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QuadricsNet: Learning Concise Representation for
Geometric Primitives in Point Clouds

Ji Wu*  Huai Yu*

Abstract— This paper presents a novel framework to learn a
concise geometric primitive representation for 3D point clouds.
Different from representing each type of primitive individually,
we focus on the challenging problem of how to achieve a concise
and uniform representation robustly. We employ quadrics to
represent diverse primitives with only 10 parameters and
propose the first end-to-end learning-based framework, namely
QuadricsNet, to parse quadrics in point clouds. The relationships
between gquadrics mathematical formulation and geometric
attributes, including the type, scale and pose, are insightfully
integrated for effective supervision of QuaidricsNet. Besides,
a novel pattern-comprehensive dataset with quadrics segments
and objects is collected for training and evaluation. Experiments
demonstrate the effectiveness of our concise representation and
the robustness of QuadricsNet. Our code is available at https:
//github.com/MichaelWu99-1lab/QuadricsNet.

I. INTRODUCTION

Geometric primitive representation and parsing are fun-
damental problems for compact 3D object representation
and scene modeling, providing crucial features for structured
mapping [1]-[3], CAD reverse engineering [4], [5], and
SLAM optimization [6]-[8]. Unlike non-vectorized, sparse
and large point clouds, geometric primitives can model the
geometric information in a compact manner with vectorized
representation. Several geometric primitives have proven to
be successful in various fields during the last decades, such
as planes [9], ellipsoids [10], B-splines [11] and cuboids
[8]. However, unified representation and modeling of these
primitives remain a challenging problem. Moreover, although
deep learning has achieved great success in 2D and 3D object
detection and classification, end-to-end unified mathematical
modeling and geometric perception are pressing issues that
need to be explored when parsing geometric primitives.

Real-world objects and scenes are generally composed of
multiple geometric elements. For example, a cup typically
consists of a cylinder and two planes, while streets usually
include planes, cylinders, and cones. As shown in Fig. 1,
most methods employ one or several geometric primitives
for simplicity [11]-[14]. Eiffient-RANSAC [15] integrated
in CGAL is a standard analytical algorithm. However, the
configurations must be carefully tuned to accommodate
different types of primitives. Learning-based techniques can
obtain more robust configurations from massive training
data [12]. Nevertheless, each primitive is still represented
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Fig. 1: For point clouds with various geometric primitives,
representing them individually poses a challenge for the algo-
rithm design and downstream tasks. We propose QuadricsNet
to learn a concise representation with 10 parameters for
diverse geometric primitives, thus yielding robust primitive
parsing and structure mapping results.

individually, which requires the design of different learning
models for different primitives. Therefore, if we can unify
the representation of different primitives, it will significantly
simplify the design complexity and parameter settings of
parsing methods, thereby improving the robustness and gen-
eralization of primitive parsing.

For the unified representation and modeling, we find that
quadrics in 3D space can concisely represent 17 types of
geometric primitives with only 10 parameters, which has
been introduced into 3D vision for abstract mapping [16]
and SLAM [7]. However, existing methods often use non-
learning geometric clustering and fitting strategies, which
require high-fidelity point clouds and careful parameter con-
figurations. Point cloud noises and parameter errors will
lead to fragmented segmentations and inaccurate primitive
fitting. Deep learning models have stronger adaptability than
traditional methods in solving data noise and parameter
fitting. With a large amount of training data, an intuition
is that using deep models to parse these primitives may have
better performance than traditional methods. However, the
learning of the quadrics representation for parsing geometric
primitives remains unexplored.

In this work, we propose a robust learning-based quadrics
detection and fitting framework for the parsing of geometric
primitives in point clouds, namely QuadircsNet. It consists
of a quadrics detection module and a quadrics fitting module.
The detection module segments and classifies point clouds
into several quadrics primitives, while the fitting module
generates quadrics parameters from the detected primitives
and vectorizes the primitive models. Our key insight is utiliz-
ing the characteristics obtained from quadrics mathematical
formulation, such as type, scale, and pose, to supervise the
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quadrics detection and fitting modules. The key contributions
can be summarized as:

e We propose QuadricsNet, the first end-to-end quadrics
detection and fitting framework for learning the concise
representation of geometric primitives in point clouds.

e We leverage the geometric attributes from quadrics
mathematical decomposition, such as the rype, scale,
and pose, to supervise the detection and fitting modules.

e We build QuadricsDataset, which consists of quadrics
segments and objects. Experiments demonstrate the
effectiveness of our quadrics representation and robust-
ness of QuadricsNet.

II. RELATED WORK

In this section, we review the representations of geometric
primitives and the detection-fitting techniques.

A. Geometric Primitive Representation

The representation of geometric primitives has been
widely investigated in computer vision and robotics [17].
Planes receive the earliest attention as the simplest primitive,
which are represented as a normal and an offset in most
methods [9], [18], [19]. Further, curved surfaces such as
cylinders, spheres, and cones are represented by the param-
eters like apex, axis, or radius, depending on their geometric
structures [12], [15], [20]. There are also more particular
surfaces, e.g., B-spline [11] and extrusion cylinders [5],
which are also modeled according to their properties. The
above individual representations lack uniformity, resulting
in the necessity of multiple designs for detecting diverse
primitives, as well as inconveniences for downstream tasks.

A more general representation could address the above
deficiencies. For example, cuboids [8], [21] are used to
represent objects as bounding boxes. Ellipsoids [10] and
superquadircs [22] have a better expression in terms of scale,
orientation, and position. But they are limited by their basic
models, resulting in only being able to express a coarse
structure. Surfaces based on control points [11], [23] can
express arbitrary shapes. However, the parameters of the
control points are redundant and have insufficient geometric
attributes. In contrast, quadrics can concisely cover the 17
most common geometric primitives, and can also figure
out their attributes, such as type, scale, and pose [7], [16].
However, the relationships between quadrics mathematical
formulation and geometric attributes are not fully considered,
and non-learning methods suffer from weak robustness and
generalization.

B. Detection and Fitting of Primitives

Detection and fitting of geometric primitives in point
clouds is a time-honored problem [24]. Hough transforms
based on voting in parameter space [18], [25], [26], region
growing based on similarity matching [27], and iterative
heuristic RANSAC [15], [20], [28] have achieved great
success and continuous extension. Particularly, Efficient-
RANSAC [15] implemented in CGAL is considered the
standard. However, the non-learning methods suffer from

laborious tuning when confronted with different primitives.
In addition, noise and challenging cases like fragmentation
and occlusions are also intractable.

Learning-based methods are highly anticipated in these
issues. SPFN [12] first detects four primitives and then fits
the corresponding parameters with separate differentiable
estimators. ParseNet [11] and Point2Cyl [5] extend the
primitive types to B-splines and extrusion cylinders. HPNet
[13] proposes hybrid features to combine multiple primitive
detection cues, thereby improving detection performances.
CPEN [14] assembles the detection results of global and
local networks by an adaptive patch sampling network to
improve the detection of fine-scale primitives. However,
these networks are designed with individual estimators for
specific primitives. There are only a few networks for general
primitives [22], [29], [30], but they are limited by the
expressiveness of the representations used and hence can
only represent structures at a coarse level.

Different from prior works, we are the first to adopt a
learning approach to represent point clouds with guadrics
concisely, and we also exploit the relationships between
quadrics mathematics and geometry to improve robustness.

III. QUADRICS

Before delving into the methodological details, we first
define the quadrics, a parametric representation of surfaces
that is more exhaustive in terms of primitive types and more
concise with respect to the mathematical form than existing
representations [11], [12], [22], [29]. We further decompose
the formulation of quadrics to reveal the relationships be-
tween their mathematics and geometric attributes (type, scale
and pose). Finally, we explain the degeneracy of quadrics.

A. Quadrics Representation

In algebraic geometry, quadrics are a class of surfaces
defined implicitly by a second-degree polynomial equation:

f(x,q) = Az + By? + Cz* + 2Dzy + 2Exz

1
+2Fyz+2Gx +2Hy +2Iz+ J =0, M

where x is a point with homogeneous coordinate [z, y, z, 1]T,
q=[A,B,C,D,E,F,G,H,I,J] and the quadratic term is
not all zero. The compact matrix form is xTQx = 0, where

A D E G

A DE G
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E F C I B o1
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The gradient at x is V f(x, q) = VQx, and also the direction
of its normal n € R3.

Despite having only 10 parameters, quadrics can uniformly
represent 17 geometric primitives, including points, lines,
planes, spheres, cylinders, and cones, which encompass most
cases in artificial structures.
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Fig. 2: Tllustration of quadrics derivation and degeneracy.
Ellipsoid Q; and cylinder Q5 are derived from the canonical
quadric C; and C, through transformations P, and P5. For
Q1, the rotation around axis a is degenerate because the
ellipsoid is symmetric on the axes b and ¢ (Ig = [1,0,0]).
For Q2, the translation along axis ¢ and the rotation around
it are degenerate because the cylinder is open on axis ¢ (Iy =
[1,1,0]) and symmetric on the axes a and b (I = [0, 0, 1]).

B. Mathematical Decomposition of Quadrics

For any quadric Q in space, all its axes can be aligned
to the coordinate axes by precisely applying rotation and
translation. After that, Q is reduced to a diagonal matrix C,
namely the canonical matrix of a quadric. The canonical
matrices of typical quadrics are summarized in Table I.
It is worth noting that the form of C and value of A in
C determine respectively the type and scale of a quadric,
and Isr ¢ € {0,1}3 indicates the degeneracy of the scale,

rotation, and translation.
TABLE I: Characteristics of typical quadrics

Type Diag(C) I Ir Iy

Line [Aav)\bvov 0] [0707 0] [0707 1] [17 170]
Plane M, 0,0, 0] (0,0,0] [1,0,0] [L,0,0]
Sphere AasAp, Ae, —1]  [1,1,1]  [0,0,0] [1,1,1]
Cylinder  [Aa,y,0,—1]  [1,1,0] [0,0,1] [L,1,0]
Cone [)‘Ud)‘byi)‘c?o} [17170] ,0,1 [17171]

Inversely, as illustrated in Fig. 2, a given quadric Q can
be regarded as being transformed from C by

[P I - S R IV N R N : S
Q =P CP == |:0T 1:| |:OT C44:| |:OT 1:| .
(3)

where P(R,t) € SE(3) denotes the transform matrix from
C to Q, namely the pose of a quadric. R € SO(3) and t €
R? are the rotation and translation blocks of P, A € R3*3
and cy4 are the diagonal blocks of C. Furthermore, Q can
be decomposed as

_ RART —RARTt] _ |:Q33 1}

Q * k * k|- @)

Here, it is obvious that the scale and pose of a quadric can
be inferred by mathematical analysis of Q33 € R3*3 and
1 € R3, which is explained in Sect. IV-C.

C. Geometric Degeneracy of Quadrics

The degeneracy means that the scale, rotation, and trans-
lation of a quadric won’t affect its shape, which can be

judged from Q. If Q is rank-deficient, this will lead to
the degeneracy of scale at certain axes. Since Qgs3 is a
real symmetric matrix, it can be similarly diagonalized as
Q33 = RART, where A = A can be denoted by the
eigenvalues of Qa3 as diag (A4, Ap, Ac) and R consists of
the eigenvectors. The zero values in the eigenvalues make
the translation along the corresponding axis degenerate. If
there are duplicates in the eigenvalues, i.e., the quadric is
symmetric, and the rotation around the non-symmetric axis
will degenerate. Fig. 2 illustrates this more intuitively.

IV. METHODOLOGY

We presume that the inputs are point clouds X € RY with
3D positions and optional normals. We seek to represent it
with a set of quadrics {Ql, Q.. ..., QK} that closely approx-
imate its underlying surfaces. For this purpose, an end-to-end
framework QuadricsNet is proposed, as illustrated in Fig. 3.
We first introduce the two modules of QuadricsNet: quadrics
detection module and quadrics fitting module, and then we
specify the losses customized for quadrics.

A. Quadrics Detection Module

The purpose of this module is to decompose the input X
into several quadrics segments {Xl,Xg, ’XK} while si-
multaneously identifying their quadrics types {l1,lo, ..., 1 it
To this end, we implement it in three steps: embedding,
clustering, and classification.

Embedding. We primarily employ an embedding network
to learn the point-wise features Z € RN*12% that can
distinguish different quadrics segments in X'. Its backbone is
derived from EdgeConv [31], which can learn local features
singly and global features when stacking in multiple.

Clustering. Based on the features Z with implicit distin-
guishability, we proceed to modify them by the mean shift
[32] in a differentiable way to explicitly cluster the points
according to the quadrics segments:

Ziyr =2 +n(Z,KD ' - Z,), ®)

where K is a Gaussian kernel, D = )" K and the step size
n = 1. After the convergence of Eq. 5, the cluster centers
are determined by a non-maximal suppression. Eventually,
each point is assigned to a segment according to its nearest
center. We employ a membership matrix W e {0, 1} VXK
to indicate the affiliations between points X and clustered
segments {Xl, Xg, e XK} , where we ensure that K > K
even if K varies for different objects.

Classification. Simultaneously with clustering, we com-
bine an MLP and a softmax to construct primitive classifiers
that predict the point-wise quadrics type (e.g., plane, sphere,
cylinder, cone) based on Z. We use another membership ma-
trix L € [0,1]V*F to indicate the probability of each point
in X being predicted as which quadrics type. Eventually, the
types {i 1, Zg, e [ #} of clustered segments are determined by
a majority voting overall types of points in each segment.
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Fig. 3: Overview of QuadricsNet. The detection module segments point clouds into several quadrics segments and identifies
the quadrics types, then the fitting module fits the quadrics parameters of each segment, and finally the structure map is

reconstructed using the fitted quadrics.

B. Quadrics Fitting Module

This module fits quadrics parameters {Ql, Qg,. LQ it
for all detected quadrics segments {Xl, Xo, ..., Xt

Prior to fitting, the points X, of each segment are derived
by filtering X according to W:

r=W.,L0X, (6)

where © denotes the element-wise multiplication. We con-
struct a quadrics fitting network to robustly estimate the
quadrics parameters Q. for the underlying surface of the
segment X,. The backbone of the fitting network is similar
to the embedding network. Furthermore, we leverage two
MLPs to respectively estlmate a canonical matrix Cy, and a
inverse pose matrix P Y(Ry, t), which correspond to the
scale and pose respectlvely. According to Eq. 3, the quadric
is finally determined as
Qr =P, CiP; (@)
It is worth noting that depending on the symmetry and
sparsity of Cj and P!, the number of parameters in the
output of the fitting network is correspondingly no more than
10 and 12. According to Table I, the form of Ck determines
the type of a quadric. To guarantee that the fitted Qk is
consistent with the type Ir, we leverage I, as a prior to
constrain the form of output C &, e.g., the form is constrained
to be diag([Aa, Ay, 0, —1]) if a cylinder is to be fitted. In
such a concise representation, even a small parameter error
can lead to the wrong fitted type. Our network avoids this
issue and significantly improves the fitting accuracy.

C. Losses

Six losses customized for quadrics are defined from math-
ematic and geometric perspectives to train these modules.

Losses for Detection. We adopt the GT segment member-
ship W and type membership L to supervise this module.
We leverage the triplet loss [33] to achieve the point-wise
features Z with segment distinguishabilities:
HZzA - ziNH2 + Ol70> 5

Zmax(”z — 2P| -
(8)

where z € R128 is the point-wise feature, « is the margin,
M is the total number of triplet sets {z*,z",zN} sampled
from features of different segments according to W. The
cross entropy loss H is employed for quadrics classification:

1 N
‘Ctype = N ZH (Li,:vLi,:) .
=1

Losses for Fitting. To supervise the fitting module, we
employ the GT Q and normals N.

Previously, to match the GT signals to the fitted signals of
each clustered segment, we first compute the Relaxed Inter-
section over Union of W r and W , then the best one-to-
one correspondence between GT segments X, and clustered
segments Xk is matched by the Hungarian algorithm [34].
According to Eq. 1, we define the primal loss for Q, which
roughly mirrors the quality of fitting:

Z Z 5" Qx|
|X s

Further, based on the correlation between the normals and
parameters of quadrics (Eq. 2), we define the normal loss:

ZIXkI Z HVQkx@)nH . an

ernb -

(©))

(10)

prlmal

normal
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where ® denotes column-wise cross product, n is GT normal
on X. Additionally, we explicitly define the regression loss:

af

L= = (12)
k
The scale and pose of fitted quadrics can be learned
directly in Eq. 7, but those of GT need to be inferred by
mathematical analysis of its Q. Prior to inference, Q has to
be normalized to eliminate proportion ambiguity in Eq. 1:

)\QSS
H ZQ Qa C44 7& 0
Q=1 | 1IN : (13)
mcl cgs =0

where AQ32 and \Q are the non-zero eigenvalues of Q33 and
Q. According to Sect. III-C, Q33 = RART, where A =
diag (Mg, Ab, Ac). Without loss of generality, we assume that
Ao > Ay > A, and the scale s € R®, rotation R € SO(3)
and translation t € R3 are

[sa,sb,sc]T = diag(Is Hi )\i /\i]
Farnr] = (dmg(IR)RT) (1
[ta,tb,tc]T = diag(I;)t,

where the direction of r can either be identical or opposite
to the column of R and t € {t | Qast +1= O}. Based on
these theoretical guides, we define the geometric loss:

1 X R R
Looo = Z[Hskfskw||Rk®Rk|\2+||trtk||2],
k

=1

(15)
where we approximate them for gradient stabilization:
§—s =~ C-—A,
RoR = Y., R,xRy, (16)
t—-t =~ ARTt+R"L

V. EXPERIMENTS

In this section, we detail the experimental dataset, evalu-
ation metrics, and result comparisons to the state-of-the-art.

A. Quadrics Dataset and Training Strategy

Since there is no publicly available point cloud dataset
with labeled quadrics parameters Q, we build a Quadrics
Dataset for QuadricsNet training and evaluation using sim-
ulated quadric segments and CAD objects selected from
ABC dataset [35]. To improve the network robustness to
incomplete point clouds, we randomly trim them to simu-
late fragmentation and incompletion. Limited by the ABC
dataset, we mainly consider four types of quadrics, that is,
planes, spheres, cylinders, and cones. We compute Q for all
segments in this dataset and also randomly add noise along
the normal direction in a uniform range [—0.01, 0.01]. It con-
tains two subsets: a) Segment Dataset is mainly designed for
quadrics fitting network, which has 20k quadrics segments
for training and 3k segments for testing; b) Object Dataset is

built for both quadrics detection and fitting networks, which
has 20k CAD objects for training and 3k objects for testing.

We adopt a two-step pre-training and fine-tuning strategy
to train the QuadricsNet. We first pre-train the detection
network using Lemp + Liype 10ss on the Object Dataset.
At the same time, we pre-train the fitting network with
Lprimal + Luormal + Lreg + Lgeo 108s on the Segment Dataset.
Then, the whole QuadricsNet is fine-tuned with the six losses
on the Object Dataset in an end-to-end manner.

B. Evaluation Metrics

To quantitatively evaluate the performance of Quadric-
sNet, we use Seg-IoU and Type-IoU metrics to measure the
performance of quadrics detection, while Residual and P-
coverage metrics measure the accuracy of quadrics fitting.

e Seg-IoU (S-IoU): %Z;ilIOU(W:,ka:,k) measures
the accuracy of quadrics segment clustering.

o Type-IoU (T-IoU): =51 T(l, = I)) measures the
accuracy of quadrics classification.

o Residual (Res): 34, g7 wex, D(Qr,x) is the
average Euclidean distance of raw points x to the
predicted quadric surfaces.

e P-coverage (P-cov): |X|Zx€)€ (ming_, D(Qg, %) < €]
measures the percentage of input points covered by the
predicted quadric surfaces.

C. Result Comparisons

We compare QuadricsNet with five state-of-the-art geo-
metric primitive parsing methods, including the traditional
nearest neighbor (NN) [36] and Efficient RANSAC [15],
the learning-based SPFN [35], ParseNet [11] and HPNet
[13]. Unlike our unified quadrics representation for different
geometric primitives, these competitors employ individual
representations for each. All methods are evaluated on the
Object Dataset test set for a fair comparison.

Quantitative Results. As reported in Table II, we test
these methods with two input cases: points (p) and points
with normals (p+n). Under the same input information,
QuadricsNet generally outperforms other methods for all
metrics. Especially for the Residual and P-coverage metrics,
our unified quadrics representation yields better performance
than other non-unified methods with different representations
for each primitive. These results demonstrate the effective-
ness of our quadrics-based framework on geometric primitive
detection and fitting.

Qualitative Results. Fig. 4 qualitatively shows the struc-
ture mapping of point clouds using different primitive pars-
ing methods. The mapping results using QuadricsNet are
more reasonable with clean boundaries and better structure
integrity because QuadricsNet can detect and fit primitives
more precisely. Furthermore, to evaluate the generalizability
of QuadricsNet in real-world data, we extend the experiment
to the large-scale indoor S3DIS dataset [37]. As shown
in Fig. 5, our method effectively represents the real scene
with quadrics on the object-level scale and yields a robust
structure mapping result.
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Fig. 4: Qualitative comparisons. Structure mapping of the raw point clouds using different primitive parsing methods.

TABLE II: Quantitative comparisons

TABLE III: Impacts of loss design on quadrics fitting

P-cov (%
Method Input | S-IoU(%) + ‘ TIoU(%) T |Res L [——007 (6‘1%‘02
NN [36] | p | sS40 | e6L10 | - | - -
E-RANSAC [15] | p+n | 6721 | - [0.022] 83.40 87.73
p 61.42 7456 | 0.023| 8255  90.67
SPEN [35] p+n | 73.19 8591 |0019| 8679  92.14
p 74.12 7990 0018 8320 9232
ParseNet [11] | 85.70 9021 |0.013| 89.76  93.98
p 80.32 87.19 | 0014| 8607  94.12
HPNet [13] pn | 8817 9225 [0.009| 9312 9627
Ours p 84.12 88.00 | 0.013| 88.64 9588
p+n | 9216 9587 | 0.009| 9376  97.12

.~

wem QuadricsNet s Map with Quadrics

Map with Points

Fig. 5: Stucture mapping of a scene in S3DIS using quadrics.

D. Ablation Study

We mainly discuss the effectiveness of the designed loss
functions on the quadrics fitting module. By gradually adding
the four losses, we obtain their impacts in Table III. On
the basis of the Lyimal loss, adding other supervision
terms generally improves the fitting accuracy. Especially for
adding the L,., loss, we obtain a noticeable performance

Loss settings | Res | | P-cov (%) 1
['primal L"normal L"teg ﬁgeo | | e=0.01 e =0.02
v 0.032 68.10 71.87
v v 0.029 73.03 78.62
v v v 0.012 89.45 90.34
v v v v 0.008 94.12 96.10

improvement with a large margin. Eventually, adding the
Lgeo loss produces the best result, which demonstrates the
effectiveness of combining mathematical factors of quadrics
and geometric attributes on geometric primitive parsing.

VI. CONCLUSIONS AND FUTURE WORK

In this paper, we propose an end-to-end QuadricsNet to
learn a concise representation of geometric primitives in
point clouds. Quadrics representation successfully unifies
different geometric primitives, while the geometric attributes
from quadrics mathematical formulation effectively super-
vise the quadrics detection and fitting networks. Experiments
of primitive parsing on the collected dataset and structure
mapping on real-world scenes demonstrate that our quadrics
representation is effective and the QuadricsNet framework is
robust. In the future, we will explore the fusion of geometry
and semantics for primitive parsing and structure mapping.
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