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Abstract—1In this paper, we propose a reactive planning
system for quadruped robots based on prescribed-time control.
The navigation of the quadruped robot is fundamentally de-
picted as omnidirectional movements, while a feedback control
law is formulated to address any deviations the robot may en-
counter. In particular, our proposed feedback control system is
theoretically proven to achieve convergence within a predefined
finite time that is specified by the user. To further compute the
optimal convergent time and the local goal state, we present a
high-level planning node encompassing terrain-aware kinody-
namic search and spatiotemporal trajectory optimization, which
can generate collision-free, smooth, and efficient trajectories.
The effectiveness of our proposed framework is validated
through both numerical simulation and real-robot experiments
in indoor and outdoor environments, including scenarios with
cluttered obstacles, slopes, and external disturbances.

I. INTRODUCTION

Quadruped robots offer significant advantages compared
to other types of robotic machines for tasks such as rescue
operations and load transportation [1]-[3]. In real-world
applications, autonomous navigation is a vital task, which
requires planning and tracking a collision-free trajectory.
However, achieving fully autonomous quadrupedal locomo-
tion remains a challenge. Firstly, high-level planning requires
simultaneously taking into account collision avoidance, time
efficiency, and complicated terrains. Additionally, tracking
the waypoints (subgoals) from high-level planning can result
in non-smooth motion on real robots. Furthermore, open-loop
planners are unable to address robot deviations in a smooth
or automated manner with high frequency.

In this paper, we propose a reactive planning framework
to address these issues systematically. Traditional reactive
planning relies on Control Lyapunov Functions (CLFs) [4],
offering a smooth feedback control law that instantaneously
adjusts the path to the goal [5]-[7]. Although CLFs can
ensure the convergence of the closed-loop system, the con-
vergence is often achieved as the time tends to be infinite in
theory, resulting in an infinite arrival time at the planned goal.
To address this concern, we incorporate the prescribed-time
control theory [8] into the framework of reactive planning.
Next, we give a brief review of the related work and
summarize our contributions.
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Fig. 1.
hardware configurations in indoor (left) and outdoor (right) environments.

Figure showing our quadruped robots navigating in different

A. Related Work

In the context of trajectory planning for legged robots on
complex terrains, various methods have been proposed in the
literature. Some of these methods are sampling-based, such
as [9]-[12]. These methods do not take into account the robot
dynamics, which may lead to infeasible motions in practice.
In [13], the kinodynamic model is proposed to generate
trajectories, but only a small planning horizon is employed.
Although the omnidirectional movement of quadruped robots
is considered in the above methods, they do not consider
that quadruped robots are often weak in lateral walking and
turning. Moreover, the optimality of the trajectory is usually
not guaranteed.

A better way to achieve optimality is trajectory optimiza-
tion (TO), as presented in [14]-[17]. In [15], a complete
trajectory optimization method is presented to consider cen-
troidal dynamics, footholds, gait schedule, etc. However, the
local optima is difficult to avoid due to the non-convexity
of the constraints, and the computation time is too long for
real robot applications. Recent works [17], [18] incorporate
the jumping gait into quadrupedal navigation and optimize
the whole-body trajectory. Unfortunately, all the above-
mentioned methods only consider the space aspect to avoid
collisions but lack consideration of the time aspect.

Traditional motion planning algorithms are often am-
biguous about robot deviations from the planned trajectory.
Indeed, they provide only open-loop control for tracking.
In contrast, reactive planning provides smooth closed-loop
control by replacing the concept of trajectory with that of a
vector field [5], [6], [19]-[22]. Recently, a pioneering work
[7] presents a CLF-based reactive planning framework and
combines the CLF with RRT* for biped robot navigation.
Theoretically, CLFs provide a family of trajectories that
converge to the goal [4]. However, CLFs can only guarantee
the asymptotical stability of the closed-loop system, meaning
that the arriving time at the goal can be infinite.
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Fig. 2. Figure showing the proposed planning system. See Section II for a detailed introduction.

The issue of the convergent time has been introduced in the
control community. To solve this issue, finite-time stability
and fixed-time stability are proposed [23], which can guar-
antee finite/fixed convergent time. However, the finite/fixed
convergent time is usually dependent on the controller pa-
rameters and cannot be predefined arbitrarily. Recently, Song
et al. [8] proposes the concept of prescribed-time stability,
which provides a way for controller design to guarantee an
arbitrarily prescribed convergent time. However, although the
prescribed time is arbitrary, it is still an open problem about
how to prescribe an optimal one. In particular, in the context
of legged robot navigation, prescribed-time control is rarely
explored.

B. Contribution

The contributions of this paper can be stated as follows:

o We propose a novel reactive planning system based on
prescribed-time control for quadruped robot navigation.
In particular, the omnidirectional movement is consid-
ered in the robot dynamics, while the lateral velocity
and the turning velocity are minimized by analytically
solving a optimization problem. To the best of our
knowledge, this is the first time that prescribed-time
control is applied to legged robot navigation.

o Theoretical proof is established for the convergence of
the closed-loop control system within a predetermined
fixed time. A vector field is created to guide the robot
to precisely reach the local goal at the planned time,
which can autonomously handle robot deviations.

« A high-level planner is proposed to provide the optimal
convergent time and the local target for the reactive
planning node. In particular, it takes into consideration
collision avoidance, trajectory smoothness, and time
optimality within a coarse-to-fine framework.

« Extensive simulation and field experiments are con-
ducted to validate the effectiveness of the proposed
system on a Unitree Al robot, as shown in Fig. 1.

The structure of this paper is presented as follows. Section
Il provides an overview of the entire system. Section III
introduces each module of our planning system in detail.
Section IV provides a comprehensive experimental evalua-
tion. Finally, we conclude the paper in Section V.

II. SYSTEM OVERVIEW

The overall planning system is illustrated in Fig. 2. Based
on state estimation and mapping, we present a kinodynamic
A* algorithm to search for a nearly optimal path. The
initial time assignment is determined based on an optimal
boundary value problem. To enhance smoothness and time
optimality, a spatiotemporal optimization method refines the
coarse trajectory. The local target with the planned time is
obtained from the optimized trajectory.

Instead of waypoint tracking, we introduce a high-
frequency reactive planner node based on prescribed-time
control. The solution trajectory of the closed-loop system
naturally generates a vector field that guides the robot to
the subgoal. In practice, it indeed provides automatic and
instantaneous planning to deal with robot deviations. No-
tably, the prescribed-time control law enables the attainment
of the planned arrival time at the subgoal. In the final step,
the planning system generates control commands for the
locomotion controller.

III. MAIN METHOD
A. Prelimenary

We first introduce the basic concept of CLF. Consider the
control system:

&= f(z,u), (D

where z € R” is the system state, u € R™ is the control
input. Then, the CLF is defined as follows:

Definition 1: [4], [7] Consider the control system (1) and
a differential function V : X — R, for which there is some
neighborhood O of the equilibrium state z° for (1). Then,
V is a CLF for (1) if:
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o the set {z € X|V(z) < ¢} is a compact subset of O

for each € > 0 small enough.

e V(2°) =0, and V(z) > 0 for each x € O, = # 2°.

o For each x € O,  # 2, there exists an admissible

control policy w, such that VV (z) f(z,u) < 0.

The CLF is based on the Lyapunov stability ideas, follow-
ing the asymptotic stability. Without loss of generality, we
assume the equilibrium state 20 is 0.

Definition 2: [24] Consider a nonautonomous system:

&= f(z,1), 2

where f : R™ x [0,00) — R™ is piecewise continuous in ¢
and locally Lipschitz in z. Then, the equilibrium state x = 0
is asymptotically stable if:

o There exists a class of K function 8 such that ||z(¢)]| <
B(llz(O)]]).

o z(t) = 0ast— oo.

The concepts of CLF and asymptotical stability provide
an elegant way for reactive planning [5]-[7]. However, as
we commented before, the above concepts only guarantee
convergence as ¢ — oo, and thus the convergence time may
be too slow in practice. To handle this issue, we introduce
the concept of prescribed-time stability:

Definition 3: [8], [25] The system (2) is prescribed-time
asymptotically stable in time 7', if there exist a function p :
[0,T) — Ry with p increasing to oo as ¢ — T and a class
KL function S such that

@) < B(l=(0)], 1))

holds for V¢ € [0,T'), where T > 0 is a finite scalar that can
be prescribed in the design.

Next, we will design a novel feedback control law and a
related CLF for quadruped robot navigation, such that the
closed-loop system satisfies the prescribed-time stability.

B. Prescribed-Time Control Design

We leverage the omnidirectional robot model to describe
the dynamics of quadruped robot navigation [5]-[7]:
¥ | | —cos(d) —sin(d) Vg 0
[ 5} B [ Lsin(6) —2cos() } {vy } +{w ]’ )
where r is the Euclidean distance between the robot position
and the target position, § € [—m, 7) is the angle from the
heading direction of the robot to the line of sight from the
robot to the goal, w is the yaw angle velocity of the robot, v,
and v, are the robot velocity along the x- and y- axis in the
body frame, respectively. Clearly, in this control system, r
and ¢ are the system states, while v,, v, and w are the control

inputs. This nonlinear control system (3) can be reformulated
via feedback linearization:

7 Uy
MR @
where the linearized control input v, and v;s are defined as

(o] e[ e e8] e

T

Before we design the prescribe-time control law for v,
and vs, we first introduce a proposition from [7]:
Proposition 1: [7] Given the equation (5), the following
optimization problem can be analytically solved,
min vi + an,
Vy,w
where o is a positive weight scalar, and the analytical
solution is:

. 1cos(d)(vysin(d) + rvs cos(d))

w= r2cos?(0) + ’ ©62)
. —vpcos(6)(r? + ) 4 avs sin(d)

Ve = r2cos?(0) + a ’ (6)
« _ —a(vpsin(d) + rvs cos(d))

YT r2cos?() + « (60)

Remark 1: It can be seen that we can obtain the optimal
(i.e., minimum) lateral velocity v, and w given some known
v, and vy. It is practically viable for legged robots, since the
legged robots are often weak in lateral walking and turning,
e.g., the Cassie robot in [7] and the Unitree Al robot.

Now, we are in a position to design our prescribed-time
feedback control law, namely, on the time interval [0,7),

14+m Ti+m

v = —(k, + T T T, (7a)
1_|_m T1+m

Vs = _(k6 + T )(T — t)1+m 57 (7b)

where k,, ks are positive weight scalars, T is the prescribed
convergence time, ¢ is the current time, m is a positive
integer. With the above control law, we can prove the
prescribed-time stability of the closed-loop system, which
is the main theoretical result of this paper:

Theorem 1: The closed-loop control system (4) with (7)
is prescribed-time asymptotically stable in time 7.

oy . 1+m
Proof: Define auxiliary functions p £ (TT_T

wy 2 pr, ws 2 pd. Then, we define the candidate Lyapunov
function as V' £ 3 (w,)? + 3 (ws)?. It can be seen that the
control system can be decomposed into two components for
r and 4. First, let us deal with r and define V, £ 1(w, )%
Then we have

and

V.vr = WpWy = Wy 4T + Wy 0y (8a)

_ 1 +m T 24+m

= e ()P (8b)
1+m T .

= w,y(Tur(T — t) ) + Wy vy (8¢c)
1

< wpp( * mm) + Wy prvy (8d)

= —kow,p’r = =2k, V. (8e)

From Lemma 1 in [8], we know that VT < =2k uV, =V, <
¥2¥7V/(0), where 1) is a monotonically decreasing function
of t and ¥(0) = 1 and ¢(T") = 0 which implies that V' and
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w are both bounded on [0,T"). Then, we have

72« 2‘/; kaT 2 0
r2:%: I = ug( )’
k.
~lrol < = o,

Similarly, we can also have ||0(¢)|| < w;ft()t) |6(0)]]. There-
fore, from Definition 3, we conclude that the overall closed-
loop control system (4) with (7) is prescribed-time asymp-
totically stable in time 7'. [ |

In real-world scenarios, conventional CLF methods (such
as in [7]) can address robot deviations caused by disturbances
through automatic and immediate planning. Our proposed
method shares this capability, but can further achieve the
convergence within the predetermined time.

A basic question here is whether the prescribed-time sta-
bility requires infinite control inputs, which are not desirable
in robotic applications. To answer this question, we introduce
the following proposition.

Proposition 2: [8] The control inputs v, and vs in (7)
are both bounded on [0,T) for the control system (4),

On the real robot, it is common that the hardware system is
not well-synchronized. Then, it might happen that the states
are not exactly zero when ¢ > 7. It is worth noting that
in the control community, this fact is often neglected, and
the prescribed-time control law is only defined on the time
interval [0, T"). However, for robotic applications, we want to
emphasize that the undefined control law after the prescribed
time T is undesirable. To handle this issue, we extend the
original control law to the time interval [T, 00) as follows:

kr,

Vp = — P rr, (9a)
ks,

S ) 9b

Vs oy 7 (9b)

where ky,, kr,,ks,, ks, are all positive weight scalars.
Clearly, the extended control law on [T, c0) can also drive
the state trajectory to the origin, while it cannot guarantee
the convergence time.

Proposition 3: V = %73 + %52 is a CLFE.

Proposition 4: Suppose the control system (4) evolves
until the time T, but r(7) and §(7T") are not both zero.
Then, the closed-loop control system (4) is asymptotically
convergent to zero with the extended control law in (9), i.e.,
when ¢ — oo, r — 0 and § — 0,

The above two propositions can be proved by checking
Definition |1 and 2, and the details are neglected due to the
page limit. Proposition 3 shows that our proposed method is
a special case of CLF-based methods [5]-[7]. This is also
consistent with the fact that prescribed-time stability is a
special case of asymptotical stability.

Generally, the convergence time 7' could be any positive
scalar. In this paper, we aim to prescribe an optimal arriving
time via a high-level planner, which is introduced in the
following.

C. High-level Planner

The design criteria for our high-level planner are as
follows: (C1) The robot should arrive at the goal as soon
as possible; (C2) The control input should be minimized
to save onboard energy; (C3) The robot should be away
from obstacles within safety margins; (C4) The robot should
autonomously decide whether a complex terrain should be
climbed or bypassed.

1) Coarse Trajectory Search

First, we simplify the robot dynamics and utilize the
kinodynamic A* method to search for a coarse trajectory.
To enhance the quality of trajectories for quadruped robots,
we integrate motion primitives, terrain evaluation metrics,
optimal control minimization, and similarity penalties into
both the actual cost and heuristic cost functions.

Node Expansion: In this global planner, we describe the
quadruped locomotion along two motion axes independently,
without considering the yaw angle. We choose to utilize
acceleration as the control variable and take the position and
velocity as state variables, i.e.,

(10)

sCo_ c c _ 0 I2
¢ = Ax€ + uc, A—{O 0

where 2¢ £ [p,, py, Ve, vy T, U 0,0,az,ay]", pz(py),
vz (vy) and az(a,) are the position, velocity and acceleration
of the base in the x-(y-) axis of the world frame respectively.
Note that the velocity and acceleration are both limited:
[z, 0] T € [~Vmax, Umax)?s [0z, ay] T € [—Gmax, Gmax]?. To
generate a set of feasible motion primitives, we discretize the
control space along either axis into m,, uniform grids. Each
control sample is applied for a duration of 7,27,--- ,myT,
respectively. The successor state of each primitive can be
obtained by solving the ordinary differential equation (11):

cé[

t
z°(t) = eMac(0) —|—/ ATyl (1) dr. (11)
0
The actual and heuristic costs of each successor state are
updated as follows if it satisfies two conditions: (i) it is
collision-free, and (ii) its velocity is within the predefined
limits. If these criteria are met, the successor state is added
to the open set for expansion, provided it has not already
been expanded.
Actual Cost: The actual cost e, is designed as

M
e(} = Z(wttl + weff + wofzo + wtefzte)7

=1

12)

where the actual cost is a combination of four distinct
cost terms, with different weights assigned to each term
based on its relative importance towards the corresponding
criterion. To introduce the cost terms, we first define the
trajectory consisting of )M motion primitives, with con-
trol inputs, durations, and intermediate states denoted by
{ui) ’ui{}v{tlv"' 7tM}7 and {Z‘i, ’xﬁl}‘

The first term in (12) is for criterion (C1) to minimize
the total time; The cost term f¢ = ||ug||? is for criterion
(C2); For (3), we have f? £ my(ds), where m,(ds) denotes
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the number of the obstacle grids around the node within a
predefined distance ds. This term penalizes trajectories close
to obstacles and does not rely on any ESDF map. Finally,
the cost term f¢ = ||h(z$)|?> addresses criterion (C4) by
incorporating the terrain cost score h(x¢) associated with
the state x°.

Heuristic Cost: We employ the Pontryagin minimum
principle [26] instead of the standard distance functions in A*
algorithms to determine the optimal cost g.(z¢, x5, T') from
the current state x¢, to the final goal state 2y with the duration
T. Note that while x¢ and xy are given in the searching
algorithm, the value of 7' is unknown. We replace 7' with
T* £ argming ge(z¢, 5, T) to get the optimal value.

In addition to the optimal travel cost g., we employ the
tiebreaker technique to further improve trajectory quality.
Specifically, we prefer trajectories similar to the latest op-
timized trajectory, if available. Let z¢ denote the current
state on the latest optimized trajectory, and the tiebreaker
is gi(2¢) = ||#¢ — 2¢||?. Then, the overall heuristic cost is
he = ge + wepgr Where wyy, is the weight for the tiebreaker.

We implement an early termination strategy for our search
algorithm. This termination condition requires an expanded
node to meet two criteria concurrently: (i) near the final target
with a minimal margin, and (ii) an optimal trajectory free
from any collisions leading to the final goal. Such a technique
effectively circumvents potential numerical issues that may
arise from the discretization of samples, thereby improving
the overall efficiency of the search algorithm.

2) Spatiotemporal Trajectory Optimization

Our TO builds on [27], [28], and we further incorporate
the terrain costs into the optimization framework.

Trajectory Parameterization: Suppose that the trajec-
tory consists of m — 1 intermediate waypoints. Denote
the positions of the intermediate path points as ¢ =
col{q1, "+ ,qm—1} and the related arriving time stamps as
t £ col{ty, -+ ,t;,_1}. From Theorem 2 of [27], it is
known that the optimal trajectory of the multistage control
effort minimization problem comprises m quintic polyno-
mials. Then the overall trajectory is parameterized with

c = col{cy, -+ ,cm}, where ¢; is for the parameters of the
i-th piece polynomial and can be computed efficiently from
q and t.

Problem Formulation and Numerical Optimization: We
propose the following optimization model as the TO prob-
lem:

mitn MNedyi + Aodo + Agdg + Andn, (13)
a,

where J. denotes the specific cost that will be introduced in
the following and A. is the related weight. In (13), Jy; L.,
is for (C1). Our trajectory parameterization method naturally
satisfies (C2). We leverage the virtual collision avoidance
force estimation [28] for (C3) to define

m—1
Jo & Z max{(d. — (¢; — s:) "vi)?, 0},
i=0

where d. is the safety margin, s; and v; are the obstacle
surface point and the direction vector for g;, respectively.

The input limit cost is

m—1
e Y max{d - d20h
i=1 de{v,a,5}
where v;, a;, j; are the velocity, acceleration and jerk, and
d., is the corresponding limit. Finally, J; is a numerical
integration of the terrain cost map over the trajectory

m—1 N¢

Jn = Z ZH(Qi)sz‘UHTé,

=0 k=0

where £ is the terrain cost map, 7} 2 N%(tiﬂ —t;) is a
time interval in [t;,¢;11] discretized into N; pieces.

We only recalculate the high-level trajectory in cases
where the planned trajectory is infeasible or the robot is too
close to an obstacle. This enhances the stability of the high-
level trajectory, while also reducing the frequency of any
unnecessary trajectory changes.

IV. RESULTS AND DISCUSSION

In this section, we first demonstrate our prescribed-time
control based closed-loop trajectories in numerical simula-
tion. Then, we conduct extensive indoor and outdoor exper-
iments to validate the overall planning system.

A. Numerical Simulation

We first show how the closed-loop trajectories vary with 8
different initial positions and orientations, as shown in Fig.
4(a). In this test, we prescribe the convergent time 7" as 4
seconds, and the other parameters are: k, = ks = 0.01, 0 =
m = ky, = kr, = ks, = ks, = 1. The robot can arrive at the
target, while automatically aligning its heading and reducing
its lateral movement.

Then, we further evaluate the convergence details through
a comparative study. In this test, we use (9) as the baseline
control law for all ¢ € [0,00). Note that it is a CLF-based
control law with only the asymptotic stability guarantee.
The initial position is set to (\/5, —\/i), and the controller
parameters of both methods are the same as that in the first
test. Moreover, we manually add a disturbance when ¢ = 2,
to show how the controllers could handle this robot deviation
automatically. The results in Fig. 4(b) and 4(c) show that both
methods are robust to the external disturbance and can guide
the robot to the origin. Compared to the baseline, our method
converges faster and can rigorously guarantee the prescribed
convergent time 7', namely, 4 seconds.

B. Robot Validation

We validate the proposed planning system on a quadruped
robot Unitree A1 with our customized sensor suites, as shown
in Fig. 1. The experimental results are shown in Fig. 3.

1) Cluttered Indoor Environment: There are multiple
static obstacles and hallways in the indoor playground. The
objective is to sequentially reach four distinct goal states,
each located at the corners of the environment (Fig. 3(a)
- 3(d)). During the overall test, the robot can navigate
autonomously without any human supervision and reach all
targets in sequence.
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Fig. 3.

Experimental Results. (a)-(d) Results for Test 1. The red lines indicate the trajectory. The black, yellow, and blue dot boxes are for the start,

intermediate goals, and end, respectively. (e)-(f) Results for Test 2. (g)-(f) Results for Test 3. (j) Result for Test 4. (k) and (1) Results for Test 5. The red
lines highlight the process when the quadruped robot traverses the furrow on the uneven grassland.
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Fig. 4. Simulation Results. (a) The figure shows 8 different closed-
trajectories generated by our prescribed-time control method. The red point
and arrow indicate the initial position and heading direction. (b)-(c) The
comparative results of our method and a simple CLF-based method. We
add a small disturbance into both closed-loop systems when ¢ = 2.

2) Navigation with Disturbances: In this scenario, the
robot navigates through the same cluttered indoor environ-
ment in the experiment before, but is subjected to being
kicked and dragged multiple times on its path to the first
goal. Fig. 3(e) and 3(f) show that, the robot could quickly
recover its posture and maintain balance, illustrating that our
navigation framework is robust to significant disturbances.

3) Single-Plank Bridges: The environment consists of a
single-plank bridge with up-and-down slopes and obstacles.
We set up the environment such that all the feasible trajec-
tories pass through the bridge. In this test, the robot first
climbs up the slope (Fig. 3(g2)), goes over the single-plank
bridge, walks down the slope (Fig. 3(h)), and finally avoids
obstacles to reach the target (Fig. 3(i)).

4) Modified Single-Plank Bridge: This scenario is similar
to the one before, but several obstacles have been removed to
create new feasible trajectories that do not require crossing
the bridge. Automatically, the robot bypasses, rather than
climbs up, the single-plank bridge, demonstrating that our
framework can automatically determine whether to conquer
the complex terrains or find a more energy-efficient way.

5) Wild Grassland: The robot navigates through the wild
environment containing trees and grass. In particular, the
robot can traverse furrows without losing any balance,
demonstrating its flexible terrain adaptability in the wild.

V. CONCLUSION

This paper introduces a reactive planning system com-
posed of a high-level trajectory planner and a prescribed-
time control-based reactive planner. In the high-level planner,
we utilize kinodynamic A* and spatiotemporal optimiza-
tion to determine the local subgoal and its optimal time.
Subsequently, we propose a feedback control law in the
reactive planner, which effectively guides the robot towards
the local goal and automatically addresses any deviations that
may occur. In particular, we provide theoretical proof for
the prescribed-time asymptotic stability of the closed-loop
control system within the planned time. The effectiveness
of the proposed method is validated through comparative
tests in numerical simulations, and the planning system is
further tested on a real robot in both indoor and outdoor
environments.
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