance experiment. (d) The orientation of the quadruped robot in the
uneven terrain experiment.

comprising a quadrotor and a quadruped robot, enabling
collaborative manipulation of a cable-towed load. In robot
dynamics models, we proposed to use unknown uncertain-
ties to describe the interaction between the robots. Then,
we design observers to estimate these uncertainties online
without relying on any prior knowledge. Furthermore, we
presented distributed MPC optimization problems for each
robot to compute control laws, incorporating constraints
related to collision avoidance, navigation, and collaboration.
Our extensive experiments demonstrated the robustness of
this approach in the terms of terrain uncertainty, variant
payloads, and external disturbances.

ACKNOWLEDGMENT

This work was supported by the National Natural Science
Foundation of China under Grant 62173155, 52188102,
62225306, U2141235, Program for HUST Academic Fron-
tier Youth Team, the CityU Start-Up Grant (Project No.
9610481), and Chow Sang Sang Group Research Fund spon-
sored by Chow Sang Sang Holdings International Limited
(Project No. 9229076).

APPENDIX
Proof of Proposition 1:

Proof. Let us first deal with 7. Let us define w 20—,
71 =1 — 71, and £ col{@/e,71}. Then from (6b) and
(7b), we have ~

0= An+ eBo(z,u)

where qz(m,u) £ (2, u) — <131 (7, u),

Aé[:g? (1)]@)13,3:[(1)]@13,

® denotes Kronecker product, I3 denotes the identity matrix
with the size 3 x 3, and 13 denotes a 3-dimensional column
vector with all elements being 1. The Lyapunov function is
selected as V = n' Pn, where P is the solution of

PA+ATP=—I.

Then, if eL,||PB|| < %, we have

: 1
&V < = [Inll* + 2eMu || P B

Therefore, taking d; = ||col{w(0),71(0)}
positive constants by, ¢; and e, such that

171 < max{bie= "/ dy, eey My},

, we have some

i.e, (8b). Similarly, we can also prove (8a) and (8c). |
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