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Optimal Containment Control of Multiple Quadrotors via
Reinforcement Learning*
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Abstract—This paper explores the optimal containment
control problem for nonlinear and underactuated quadrotors
with multiple team leaders governed by nonlinear dynamics,
employing the reinforcement learning. A cascade controller is
formulated, comprising a position control component to ensure
containment achievement and an attitude control component
to govern rotational channel. The proposed optimal control
protocols derived from historical data collected from quadrotor
systems without requirement for exact knowledge of vehicle
dynamics. The simulation illustrates the effectiveness of the
proposed controller in managing a quadrotor team with mul-
tiple leaders.

I. INTRODUCTION

In recent years, the cooperative control of unmanned
aerial vehicles (UAVs) has garnered considerable attention,
driven by their practical utility across various sectors such
as agriculture, logistics, and remote sensing (see [1]-[3]).
Within cooperative control, containment control emerges as
a focal point, managing to guide each vehicle within a
networked system towards the convex region formed by
team leaders. This particular challenge becomes a focal point
for extensive research within both the control and robotics
domains because of its potential applications in surveillance,
load transportation, and cooperative source seeking.

Various methods have been developed to deal with the
containment control problem for networked linear systems
in the last decade. In [4], a distributed adaptive observer
technique was used to handle a bipartite containment con-
trol problem of linear multi-agent systems. A decentralized
control strategy for formation-containment tracking of multi-
agent systems using neighboring relative information was
presented in [5]. In [6], two intermittent control schemes
were developed to achieve containment control for multi-
agent systems subject to communication delays. In [7], a
distributed containment control strategy was designed for
multiple UAVs under fixed and switching interaction topolo-
gies. However, these works [4]-[7] assumed that the agents

*This work was supported by the Beijing Natural Science Foundation
under Grant 4232045, the National Natural Science Foundation of China
under Grants 62273015 and U23B2032, the China Post-Doctoral Science
Foundation under Grant 2021M700336.

IMing Cheng is with the School of Astronautics, Beihang University,
Beijing 100191, China mingcheng@buaa.edu.cn

2Hao Liu is with the Institute of Artificial Intelligence, Beihang Univer-
sity, Beijing, China 1iuhaol3@buaa.edu.cn

3Deyuan Liu and Haibo Gu are with the School of Automation Science
and Electrical Engineering, Beihang University, Beijing 100191, China
liudeyuan@buaa.edu.cn, guhaibo@buaa.edu.cn

4Xiangke Wang is with the College of Intelligence Science and Technol-
ogy, National University of Defense Technology, Changsha 410073, China
xkwang@nudt.edu.cn

979-8-3503-8457-4/24/$31.00 ©2024 IEEE

were linear systems, which did not involve the complex
nonlinear rotational dynamics and external disturbance in the
controller design. Moreover, the team leaders in [4]-[7] did
not have control inputs for performing various complicated
geometric configurations and autonomous behaviors to avoid
unexpected threats. In [8], an adaptive fuzzy event-triggered
approach was studied for the containment control of a strict-
feedback system. In [9] and [10], state feedback approaches
were implemented to deal with the output containment con-
trol problems of heterogeneous multi-agent systems. How-
ever, none of these works [8]-[10] discussed the scenario
that the team leaders are governed by nonlinear dynamics.

In practical applications, the dynamical parameters of
the quadrotors are uncertain due to various loads and
equipped devices. In [11], a standard Riccati design method
was utilized to solve the containment control problem of
discrete-time single-input linear multi-agent systems. In [12],
a distributed LQR-based consensus control algorithm was
proposed for heterogeneous multiagent systems and exper-
imental results were provided to demonstrate the effective-
ness.However, the classical optimal control laws in [11] and
[12], based on accurate dynamical modeling, are challenging
to apply to multi-vehicle systems that suffer from uncertain
and nonlinear dynamics. Recently, advancements in the re-
inforcement learning (RL) theory have emerged to address
optimal control challenges encountered by teams of multiple
vehicles operating under partially or completely unknown
dynamical models, as described in [13]. In [14], a partially
model-free controller was designed for the containment of
a multi-agent system, but the dynamics of each agent was
simplified as linear systems. In [15], the containment control
problem for multiple unmanned surface vessels with com-
pletely unknown kinetic models was discussed, but exter-
nal disturbance was not further considered. Therefore, the
challenge persists in achieving optimal containment control
for quadrotors with nonlinear leaders, parametric uncer-
tainties, underactuation, nonlinear couplings, and external
disturbances.

This paper proposes an approach based on a reinforcement
learning to address the optimal containment control challenge
inherent in the quadrotor vehicles with multiple nonlinear
leaders. An optimal hierarchical controller is devised to
guarantee the position containment and regulate the attitude
dynamics, by developing RL-based algorithms utilizing the
historical data obtained from the quadrotor trajectories. The
resulting control law can ensure both the achievement of
containment flight and optimal control performance for the
quadrotors.
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II. PROBLEM FORMULATION
A. Preliminaries

Let I,, € R™™ denote the identity matrix, 1, € R™ a
column vector with all elements set to 1, ¢, , € R a column
vector having Os in all elements except the b-th one, which
is 1, and 0,,x, € R™*™ the zero matrix. The Kronecker
product is denoted by the symbol ®. The Euclidean norm
distance from a vector z € R"™ to a set C is written
as dist (x,C), which means dist (z,C) = inf cc||z — yll,.
The minimal convex set that contains all the points in
U = {uy,ug, -+ ,u,} with finite elements is expressed as
Co U).

A set of UAVs composed of n; followers, defined as
F 2 {1,2,---,n;} and n; leaders labeled as & =
{ny+1,--- ,ny+mn} is considered. The followers are
quadrotors which are control plants in this paper, while
the leaders can be other types of UAVs. The interaction
topology is described by two weighted directed graphs: ¥, =
{Ve,&c, 9} and 9y = {V¥}, &, o}, encompassing the
entire team of ny+n; UAVs and the quadrotors, respectively.
Yy ={vpi},(i=1,2,--- ,ny) constitutes the set of nodes,
where vy; denotes the i-th quadrotor. & C ¥} x ¥
represents the set of edges and Ay = [a;;] € R"/*"/, where
a;j > 0, if (vgi,v55) € &, and a;; = 0, otherwise. The
UAV leaders have no incoming edges, while the quadrotors
have incoming edges. The neighbors of the ¢-th quadrotor
are denoted by Ny = {vsj| (vyi,vp;) € &} A directed
path from the i-th node to the j-th node is a series of con-
secutive edges, i.e., {(vsi, vrk), (Vrk, vp), o 5 (Vpm, Upj) T
The connection indicator of the v-th leader is defined by
W, = diag ip“f,pg,-n ,pﬁf},(v € .Z), where pY is 1, if
a path from the v-th leader to the i-th follower exists, and 0O
otherwise. Besides, let Wf = Z:‘l:l W,.

B. Quadrotor Model

This paper considers completely nonlinear dynamics of
the quadrotors. The inertial frame attached to the earth is
represented by [E;, and the body-fixed frame fixed to the
i-th quadrotor is represented by Es. The spatial coordi-
nates of the ¢-th quadrotor in E; is denoted by ppi =

[pfci pi’ci pfci]T € R3?, and the attitude in Euler angle is
denoted by ©; = [¢; 0; m]T € R3. The completely
nonlinear dynamical model of each quadrotor is given by
the following expression, according to [16],

mip s = AipFi + dpi,

76 = % (04,61) 61 +7i + do, (1)

where m; and J; represent the mass and inertial ma-
trix of the i-th quadrotor, respectively, with J; =

diag {jf, Jﬁ, \7;’[}} € R3*3, The matrix Z;5 € R3*3
transforms the coordinates from £ B to E rand ¢ (@Z—, @Z) S

R3*3 represents the nonlinear Coriolis term [17]. The ex-
ternal forces and torques generated by electric rotors in
E; are denoted by F; € R? and 7; € R3. The external

disturbances on translational and rotational motion in EI
and Ep are represented by dp; and dg;, respectively. F;
and 7; are given by F; = c3 3k Zk:l w%i — %}1363,371%9,
T . oo
and 7; = [77 71/ 77|, respectively. Specifically, 7; , =
liikoi (wii —W3,) Tiy = Liikoi (w%,i - wii), Ti,z
krikei Zizl (—1)1“rl w,%,i, g signifies the gravity constant,
wj,; denotes the spinning rate of the j-th rotor of the i-th
quadrotor, and ly;, k., and k,; are scaling factors of the i-
th quadrotor. Define the control input commands as u,; =
4

D k=1 W/%,i’ Upi = W%,i - wii, Ugs = W%,i - W?%,i’ and uy; =
Si_y (=1)F"'w2 . Due to the inherent underactuation in
quadrotor dynamics, formulate a virtual input for position
control denoted as u,; € R? in the following manner

Sin @y SIN Y, + COS Py COS Py SIN O,

COS @y SN Pyg Sin O, — cOS Yy SIN Yy | 2
COS ¢ COS O,

Up; = Uzq

where ¢ri, Ori, and ri represent the attitude reference
for the i-th quadrotor. Let b,; = kyil3/m; (i € #) and
b@i = diag {bél, b2®i7 b%z} = diag {lti,kwi, ltikwi7 k”'}. Un-
der these conditions, the quadrotor dynamics in (1) can be
expressed as

Dri = bpiup; — gez 3 + Dpi,

.. N - 3

0, =-J ! (‘5 <9i, 9:‘) 0; + beiue; + d@i) ; ©)
T 3

where ue; = [ugi wugi uyi| € R Ay represents

external disturbance given by A,; = bp;ly; + dp;, Where

Up; = Uz HTBC3,3 — Upi-

C. Problem Statement

Let p;, be the position of the v-th leader and (;, =
[PL, pﬂT € RS*! becomes the corresponding transla-
tional state. Without loss of generosity, the dynamical model
of each UAV leader is described as:

Clv = fl (Clv) y Pl = NlClvy'U S [,, (4)
where f1(¢,) € RS*! is a Lipschitz continuous function
with fl(O) =0, Ny = [03’1 C32 C33 03><3]. In this
paper, it is assumed that the directed communication graph
% of the quadrotors is strongly connected and each UAV
leader has access to all quadrotor followers. In this case,
there exists a matrix Wy = diag (vf1, V2, ,Upn,) > 0
such that II; = (\Ilf (Lr+Wp)+ (L + Wf)T\Iff) /2>
0. It should be noted that, unlike the previous works in
[18], where the dynamical models of the leaders are linear
systems, this paper considers a more generalized issue with
f1 () serving as the right-hand function. In this paper,
the generalized dynamic function f; ({;,) can be selected
as complex nonlinear ones, which increases the potential
maneuverability of the UAV team.

Specify the subsequent e,; € R3(i € %) as the local
containment error for the i-th quadrotor agent

ny nf+nl
epi =Y aiy (g —pr)+ Y, P (pw—pp) )
j=1 v:nf+1
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One can obtain the compact form of (5) as follows

ny4mng
ep=— Y (P,@Is)(py — bu); 6)
v=ny+1
T
where e, = [egl,egz, e ,e;nf € R P, = 1o, ®p1v

and ®, = (1/ny) Ly+W,, where Ly is the Laplacian matrix
of ¢;. The objective of this paper is to design the control
laws w,; and ue;, (i € %) for the quadrotor followers, such
that the global closed-loop quadrotor systems are stable and
the containment flight can be achieved.

In fact, from [19], if the global error e, converges to 0,
the containment can be achieved regardless of the type of
agent dynamics.

III. RL-BASED OPTIMAL CONTAINMENT CONTROLLER

In the following section, the containment controller is
introduced for the quadrotor followers, including the RL-
based optimal position control component to guarantee the
trajectories of the quadrotors inside the convex hull formed
by the team leaders and produce the attitude reference, and
the RL-based optimal rotational control component to track
these attitude references.

A. RL-based Optimal Position Control Law

Containment observers are firstly constructed to generate
the trajectory reference for the position controller quadrotor
followers. Let &5 = [pL; ﬁZ;]T € RS be the state of the
i-th observer, where p,; € R? is the position reference for
the i-th quadrotor to track. Let ¢,; € R (i € .%) be the
local estimation error of the i-th observer. By replacing py;
with &g, in (6), it follows that €,; = Z;Ll aij (&5 — &pi) +
sz:':‘;g pY (Go — &5i). To ensure the convergence of the
global estimation error, design the following observer for
generating positional reference.

Eri = f1(§pi) + 01€0i, @)

where g; is a positive constant that is large enough and
satisfies that g; > (x; +0.5) T¢/A (IIy), where x; denote

the Lipschitz constant of f (-), Uy denotes the maximum of
{vfi,vp2, - ,Upn, }, A(Ily) denotes the minimum eigen-
value of IIy. Using the observer in (7), the containment
estimation error of each quadrotor can converge to zero and
the proof is similar to [20], which is omitted there.

Moreover, the optimal position control law is formulated
to follow the trajectory reference derived from the observer
and generate attitude reference. The translational dynamics
can be reformulated as (3) as

Zpi = Mpizp; + Gpittp; — gce.6 + Dpi Api,

3
Ypi = NpiZpi,
v 7T 6 1T
where Zpi = [pfi pfi] € R°, gpi = [0 bpi} > Dpi =

[0 IS}T, My = [ca Co5 Co 06x3]T, and N, =

N;. Combining (7) and (8) leads to the following position
augmented system

Zpi =Mpi (Zpi) + Gpitipi — 12,69 + Dpildp;
+ Tpi60i7 (9)
5pi :Npiniv
where Z,; [ZZ,; fﬁ] T ¢

R™?, Mpi () =
T
[(Mpizpi)T 1 (gfz)} o Gpi = [gg; O]’ Tpi =
diag {Osxe, pls}, Npi = [Npi — Ni], Dp; = [DF; O]T.
The corresponding disturbance A,; induces uncertain effects
on the system (9) and must be attenuated in the augmented
system. Additionally, by employing the devised containment
observer in (7) for each quadrotor, the estimation error
€o; can converge to 0. To address the impact of external
disturbance on the augmented system (9), according to [21],
one can apply the disturbance attenuation condition and
obtain that

j-too e_ai (T o t) (61’{1@17261” + u;Rmum) dr
[e % (- t)A;Z;iApi,dT

t

<2, (10)

where dp; = pyi — Pri,» @; > 0 denotes a discount scalar,
Qpi > 0, Rp; > 0, v, > 0. In (10), it can be obtained that
p signifies the magnitude of attenuation from the impact of
A,; to the performance of the translational system. Consider
the subsequent performance index for the position augmented
system as
o0
Jp,‘ = / eiai(Tit)Tp (51,1‘, Upi, Am) dT, (1 1)
t
where Tp (5pi7um—7Am—) = 5;@1"61” + u;Rmum —
’ygAgiAm. The Nash solution of the differential game can
be obtained as

(o9}
J;z‘ = rgin rg%fi/t e_ai(T_t)Tp (5171'7“1%‘7 Api)dTv (12)
where J}; (0pi, upi, Ap;i) represents the optimal value. The
optimal position control part focuses on formulating the
position control law u,,; that complies with inequality in (10)
ensuring that py; tracks the position reference produced by
the containment observer, and simultaneously minimizing the
value given by (12). One can derive the Hamiltonian function
as follows

H (Jpi, tpiy Api) é7"11 (Opis Upis Dpi) — i Jpi
+ AT (Myi (Zpi) + Gitpi)
- AJZ; (012,69 - DpiApi) ,

13)

where AJy; = 0J,;/0Z,;. By applying the stationary condi-
tion theorem as shown in [21], differentiating equation (13)
with respect to up; and Ay, i.e., O0H (J;i7 Upi, Api) [O0up; =
0 and OH (J};, upi, Api) /OAp; = 0, results the subsequent
optimal position control protocol and the disturbance input

up = =Ry GLAT /2, A0 = Dy ATy (205) . (14)

pr
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Substituting (14) into (13) leads to

5;;Qp15pz

1 T
T4 (A‘]pi>

— aini + (AJ* ) ( Y (sz) - 612,69)

_ 15
DpiDZi AJF =0. (13)

~ p-1AT
GpiRpi Gpi - 72
Tp

However, equation (14) requires exact knowledge of the
system dynamics, which limits its application. In this case,
the reinforcement learning algorithm is developed without
accurate quadrotor model in Algorithm 1. By introducing
the updated terms, one can rewrite the extended system in
9) as

Zpi :Mpi (Zpi) + Gpiugi —ci12,69 + DpiA;z‘ + Tpi€pi

: i ~ ¢ . (16)
+ Gl)i (upi — upi) + Dpi (Apz - Apz) :

One can differentiate J,; with respect to system dynamics
(16) and utilize (15), leading to

J;}i =a;J); — 2 (u;j‘l)T Ry (um - uZZ) an
(AJH) Tyitipi = Tp (Opi» uy Upis Ap; i)
AR (A - A%
Algorithm 1: Optimal Position Con-
trol Law via Reinforcement Learning

Step 1. Given a disturbance input Ap;, implement a
permissible position control protocol uy; with an exploratory
noise uy; to the vehicle position system Record the historical
data of Z,;, up; and Ap;.

Step 2. Start with any initial control law um and distur-
bance input A2, and apply them into the Bellman equation
(18). Update .J)**, w7, and A7+ by solving the Bellman
equation (18).

Step 3. Update n with n + 1 and go to Step 2 until

|untt — mH < et and ||A%FN— ARl < €l where
€, > 0 and e > 0 are predetermined posmve constants.
Step Alet; ur, = utt A% = ATF! and output us, A

For acquiring the temporal difference of the value function
Jpi» one can apply the multiplication of e~** on both
sides of (17) and integrate both sides, resulting the Bellman
equation as

t+4
T d
“ —ai(t—t) n
| (R ) e

t+o1 T
= _ / e®i(t=7)9 (ugfl) Ry (um- — u;}z) dr

tt+6T

_/ eai(t—'r)rp (517“ prn ) dr (18)
tt+§T

—I—/ ei(t=7) (A") TpitpidT
! t+or T

+ 297 /t e =T (AP (A — A )dr.

From Algorithm 1, one can see that the Bellman equation
(18) combines the policy evaluation with policy improve-
ment. From Weierstrass theorem, approximate the perfor-
mance index J;}Z, the control command u”'"1 and the dis-
turbance 1nput A"H through the following neural networks:

( ) pzlapzl (Z ) ;
An+1 ( ) szUpz2 (sz) ) (19)
An+1 ( ) pzSUpzZi (Z ),i S ﬁ?
where J%. (Zy;), @™ (Zy;), and A7 are the approximated

i
values, Upu( pi) € R™', 00 (Zy;) € R™2, and opi3 €
R"»® are the basis functions with n, np2, and n,3 neurons,
Kpi1 € R>™1, Kip € R¥™2, and K,;3 € R3"3 are
the weighted matrices.
B. RL-based Optimal Attitude Control Law
. T

Consider ©,; = [d)m [ wm-] as the reference for the

vehicle rotational system, resulting in

Uy = u;z/ (cosb; cos ¢;)

(sin 6; sin; cos ¢; — :7:;)
z1

s 1
$rs = sin ,

Cos V; (20)
; . (% — sin ¢; sinz/}i)
re (cos1p; cos ¢;)

The optimal attitude control law is devised to trace the
attitude reference ©,; for each quadrotor. By using the
same design method of the translational system, the attitude
control protocol is given by 0H (J§,;, ue:, Aei) /Oue; =
0, 0H (J§,;, uei, Aes) /0Ae; = 0. Consequently, one can
derive the optimal attitude control law wug,; and the attitude
disturbance input Ag, as

1 _ 1 -
ug; = _§RgiGgiAJ(f)i»A:)i = WD&'AJ%@ 2D
e)

where Re; = RS, > 0, y0 > 0, Do; = [DE; O]T’ and
Goi = [Goi — G@Ti].(AJ(*_)i)T is the optimal performance
index satisfying that

(AJ5)" (Mei (Zei) + Goiue; + Doile;)

=BiJei — (AJE)" De;DE,AJTE,

w2 @

—68,Qoidei +

Note that equation (22) exhibits nonlinearity with respect
to J&; and needs precise information of the rotational
dynamics. In order to derive the optimal attitude control
law, one can employ three neural networks to approximate
the performance index JOi, the control law u@!', and
the disturbance input A”+1 These neural networks utilize
weight matrices, namely Kou € R1xne1 Kg.o € RXne2,
and K@m € RY™™me3 where ngi, nes, and nes represent
the neuron counts, respectively. The utilized weight matrices
f(@ﬂ, k@ig, and K@ig can be tuned using the least-squares
method under persistent excitation.

1 * \1T A —1 -~ *
E(AJ&‘) GQiR@)z‘ngiAJ@i-
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Fig. 1. Communication relationship among the UAV team.
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Fig. 2. Three dimensional trajectories of the containment system.

IV. SIMULATION RESULTS

In this section, a UAV system consisting of 5 team
leaders modeled as (4) and 4 quadrotor followers
modeled as (3) is constructed with the following
system configurations: b,; = diag{l,1,1}, ¢ = 9.81

m/s?, J; = diag{0.013,0.015,0.0076} x 1072 kg - m?
and bo; = diag{43.65,44.18,118.54} (i =1,2,3,4).
The communication relationship is shown in Fig.
1. The introduced external disturbances on the

position and attitude dynamics are selected as follows:
dy = [03&,(t) 026,() 03&:()] and
dei = [0.96,, (1) 0.8&.,(t) 0.9, (1), (i=1,23),
where &, ; (t) = (—1)"cos(t) and &, (t) = (—1)"sin (¢).
The dynamics of each UAV leader is set as f; ((») = [Co (4)

18 :
—~ 12t Observer 1
g 6 Observer 3
0
Y o6 |
Ry i i i
0 5 10 15 20
Time (s)
24
— 16 |
B8
~0
=35l
16 :
0 5 10 15 20
Time (s)
12
— 8 F
B ar
() S
=3 b
-8 |
0 5 10 15 20
Time (s)
Fig. 3. Estimation errors of the containment observers.
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Z 15 L&
[
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<15 ¢
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54
0 36
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0
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Time (s)

Fig. 5. Attitude tracking errors of the 4 quadrotors.

o (5) G (6) 5sin (0.8, (2)) 0.5cos (0.8, (1)) 0].

The RL-based algorithm is implemented to derive
the optimal control laws without requiring accurate
quadrotor dynamics with the following selected parameters
ao; = 0.04, 'yp =4, Rm = 213, Qpi = 1716, Qo; = 901,
Re; = I3, and 7@ = 6. The time interval 7 is set
to 0.06 s. The persisting excitation noise is produced
by the summation of a series trigonometric signals.
The position and attitude states of the UAV team are
initialized as ppy (0) = [<0.5 —0.4 —8.7]" m, pia (0) =
[-77 —48 —02]" m, p(0) = [-0.1 02 o]

m pu(0) = [-05 90 —05]" m, ps(0)
[-73 50 10" m, (v=12---,5), pn(0) =
80 50 0" m, ppp(0) = [-20 30 —40]" m
pra(0)=[1.0 6.0 2.0]" m, ppa(0)=[0.2 84 01]"
m, pi(0) = O3x1 mfs, ©; = Ozx1, ©; = O35
(i=1,2,34).

The trajectories of the containment system in three dimen-
sions are presented in Fig. 2 and the estimation errors of the
distributed observers are displayed in Fig. 3. The position and
attitude tracking errors, 6,; and deg;, are illustrated in Fig.
4 and 5, respectively. The figures clearly demonstrate that
the quadrotors successfully fly into the hexahedron spanned
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by the team leaders. Besides, the position tracking errors
are less than 0.5 m within 7 s and the attitude tracking
errors are less than 0.2 deg within 3 s. These results validate
the effectiveness of the proposed containment control law,
which guarantees convergence of the containment error and
ultimately achieves containment.

V. CONCLUSIONS

In this paper, a reinforcement learning-based optimal con-
tainment control law is devised for the quadrotors, without
requiring information of quadrotor dynamics. The algorithm
to learn the optimal control law is presented. For implemen-
tation, the optimal performance indices are approximated by
several neural works, and the weights are updated from the
trajectory data of the vehicle systems. The simulation results
verify the effectiveness of the proposed optimal containment
control law.
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