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Abstract— Safety verification in motion planning is known
to be computationally burdensome, despite its importance in
robotics. In this paper, we investigate the behavior of safe
receding horizon motion planners when the update interval
becomes infinitesimal. By requiring the trajectory parameters
to evolve continuously in time, the trajectory optimization
problem is reformulated into a time-derivative form, whose
decision variables are their rate of change. This results in
a quadratic programming problem which directly provides
safe input, and can be regarded as a real-time safety filter.
The input expressivity is also enhanced by leveraging the
differentiable structure of the parameter space. The proposed
safety filter is experimentally validated using a wheeled ground
robot in obstacle-cluttered environments. The result shows that
the safety filter is capable of generating safe inputs in real-time,
while addressing hundreds of constraints simultaneously.

I. INTRODUCTION

Safety assurance is a very important problem in generating
robot motion. Mathematically, the safety requirement can
be interpreted as persistent satisfaction of a number of
inequality constraints on the state space. The burden of
checking constraint satisfaction over an infinite time horizon
makes direct safety verification intractable, and many motion
planners therefore choose to plan trajectories in a receding
horizon manner. In such methods, at every update, the robot
repeatedly generates trajectories within the prediction hori-
zon by formulating an optimization problem that searches
for the best suitable set of trajectory parameters satisfying
the safety and motion constraints, e.g., collision avoid-
ance, actuation limits. By doing so, the complex trajectory
generation problems are transformed into finite-dimensional
optimization problems solvable by computers, but they still
remain nonlinear and nonconvex in general, making online
safety verification computationally burdensome.

Suppose that the trajectory update occurs periodically with
an interval of τplan > 0. It is advantageous to keep the
interval τplan as short as possible, in that it enables the
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Fig. 1. Let k and τ be the trajectory parameter and the timepoint on the
trajectory, respectively. Continuously changing k and τ gives a uniquely-
determined trajectory in the state space. In this paper, we reformulate
the trajectory parameter optimization problem into a time-derivative form,
which enables real-time safety assurance.

system to respond more promptly to changing environmental
conditions such as discovery of previously unseen obstacles
or state drift due to external disturbances. At the same time,
τplan also serves as the time budget to complete searching
for the next trajectory, i.e., solving the optimization problem.
Since a failure to find a feasible trajectory within this
timeframe may put the robotic system at a safety risk, blindly
choosing a short τplan in the current form is not practicable.

In this work, we consider the limit τplan ↘ 0. The
trajectory parameters are required to change continuously
with respect to time (Fig. 1), and the optimization problem
is translated into a derivative form whose decision variables
are the parameters’ rate of change. The nonlinear, nonconvex
constraints are transformed into linear inequalities that can
be efficiently handled. The objective function is replaced
with a convex quadratic one, such that the resulting motion
planning problem is a quadratic program (QP) which can
be solved in real-time on onboard computers. The resulting
optimization may be also regarded as a safety filter, since
it directly gives the optimal safe input. The proposed safety
filter takes advantage of the differentiable structure of the
parameter space, and can even generate inputs that are not
in the trajectory library, while providing the same level of
safety guarantee.

We validate the proposed safety filter through an ex-
periment scenario using a differential-drive ground rover
with five-dimensional state space and two-dimensional input
space. Even under aggressive reference input signal, the
proposed method succeeded in generating inputs in real-time
that satisfy hundreds of safety requirements.

II. RELATED WORK

Many prior works adopted receding horizon motion plan-
ning (RHP) methods to address safety for many different
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types of robotic systems, including unmanned ground/aerial
vehicles, a swarm of drones, humanoid robots, and robotic
manipulators [1]–[4]. Safety verification of the receding
horizon trajectories is often done using Hamilton-Jacobi (HJ)
reachability analysis [5]. For example, using this technique,
[6] computed a library consisting of funnel-shaped tubes that
encompass all possible tracking errors to ensure safety even
in the worst case scenario. The computational complexity
of HJ reachability analysis, however, scales exponentially
with respect to the system’s dimension, also known as the
curse of dimensionality. Many works recognized this issue
and proposed ways to reduce the dimension by using, for
example, a low-fidelity planning model [7], [8], or a system
decomposition technique [9]. There were also attempts to
reduce computation by utilizing polynomial optimization
[10]–[12], zonotopes [13], or system linearization techniques
[14]. Still, their online computation times are nonnegligible
and they often require a high-performance onboard computer
to achieve a reasonable τplan.

This work is also well-aligned with recent advances in
the topic of control barrier functions (CBFs) [15], such as
CBF-QP, a real-time QP-based safety filter using a CBF
[16]. Although handcrafting a valid CBF is often very hard
for systems with actuation limits, there were a number of
meaningful attempts to systematically synthesize one. For
example, [17], [18] used polynomial bases to parametrize
CBFs. In [19], an optimal control problem, whose value
function becomes a CBF, was formulated and solved. Unfor-
tunately, these methods also are not free from the curse of
dimensionality and require a tremendous amount of compu-
tation. To address this, [20], [21] used deep neural networks,
and [22] used multiple CBFs based on Lyapunov functions
to efficiently cover the safe space. The work [23] introduced
a way to construct a CBF in a more computationally efficient
manner using evading maneuvers. As we discuss in Remark
3, the proposed safety filter can be understood as a gener-
alization of [23], with the parametrized trajectories being
the evading maneuvers. Our work relieves the mentioned
issues of CBF-based methods in terms of computation speed
and satisfaction of actuation limits by utilizing a library of
feasible trajectories.

III. PRELIMINARIES

A. Notation
The letter t is used to denote the (physical) time, and the

Greek letter τ is used to indicate a specific timepoint on a
trajectory. Let β : ζ(∈ D) 7→ β(ζ)(∈ Y ) be a differentiable
mapping where D and Y are differentiable manifolds. We
use the notation ∂ζβ(ζ) : TζD → Tβ(ζ)Y to denote the
pushforward map of β: i.e., if ζ(t) is a differentiable curve
parametrized by t on D, d

dtβ(ζ(t)) = ∂ζβ(ζ(t)) · ζ̇(t), where
the dot notation ˙(·) is used to denote the total derivative with
respect to time t. The dot notation should not be confused
with ∂t(·) or ∂τ (·). The function β is said to be C1 if it is
differentiable and its derivative is continuous. An inequality
symbol between two equidimensional vectors denotes that it
is satisfied in an elementwise manner.

B. Dynamics and Safety Requirements

We consider a robot with continuous-time nonlinear time-
invariant control-affine dynamics

ẋ = f(x) + g(x) · u, (1)

where x ∈ X is the state, u ∈ U is the input. The state
space X is a differentiable manifold, and we assume U is a
convex closed subset of Rnu .

Safety requirements for this system are in general written
in the form of nonlinear inequality constraints on the state
variable x. For some mapping d : X → Rm, the state x is
instantaneously safe if every element of d(x) is nonnegative,
i.e., d(x) = [d1(x), · · · , dm(x)]> ≥ 0

IV. RECEDING HORIZON MOTION PLANNING

A. Receding Horizon Motion Planning

A general RHP problem is written in the following form.

min
x,u

J [x,u] (2a)

s.t. x(0) = x(t) (2b)
∂τx(τ) = f(x(τ)) + g(x(τ)) · u(τ) (2c)
d(x(τ)) ≥ 0 (2d)
∂τx(T ) = 0 (2e)
u(τ) ∈ U (2f)

Each constraint being represented as a function of τ means
that it should be satisfied for all τ ∈ [0, T ], where T > 0
is the prediction horizon. In this optimization problem, we
aim to find the tuple of feasible state and input trajectories
x : [0, T ] → X and u : [0, T ] → U that minimizes the cost
functional J . The bracket [·] in (2a) is used to emphasize
that J is a functional rather than a normal function. That
is, it is a mapping from the set of all feasible trajectories,
which is typically infinite-dimensional. The first condition
(2b) is the initial condition, i.e., the starting point of the
receding horizon trajectory should match the current state,
(2c) is the dynamic feasibility, i.e., the trajectory x should
be trackable, and (2d) is the safety requirement that should
be satisfied throughout the interval τ ∈ [0, T ]. The final stop
condition (2e) is employed to ensure recursive feasibility.

B. RHP using Parametrized Library of Trajectories

Since the aforementioned RHP (2) is an infinite-
dimensional optimization problem, we need to parametrize
the set of possible trajectories and search for the optimal
parameter. Let x(k, ·) : [0,∞) → X and u(k, ·) : [0,∞) →
U be the state and input trajectories parametrized by k ∈ K,
where K is the parameter set. For all k ∈ K, the trajectories
are required to satisfy the dynamics, final stop condition and
input feasibility, i.e.,
• ∂τx(k, τ) = f(x(k, τ)) + g(x(k, τ)) · u(k, τ) ∀τ ≥ 0,
• ∂τx(k, τ) = 0 ∀τ ≥ T (k), and
• u(k, τ) ∈ U ∀τ ≥ 0,

where T (k) is the length of the receding horizon trajectory.
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Fig. 2. Consider a ground rover controlled by (5), and suppose the function
d indicates the robot’s occupancy. When the value of τ is kept small (left),
the robot stays near the origin of the trajectory, and its occupancy well
matches the actual space needed for the robot to brake. With big τ (right)
on the other hand, the trajectory’s occupancy is excessively bigger than the
actual space needed, resulting in conservatism.

Let the function w : K → Rm conservatively indicate
whether the parametrized trajectory is safe, i.e.,

wi(k) ≤ min
t∈[0,T (k)]

di(x(k, t)) ∀i ∈ {1, · · · ,m}, (3)

where w(k) = [w1(k), · · · , wm(k)]>. Hence, if w(k) ≥ 0,
the trajectory x(k, ·) is safe. We assume that wi-s are at least
piecewise C1.

Considering this safety constraint, the optimal RHP prob-
lem (2) is rewritten in the following form:

min
k

J(t, k) (4a)

s.t. x(k, 0) = x(t) (4b)
w(k) ≥ 0 (4c)
k ∈ K, (4d)

where J(t, k) is the (possibly time-varying) trajectory cost.
The constraint (4b) indicates that the initial condition x(k, 0)
should match the current state, (4c) is the safety constraint,
and (4d) is the feasibility condition for the parameter k.
Although the final stop condition is employed, the above
optimization problem sometimes can run into an infeasibility
due to the conservative definition of w. In that case, the
robot is commanded to continue following the previous step’s
receding horizon trajectory. In summary, the planning is done
using the following procedure.

1) Initialize: t = 0, let x(0) be the robot’s current state.
2) If t = jτplan for some integer j, solve (4) to find the

optimal trajectory parameter. If one exists, update k
using the obtained optimal argument, and let τ = 0.
Else, reuse the previous step’s parameter k, and τ ←
τ + τplan.

3) During t ∈ (jτplan, (j + 1)τplan], apply the input u =
u(k, t− jτplan + τ).

4) At t = (j+1)τplan, the state is now at x(t) = x(k, τ+
τplan). Go to step 2).

Given that the optimization problem (4) is feasible at the ini-
tial step t = 0, this algorithm provides persistent feasibility.

C. Parametrized RHP in a Recursively Feasible Form

Let tbefore be the start time of the trajectory given from
the most recent successful trajectory optimization, and let
τ = t − tbefore be the elapsed time on that trajectory. In

this optimal RHP problem, it is favorable to keep τ as small
as possible, because big τ values (that result from frequent
infeasibilities) increase conservatism, as shown in Fig. 2.

With that to keep in mind, we slightly modify the opti-
mization problem (4) as follows:

min
τ,k

J(t, k) + λτ (5a)

s.t. x(k, τ) = x(t) (5b)
τ ≥ 0 (5c)
(4c), (4d), (5d)

where λ > 0 is a parameter that penalizes big τ . Note that
(5) is not exactly equivalent to the algorithm introduced in
the previous section, since we have blended the recursive-
feasibility-ensuring logic into the objective function as a
soft constraint. Nevertheless, with sufficiently large λ, the
optimization will favor τ = 0 if possible, yielding a similar
result to (4). The constraint (5c) was added because the
trajectories are defined only for τ ≥ 0.

Suppose that the optimization in the previous step was
feasible and yielded τbefore, kbefore. Then, (5) is always
feasible (i.e., recursively feasible), because τ = τbefore +
τplan and k = kbefore is a feasible solution to the current
step’s optimization.

V. RHP WITH INFINITESIMAL UPDATE INTERVAL

A. Trajectory Parameter as Controllable Internal State

Now we discuss how to construct a real-time safety filter
by taking the limit τplan ↘ 0. With infinitesimal τplan, k and
τ now should be represented as trajectories in the spaces
they live in. For the sake of numerical stability, we require
k and τ to be continuous with respect to time. For that, the
following two assumptions are added:
• The parameter space K is a connected subset of a finite-

dimensional Riemannian manifold M , described by

K = {k ∈M : ρ(k) = [ρ1(k), · · · , ρmk
(k)]> ≥ 0},

where ρ : M → Rmk is an elementwise C1 function.
This assumption allows us to perform calculus on the
parameter space and evaluate the change rate of the
parameter.

• The parametrized spectrum of trajectories x(k, τ) is
continuous and piecewise C1 with respect to k and τ .

Since the state should always stay on the parametrized
trajectory, it is constrained through the relation

x(t) = x(k(t), τ(t)), (6)

and given the above two assumptions, the resulting trajectory
x(t) is continuous and piecewise C1.

To ensure continuity of the parameter, we regard k and τ
as internal states of the motion planner, and require them to
obey the following first-order dynamics:

k̇ = v, τ̇ = s (7)

where v ∈ TkM , s ∈ R are the virtual inputs. The variables
k and τ are now controlled through v and s.
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B. Constraints

First, to match the initial condition (5b) using the virtual
inputs v and s, we take the time derivative of both sides of
(6) to obtain

ẋ(k, τ, v, s) = ẋ(x, u) = f(x) + g(x) · u, (8)

where ẋ(k, τ, v, s) can be evaluated as

ẋ(k, τ, v, s) = ∂kx(k, τ) · v + ∂τx(k, τ) · s. (9)

To satisfy the safety and feasibility constraints through v, we
use the following constraints inspired by CBF:

ẇ(k, v) = ∂kw(k) · v ≥ −α(w(k)), (10)
ρ̇(k, v) = ∂kρ(k) · v ≥ −γ(ρ(k)), (11)

where α and γ are elementwise extended class-K∞ func-
tions.1 Similarly, to keep τ nonnegative through s, we replace
the constraint (5c) with

τ̇ = s ≥ −σ(τ), (12)

where σ is also an extended class-K∞ function.

C. Objective Function

Cost minimization can be achieved by minimizing its time
derivative. Namely, we want to minimize the objective

d

dt

(
J(t, k) + λτ

)
= ∂tJ(t, k) + ∂kJ(t, k) · v + λs. (13)

Here, the term ∂tJ(t, k) does not depend on the optimization
variables v and s and therefore can be omitted. For the sake
of the solution’s uniqueness and numerical stability, we add
the following quadratic regularization term

1

2
µv‖v‖2TkM

+
1

2
µu‖u‖2 , (14)

to ensure boundedness and uniqueness of the solution to
the optimization. Here, µv and µu are positive weighting
parameters, ‖v‖2TkM

is the squared norm associated with the
Riemannian metric on M ,‖u‖2 is the squared norm on Rnu .
This enhances the continuity of the optimal solution with
respect to the parameters and reduces the jerkiness of the
resulting trajectory.

D. Safety Filter

With the above constraints and the objective, the optimiza-
tion problem (5) is reformulated into

min
u,v,s

∂kJ(t, k) · v + λs+
1

2
µv‖v‖2TkM

+
1

2
µu‖u‖2

s.t. ∂kx(k, τ) · v + ∂τx(k, τ) · s = f(x(t)) + g(x(t)) · u
∂kw(k) · v + α(w(k)) ≥ 0

∂kρ(k) · v + γ(ρ(k)) ≥ 0

s+ σ(τ) ≥ 0

u ∈ U.
(15)

1A function β : R → R is an extended class-K∞ function if it is
continuous, strictly increasing, unbounded, and β(0) = 0.

The advantage of this formulation is that, regardless of which
J we take, it is a QP as long as the functions J , x, w and ρ
are differentiable. Compared to the original setting (5), which
is a nonlinear, nonconvex optimization problem, (15) can
be solved in a significantly shorter time window using off-
the-shelf convex optimization solvers, and therefore permits
real-time online computation.

E. Invariance Property and Recursive Feasibility

We conclude this section by examining the invariance
property and recursive feasibility of the proposed safety filter.
We first show that the the feasible set of (5) is a control
invariant set, controlled by the feedback controller given
from (15).

Proposition 1 (Invariance). The input (u, v, s) obtained
from (15), should one exist, renders the feasible set of (5)
invariant.

Proof. It can be easily seen that, for any active constraint
of (5), the feasible solution for (15) will always push the
optimization variable into the feasible set. For example, if
the equality holds for the safety condition (i.e., w(k) = 0)
then (10) will ensure ẇ ≥ 0.

Now, we show that (15) is always feasible within that set.

Proposition 2 (Feasibility of (15)). For some t ≥ 0, suppose
τ, k is a feasible solution for (5). Then, the optimization (15)
is feasible.

Proof. If τ, k is a feasible solution for (5), w(k) ≥ 0, ρ(k) ≥
0, and σ(τ) ≥ 0. It is straightforward to find out that u =
u(k, τ), v = 0, s = 1 is one feasible solution for (15). It is a
continuous-time analogy of the robot’s choice to stay on the
previously planned trajectory in case (4) is infeasible.

From the above two propositions, we conclude that the
proposed control strategy is recursively feasible.

VI. REMARKS

In this section, we mention some notable points about the
proposed safety filter.

Remark 1 (Input expressivity). In existing discrete-time safe
RHP algorithms such as [6], [7] which are in the form of
(4), it is very important to retain expressivity of the trajectory
library, since the system is only allowed to utilize inputs
contained in the library. In the current work on the other
hand, the input u need not match u(·, ·) and the differentiable
structure of the parameter space allows a wider range of
control input selection. For instance, the robot can accelerate
aggressively when safety risks are not present, i.e., ρ and
w values are sufficiently large. Owing to this strength, the
dimension of the parameter space can be reduced (hence
resulting in faster online computation speed) while having a
similar level of expressivity with the discrete-time setting.

Remark 2 (Discussion on τ and s). Suppose the following:
• The equality holds for (3).
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TABLE I
THE VALUES OF CONSTANT PARAMETERS USED IN THE EXPERIMENT.

Symbol Value Symbol Value Symbol Value
vmax 0.26 m/s µv 0.5 r 0.2 m
ωmax 1.82 rad/s µu 0.5 b 0.065 m
v̇max 0.1 m/s2 ε 0.5

α(x) =
x (wi)

ω̇max 0.5 rad/s2 δ 0.02 m 2x (wv , wω)

R
C

𝜔

𝑏

𝑟

𝑣𝑓
𝜃

Fig. 3. Left: The Turtlebot 3 hardware used in the experiment. Right: The
shape of the robot is assumed to be a circle with a radius of r, whose center
(point C) is located away from the center of rotation (point R) by an offset
of b. The robot’s position px and py , its heading angle θ, linear and angular
velocities vf and ω are all measured with respect to R.

• There exists a function v(k, τ) ∈ TkM , such that
∂τx(k, τ) = ∂kx(k, τ) · v(k, τ), ∀k ∈ K, τ ∈ [0,∞).

The first assumption states that the safety filter does not
overestimate the safety risk, and the second one indicates
that for any time offset τ0 > 0, the subtrajectory defined as
x(k, τ+τ0) where τ ∈ [0,∞) is also in the trajectory library.
If so, we can eliminate s from the optimization variable by
fixing τ = 0, (thus s = 0) and rewrite the equality constraint
of (15) as

∂kx(k, 0) · v = f(x) + g(x) · u. (16)

This is a continuous-time analogy to the situation where (4)
is always feasible.

Remark 3 (Connection to CBF-QP). Suppose:

• The trajectories are parametrized by their initial condi-
tions, i.e., x(k, 0) = k.

• The conditions of Remark 2 hold, so we can fix τ = 0.
• K = M = X , i.e., mk = 0. A braking trajectory is

defined everywhere on the state space.

Then, with an appropriate choice of J , the optimization (15)
takes the following form:

min
u∈U

∥∥u− uref(t)∥∥2
s.t. ∂kw(x) · (f(x) + g(x) · u) + α(w(x)) ≥ 0,

(17)

which is identical to CBF-QP using a CBF synthesized using
nominal evading maneuvers [23]. Thus, the proposed safety
filter can be regarded as its generalization.

VII. EXPERIMENT

To validate the proposed safety filter, we conduct an ex-
periment using Turtlebot 3 [24], a differential-drive wheeled
robot (Fig. 3). The values of the constant parameters used in
the experiment are summarized in Table I.

A. Experiment Setting

The dynamics model of Turtlebot 3 is written as

ẋ = (vf cos θ, vf sin θ, ω, v̇f , ω̇), (18)

where x = (px, py, θ, vf , ω) ∈ X = SE(2)×R2 is the state
and u = [v̇f , ω̇]

> ∈ R2 is the input bounded by −v̇max ≤
v̇f ≤ v̇max, −ω̇max ≤ ω̇ ≤ ω̇max. Here, px and py represent
the 2D coordinates of the robot’s position, θ is the heading
angle, vf its forward velocity, and ω is the turning rate. We
assume that the robot has a circular shape of radius r, where
the center of the circle is located away from the center of
rotation by an offset of b, as depicted in Fig. 3.

We set a spectrum of trajectories for this system
parametrized by their initial conditions, i.e., K = X . With
k = (k1, · · · , k5), the input trajectory is parametrized as

u(k, τ) =

{
[−k4/T (k),−k5/T (k)]> (0 ≤ τ ≤ T (k))
[0, 0]> (τ > T (k)),

(19)
and the state trajectory x(k, τ) is given as the solution to the
following initial value problem:

∂τx(k, τ) = f(x(k, τ)) + g(x(k, τ)) · u(k, τ),
x(k, 0) = k.

(20)

The braking time T (k) ∈ R is defined as

T (k) =
1

1− ε
·max

{
|k4|
v̇max

,
|k5|
ω̇max

}
, (21)

where ε ∈ [0, 1) is a constant parameter. Nonzero ε provides
some level of robustness to numerical error and disturbances.

The safety requirements for this experiment are as follows:
• Speed limit: |vf | ≤ vmax and |ω| ≤ ωmax.
• Collision avoidance: For every 2D LiDAR point pobs ∈

R2,
∥∥pobs − [px − b cos θ, py − b sin θ]>

∥∥ ≥ r.
To address the first requirement, we define

wv(k) = [vmax − vf , vmax + vf ]
>, (22)

wω(k) = [ωmax − ω, ωmax + ω]>, (23)

so that the speed limits can be satisfied by enforcing wv(k) ≥
0 and wω(k) ≥ 0. To address the collision avoidance
constraint, we let D(pobs, k) be the distance of the obstacle
point pobs from the trace of the center of robot (point C in
Fig. 3) given the state trajectory x(k, ·). The values of D(·, k)
for various k values are shown in Fig. 4. The D function is
continuous and piecewise C1 with respect to the trajectory
parameter k, and the its value and gradient can be obtained
using simple hand-doable geometric calculations. Obstacle
detection is done by an onboard 2D LiDAR sensor that
scans the environment at 5 Hz. We assume that coordinates
of the LiDAR points are stationary and regard them as
static obstacles. Hence, for every LiDAR point pobs,i where
i ∈ {1, · · · , N}, we let wi(k) = D(pobs,i, k) − r − δ, so
that the system is collision-free if wi(k) ≥ 0 for all i. Here,
N ∈ N is the number of LiDAR points2, and δ > 0 is the

2With the bundle LiDAR of Turtlebot3, the number of sensed obstacles
N ranges up to 360, although it varies from time to time.
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Fig. 4. The values of D(pobs, k), plotted as a function of pobs for given
k = (0, 0, 0, k4, k5). The horizontal and vertical axes represent the position
of the LiDAR point pobs, the contours represent the values of D(·, ·), and
the gray shaded regions denote the set of pobs,i points that make wi(·) ≤ 0.
The black and red curves denote the trace of the center of robot and the
center of rotation (points C and R in Fig. 3), respectively.

Fig. 5. The obstacle environments used in the experiment.

safety distance margin. Since w(·)-s satisfy the conditions
mentioned in Remark 2, we choose to fix τ = 0.

The trajectory cost J is set as

J(t, k) = −uref(t)>πR2(x(k, 0)), (24)

where the map πR2 : X → R2 extracts the linear and angular
velocity components from the state. This cost J drives the
robot to align its velocity and angular acceleration to the
given uref . After differentiating, with µv+µu = 1, it results
in the CBF-QP-style quadratic objective

∥∥u− uref(t)∥∥2. The
reference input uref(t) ∈ R2 is given manually by a human-
operated remote controller. To thoroughly test safety, the
operator is instructed to transmit aggressive reference inputs
towards the obstacle.

The experiment was conducted in an indoor environment
with different obstacle configurations, as shown in Fig. 5.
We used the C++ programming language and OSQP [25],
an open-source QP solver, to implement and solve the
optimization problem (15).

B. Results

The state variable, input (reference and filtered), and the
values of wi are plotted in Fig. 6 as a function of time.
At almost all times, the wi values were successfully kept
nonnegative, i.e., collision did not occur, except for very
small portions caused by measurement noise of the LiDAR
sensor and the uncertainty in the model. Even in the case
of negative wi, (6) was able to drive the system back into
the safe region, which is similar to the advantage offered
by CBF-based safety critical controllers [15]. It can be
also seen that the speed limits were satisfied through wv
and wω . Although the trajectory library x(·, ·) consists of
decelerating maneuvers only (see (19)), the safety filter was
able to generate accelerating motions as well, as mentioned
in Remark 1.
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Fig. 6. The plots showcase that the safety constraints are met throughout
the robot’s deployment: linear and angular velocities between the limit, and
nonnegative wi values. Negative wi values during a very short interval
mainly result from dynamic model mismatch, and noise of the sensor
measurements. Addressing these is left as a future research direction.

The safety filter was able to run at a rate faster than 50
Hz on an onboard computer with 2.4 GHz CPU and 16
GB RAM, which is fast enough to be considered real-time.
It is also notable that it could handle hundreds of safety
constraints (including LiDAR data points) simultaneously.

VIII. CONCLUSION

This paper discussed taking an infinitesimal update inter-
val for a safe RHP problem. Using a spectrum of differ-
entiably parametrized dynamically feasible trajectories, the
trajectory parameter optimization problem was reformulated
into a time-derivative form by requiring the parameters to
vary continuously with respect to time. This results in a
safety filter written in a form of a QP which can be solved
in real-time. We observed that the proposed safety filter is
capable of generating input that is not in the library by
leveraging the differentiable structure of the parameter space.
An experiment using a differential-drive ground robot was
carried out to validate the proposed method. The results show
that, even with hundreds of safety constraints, the proposed
safety filter can generate safe inputs in real-time.

Although the proposed method exhibits good performance
in terms of computation speed and safety assurance, it still
has some limitations. Firstly, the equality constraint was
(5b) only satisfied indirectly through its time derivative,
resulting in numerical error building up. Various kinds of
model uncertainty should also be addressed for the method’s
deployment to a wider range of real-world robots. Therefore,
for future work, we would like to develop an improved
version addressing these issues.
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