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Abstract— Collision-free navigation is a critical issue in
robotic systems as the environment is often dynamic and
uncertain. This paper investigates a data-stream-driven motion
control problem for mobile robots to avoid randomly moving
obstacles when the probability distribution of the obstacle’s
movement is partially observable through data and can be even
time-varying. A data-stream-driven ambiguity set is firstly
constructed from movement data by leveraging a Dirichlet
process mixture model and is updated online using real-time
data. Then we propose an Online-Learning-based
Distributionally Robust Nonlinear Model Predictive Control
(OL-DR-NMPC) approach for limiting the risk of collision
through considering the worst-case distribution within the
ambiguity set. To facilitate solving the OL-DR-NMPC problem,
we reformulate it as a finite-dimensional nonlinear optimization
problem. To cope with the bilinear matrix inequality constraints
in the nonlinear problem, we develop a parabolic relaxation and
a sequential algorithm, by which the problem is further
transformed into polynomial-time solvable surrogates. The
simulations using a quadrotor model are employed to
demonstrate the effectiveness and advantages of the proposed
method.

I. INTRODUCTION

Safety is one of the most fundamental challenges for the
motion control of mobile robots in uncertain and dynamic
environments. The unexpected motion of obstacles typically
poses a risk to the collision-free navigation of robots and
brings about disastrous consequences. The key to ensuring
safety is to estimate an accurate probability distribution of
motion, which is a challenging task due to the limited amount
of motion data. The goal of our work is to develop an
optimization-based distributionally robust motion control
framework that ensures safety when the underlying true
distribution is only partially known via data streams.

There has been a plethora of risk-averse decision-making
methods proposed to avoid collision for robot motion control
in the existing literature [1]. Among them, chance-constrained
methods are the most popular ones, ascribing to their
capability of directly curbing the chance of collision [2].
However, the nonconvexity of chance constraints renders
solving a chance-constrained optimization problem
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computationally expensive. A commonly used method is to
leverage a computationally tractable risk measure. In
particular, Conditional Value-at-Risk (CVaR) has recently
stimulated considerable research interest in motion planning
and control [3]. In addition to its computational merit, CVaR
is effective in accounting for rare yet unsafe events. To
leverage such advantages, we utilize CVaR to measure the risk
of unsafety.

In practice, the underlying probability distribution is not
perfectly known and can be partially inferred from data. To
estimate the distribution, a straightforward way is to construct
an empirical distribution using historical data [3]. However,
the empirical distribution is likely to deviate from the actual
distribution with a finite number of historical data; thus, the
risk constraints are likely to be violated. One approach is to
construct a set comprising all distributions within a
Wasserstein ball centered at the empirical distribution. The
CVaR constraints must hold for any distribution in this set [4].
However, choosing the radius of the Wasserstein ball online
during the motion control is a challenging task. Worse still,
without online learning, the motion control actions depend
entirely on historical data, which means the violation of risk
constraints is still likely to occur if the distribution is
time-varying. Furthermore, some research papers utilize the
Gaussian Processes Regression (GPR) to learn the distribution
online [5]. Although GPR is quite effective, it can only obtain
the global moment information rather than the fined-grained
distribution information of multimodality. In some cases, this
method might be over conservative. No existing method has
been developed to automatically balance safety and control
performance through a data lens.

Motivated by these considerations, we propose an
online-learning-based distributionally robust motion control
framework in such a situation where the probability
distribution of the random motion is multimodal and\or
time-varying. In order to learn the distribution and decipher its
structural properties online, we construct a data-stream-driven
ambiguity set for the random motion based on the Dirichlet
Process Mixture Model (DPMM), and this set is devised as a
weighted Minkovski sum of local basic ambiguity sets. In the
offline planning stage, the initial ambiguity set is constructed
using the historical data, and a collision-free reference
trajectory is generated by using Rapidly exploring Random
Tree* (RRT*) [6]. However, as the obstacles start to randomly
move, the reference trajectory might not be safe to follow. To
limit the risk of collision, a novel proposed Nonlinear Model
Predictive Control (NMPC), called Online-Learning-based
Distributionally Robust NMPC (OL-DR-NMPC), is
employed in the online motion control stage. The
OL-DR-NMPC is designed with CVaR constraints that must
hold for any distribution in the ambiguity set. At each
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sampling time, the robot observes the position of the obstacles
and obtains the new data of the random motion, which is used
to update the ambiguity set. To resolve the computational
challenge of the infinite-dimensional OL-DR-NMPC problem,
we first reformulate the CVaR constraint as the
finite-dimensional Linear and Bilinear Matrix Inequality (LMI,
BMI) constraints. Then, we further transform the problem into
polynomial-time solvable surrogates by applying convex
relaxation to BMI constraints and propose a sequential
penalized relaxation algorithm to solve it.

II. PRELIMINARIES

A. Mobile Robot and Obstacle

In this paper, we consider a mobile robot modeled by the
following time-invariant discrete-time system.

(1) =Cx(¢) )

where x(f)e R™ , u(r)eR™ and y(r)eR"™ are the state,

input, and output, respectively. The system output is defined
as the Cartesian coordinates of the robot’s Center of Mass
(CoM) [5]. The system is subject to the following constraints.

x(t)eX, u(t)eUd Vi=0 2)

x(t + 1) = Ax(t) + Bu (t),

where X —cR™ and ¢/ < R™ are assumed to be convex sets.

The robot navigates an environment with L randomly
moving obstacles. Let 0,(r)e R" denote the CoM of the /th
obstacle at time ¢ for /=1,...,L . The movement of the
obstacle between two time periods is modeled by translations.

O,(t+k)=0,(t)+w,,, (3)

. . . n“ . .
where w,,, is a random translation vector in R™ , which is

illustrated in Fig. 1. For safety concern, the robot should
navigate within a region determined by the behaviors of
obstacles. The safe region regarding obstacle ¢ is defined as
the region outside of the open ball centered at the CoM of the
obstacle with safe distance 7, > 0.

Y (0)={r(1)erR"

where dist(y(t),0,(¢)) is the Euclidean distance between the
CoMs of the robot and the obstacle, defined by (5).

dis((1).0,(0) =)0, (1), ®

An example of such a configuration is illustrated in Fig. 1.
A quadrotor should navigate to avoid an obstacle. Both the
quadrotor and the obstacle are approximated by the smallest
balls enclosing them with radii 7. and #,, respectively [5].

dist(y(1).0, (1)) > 1 )

Considering a safety margin 7, , the distance between the CoM

of the quadrotor and the obstacle should be no smaller than the
sum of all radii, as given in (6).

R AR (6)

The safe region regarding all obstacles is defined as the
intersection of all safe regions, as shown in (7).

Figure 1.

Quadrotor and randomly moving obstacle

V()= Y1) )

Note that the safe region is time-varying due to the
random motion of the obstacles.

B. Reference Trajectory Planning

In the offline planning stage, a collision-free trajectory is
generated using path-planning tools based on the initial
position of obstacles. The resulting trajectory is traced as a
reference trajectory in the online control stage. In our work,
the RRT* is employed to generate a reference trajectory [6]. It
is based on a rapidly growing tree graph, which expands by
randomly sampling the configuration space. Further, it can
provide an asymptotically optimal solution by using neighbor
search and tree rewiring.

III. ONLINE-LEARNING-BASED DISTRIBUTIONALLY ROBUST
MOTION CONTROL

Although the reference trajectory is collision-free for the
initial configuration of the obstacles, it might be unsafe to
follow when the obstacles begin to move. In order to curb the
risk of collision, we develop a novel distributionally robust
motion control framework, which can automatically decipher
the structural property of the probability distribution of
obstacles’ movement using both historical and real-time data.

A. Risk Constraint for Safety using CVaR

To begin with, we define the /oss of safe at each prediction
time ¢ + k, evaluated at ¢, with respect to obstacle ¢ in (8).

2
L’M(y,O[):—||y(t+k)—0((t+k)"2 (®)
According to (4), the robot navigates in the safe region
Y'(¢) if and only if £, (y,0,)+r’ <0. However, due to the

uncertain movement of the obstacle, employing such a hard
constraint might be too conservative. Therefore, we take a
risk-averse approach by using CVaR to resolve this issue. Our
method considers the following risk constraint.

CVaR, [ L, (.0,)]+7r <0 )

where CVaRa[X]:zminZERE[z+(X—z)+/(l—a)} measures
the conditional expectation of the loss within the (1-«)

worst-case quantile.
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B. Online Learning the Movements using DPMM

To compute the CVaR of the loss of safe in the risk
constraint (9), we need the distribution of o, , . However, it is

challenging to obtain a perfectly accurate distribution in real
practice. In many cases, there is only a limited amount of data
available for inferring the underlying true distribution.
Furthermore, the distribution might be multimodal, and can
even be time-varying in nature.

Fortunately, the position of the obstacles can be observed
by the robot using sensors like cameras [7], and the
observations can be instrumental in online learning the
movements of the obstacles. Specifically, as the prediction
horizon moves forward, the real-time data of o,,, are

gathered for learning the distribution online. To decipher the
structural property of the distribution of w,,, , we employ the

DPMM, which is one of the most popular nonparametric
Bayesian models.

In order to learn from the translation vector data streams,
we utilize an online variational inference algorithm. The
reader is referred to [8] for the detail of the algorithm. Based
on the online variational inference results up to time ¢, we
develop an ambiguity set for @, , as follows.

]D)f,[,k = Zi;k 7£/1)A]D)(/][)A (W, ﬂ£jf)/\’2(f/t)k) (10a)
D) (W,ﬂﬁ.’;&l%) =
p(da)=1
IW (10b)

peP(W) Iwa)- pldo)= ,u,(’[)k

)

IW wo" - p(do)<zV), + 4V

N3 (ﬂgjl)k )T

where W = {w eR"|Hw< h} is the support setof o, , m,,,

is the number of mixture components, and 7((71) . 1s the mixing
weight indicating the occurring probability of the jth mixture
component. D, , represents the ambiguity set, which is
devised as a Minkowski sum of m,,, basic ambiguity sets
v ()

ik - My, and Z(/t)k denote the mean and covariance
estimate for the jth mixture component, respectively. P (W)

denotes the set of positive Borel measures on the supports and
p 1s a positive measure.

There are several advantages of the proposed ambiguity
set. First, leveraging the local moment information, the
proposed ambiguity set is more suitable for describing
multimodal distributions compared with the ambiguity set
based on global moment information, e.g., GPR-based
ambiguity sets. Moreover, each basic ambiguity is devised
using mean and covariance information, which endows the
following OL-DR-NMPC with enormous computational
benefits to meet the real-time requirements of robotic systems.

C. Online-Learning-Based Distributionally Robust MPC
Given the data-stream-driven ambiguity set of o, , , the

risk-averse motion control problem is formulated as an
OL-DR-NMPC problem.

2

k-1 ref
P +Zk=0Hyk Vi

inf J (1)) =y -2 e, (112)

s.t.x,, = Ax, + Bu, (11b)
3, =Crx, (11c)

X, =x(t) (11d)
x, eX (11e)

u, el (11f)
sup CVaR’“[ £, (1,.0,)]+r? <0 (11g)

Uk €0k
where w:=(uy,...,u)> x=(X0..c,x ) s ¥=(Vooe s Vi ) -
Constraints (11b) and (11f) should hold for £ =0,....K -1,
Constraints (11c) and (11e) should be imposed for £ =0,...,K ,
and Constraint (11g) should be satisfied for k=1,....K ,
(=1..,L. 00, R>0 are the weighting matrices of the
state and input, respectively. P>0 is chosen to ensure
stability. y"¢ is the reference trajectory generated in Section
II-B. Constraint (11g) is the most important part. Since the
distribution obtained by DPMM is imperfect, we cannot
compute the CVaR of the loss of safety accurately. Thus, we
propose the Distributionally Robust CVaR (DR-CVaR),

which represents the worst-case value of CVaR over all
distributions in the data-stream-driven ambiguity set.

IV. FINITE-DIMENSIONAL REFORMULATION AND ITS
CONVEX RELAXATION

The OL-DR-NMPC problem in (11) is nontrivial to solve
due to the DR-CVaR constraint (11g). This constraint is
infinite-dimensional, because there involves an infinite
number of distributions in the ambiguity set. In this section,
we first reformulate it as LMI and BMI constraints which are
finite-dimensional. Then, we propose a parabolic relaxation
for the BMI to guarantee computational tractability.

A. Finite-Dimensional Reformulation

We reformulate the OL-DR-NMPC problem as a
finite-dimensional problem. For ease of exposition, we
simplify (11g) by suppressing the subscripts as follows.

supCVaR? [E(y,0+ a))] +r <0

vel

(12)

The DR-CVaR constraint (12) can be reformulated as LMI
and BMI constraints [9], as given in the following theorem.

Theorem 1. Suppose that W := {a) eR" Hw< h} . Then the
DR-CVaR in (12) has the following upper bound.

supCVaR" [L(y,O + a))]

vel

< i}gnf;HﬁZ:l% {tj + 18 +(2/ + /“/1“.?)'91'}

Q +1 e +H g )-(y-0
5. / s )= )zo (13)
1 T\ A\ T T
2(§j+H(/’j) (y 0) z+1, hgoj+Hy OHz
Q, & +Hn) o
He+m) =i |

Q,20,0,20,;7,20
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where all the constraints hold for j=1,...,m and I is the
identity matrix.
Its proof is provided in the Appendix. Specifically,

according to Theorem 1, the OL-DR-NMPC problem (11)
can be reformulated as follows.

Jnf I (x(0)ar) == [+ X - [+l (14a)

15.Q,0,4

st X, =Ax, +Bu, (14b)
Ve =Cx, (14c)
x, = x(7) (144d)

(/) T
. Loy T I, Sze,k, T
Z,+ ﬁz,;k 7/5/’)A (;) [(/) (/)/ . + r/z <0 (146)
’ (Zm,k + Mol wM gk ) . Q/,k,/

%(5«‘,/(,_/ + HT(/’«/,A»,_,')

Q.+ (
—(y, -0,

. kr”)zo (14f)

%(é:/,k,/ + HT(DM_/) th + tf,k'f —h (pﬂ’sj

2

~(n-0) *+lv.-ol;
Q T HE +Ij%,,k,,-) o (14g)

%(é",k,j +H /1/,/(,/) tl:,k,] —h ﬂf,k.j

Q,,20,0,,204, .20 (14h)
x,eXu ez, eR (141)
where (14b) and u, eld in (14i) should hold for

k=0,...,K-1, and all the other constraints hold for
k=0,...,K, (=1,...,L,and j=1,...,m,,, . Notethat m, ,

might be different for different time 7 and obstacle ¢, which is
obtained from the DPMM.

As desired, the optimization problem is reformatted as a
finite-dimensional problem. However, the problem (14) is still
nonconvex due to the BMI constraint (14f), and solving such a
problem is a computationally burdensome task. To alleviate
the computational issue, we further propose a parabolic
relaxation to convexify the problem and incorporate a penalty
term into the objective function to ensure feasibility.

B. Convexification

In order to relax the BMI constraint (14f), we introduce an
auxiliary matrix variable ¥, e R to account for y,y, .

Then Constraint (14f) is reformulated as follows.

Qk,k,j +1 %(gf,k.j +HT¢/,k,j)_(yk —0,,)
N, +H 0, Zuttu, W o, >0(15)
~(».-0,) +1r{Y} =250, +[0:

where 7-{+} denote the trace. To recover the original problem,
the following constraint is added.

(16)

It is clear that BMI constraint (14f) is transformed into
LMI constraint (15), and the entire non-convexity is captured
by the new constraint (16). Next, we handle the non-convexity

Y, =y

of Y, through convexification. Specially, we utilize the
recently developed parabolic relaxation to generate a

low-complexity convex formulation. Following [10],
Constraint (16) is convexified as follows.
2

[Y;\']ii +[Y;c]jj + Z[Y;(]y = H[yk]i +[yk]jH2 Vi’j € n,V’Vk (17)

2
[Yk]u +[Yk]jj _2[YkL ZH[yk]i _[yk]jHZVi’j eny’Vk

where [4] and [A]l,/, respectively indicate the ith element of
a and (i, j)th element of 4 given vector a and matrix 4.

Note that the presented relaxations are not necessarily
exact, so we incorporate a penalty term into the objective
function (14a) to recover the feasible points of the original
problem. The new objective function is given as follows.

J(x(e),u)+ny e Y} =253,

where p, is an initial guess for the solution and 7>0 is a

(18)

fixed parameter which is sufficiently large. It has been proved
that if y, is a feasible point for the original problem and

satisfies Mangasarian-Fromovitz constraint qualification [11],
the penalized convex relaxation preserves the feasibility of

¥, and generates a solution with an improved objective value.
It is also shown that even if the initial point y, is not feasible

for the original problem, but sufficiently close to the feasible
set, the penalized convex relaxation is guaranteed to provide a
feasible point. The reader is referred to [10] and [12] for more
detail.

Motivated by [13], we develop a sequential penalized
relaxation algorithm that generates a satisfactory solution of
the OL-DR-NMPC problem by solving a sequence of the
penalized relaxed problems. The proposed algorithm can start
from an arbitrary initial point. Once a feasible point is found,
the feasibility is preserved and the objective value is
monotonically improved in the subsequent round.

The online-learning-based distributionally robust motion
control algorithm including the sequential penalized
relaxation algorithm is delineated in Algorithm 1.

Algorithm 1: OL-DR-NMPC algorithm

1: Input: x,,y,,k=0,...K

2: for t=0,1... do

3 Observe the CoM of obstacles, and obtain @, ;
4 Run online learning for DPMM with real-time data @,
S: Update ambiguity set in (10)

6: Sequential Penalized Relaxation:

7 i« 0, y,? <«

8 repeat

9 i<i+l

10: ¥ < Solve the penalized relaxed problem
11: Ve v+ (=)

12: until stopping criteria is met

13: Obtain u, with regardto y;

14: end

15: return u(t) =u,
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Figure 3. Cost with different controllers at each time ¢
TABLE L. OPERATION COST, SUCCESS RATE AND COMPUTATION TIME

FOR THE QUADROTOR MOTION CONTROL WITH DIFFERENT CONTROLLERS

OL-DR-NMPC W-DR-MPC (@)
0.01 0.03 0.05
Cost (before = 50) 52.48 91.32 197.3 394.3
Cost (total) 470.85 - - 978.4
Success Rate (%) 100 57 73 78
Average Time (sec) 2.67 9.77 12.76 18.45

V. SIMULATION RESULT

In this section, we conduct simulations to demonstrate the
effectiveness and superiority of the proposed online-learning-
based distributionally robust motion control method. In the
simulations, we consider a quadrotor navigating in a dynamic
3D environment with the following linear dynamics.

_ 1
mQ

x=g0, y=-g¢,

U,

.. (19)
0= L’u}, V= :iu

I, 4

where g is the gravitational acceleration, m,, is the mass of the
quadrotor, [, is the distance between the CoM of the
quadrotor and the rotor, and /,, 7, and I_ represent the
area moments of inertia about the principle axes in the body
frame. The states are (x,y,z,x,y,2,¢,0,x//,¢,9,w) eR"?, and the
outputs are taken as the CoM of the quadrotor (x,y,z).

(b) r=68
Figure 2. Trajectories of the quadrotor controlled by OL-DR-NMPC and W-DR-MPC with multiple 9's

—OL-DR-NMPC
W-DR-MPC(6=0.01)
—W-DR-MPC(¢=0.03)
W-DR-MPC(9=0.05)
—RRT*

—OL-DR-NMPC
W-DR-MPC(6=0.01)
—W-DR-MPC(¢=0.03)

Y,
wolg W-DR-MPC(¢=0.05)
RT*

(c) r=100

The task is to control the quadrotor steering to the target
position while avoiding the two randomly moving spherical
obstacles as shown in Fig. 2. The random movements of the
first (red) obstacle are sampled from the distribution
composed of Gaussian mixture distributions. Additionally, the
random movements of the second (green) obstacle are
sampled from a time-varying distribution. Specifically, the
standard deviation used to generate historical data is 0.01,
while the standard deviation increases to 0.3 for the real-time
data generation during the runtime of motion control. In the
offline planning stage, a reference trajectory is generated by
using RRT*. Then, the quadrotor follows the reference
trajectory by solving the OL-DR-NMPC problem. The MPC
horizon is set to K = 10 with sampling time 7. =0.1s, and we

set «=095.

We compare the proposed method with the Wasserstein
Distributionally Robust MPC (W-DR-MPC) method with
radius #=0.01, 0.03, and 0.05 [3]. As shown in Fig. 2 (a), at ¢
=30, the quadrotor controlled by OL-DR-NMPC and
W-DR-MPC all pass the first obstacle. Obviously, compared
with the W-DR-MPC, the trajectory with OL-DR-NMPC is
closer to the reference trajectory. For the second obstacle, the
random movements become violent because of the increased
standard deviation. Without online learning, the quadrotor
controlled by W-DR-MPC method with §=0.01 and 0.03
collides with the second obstacle as shown in Fig. 2 (b).
Although the W-DR-MPC with 0= 0.05 does not cause
collision, such large @ often leads to a very conservative
result when facing a general situation, e.g., the first obstacle.
In contrast, the OL-DR-NMPC can learn the changes of the
distribution through online learning, and keeps a safe distance
from the obstacle to avoid collision. The trajectories at =100
are shown in Fig. 2 (c).

Fig. 3 shows the cost Zk[:]lr(x,(,uk)+q(xk) of the four

controllers at each time. Table I shows the cost before ¢ = 50,
the total cost, the success rate of collision-free navigation for
100 simulations and the average computation time at each
time. It can be observed that, the OL-DR-NMPC not only
enjoys less conservative control performance by using the
fined-grained distribution information, but also avoids
collision even facing time-varying distributions. Table I shows
that the OL-DR-NMPC can reduce the cost by an average of
51.88% compared with the W-DR-MPC with 8= 0.05.
Additionally, observing the result of 100 simulations, the
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proposed method can always steer to the target position
without collision. In contrast, the W-DR-MPC method with
6= 0.05 has 22% probability of colliding with the second
obstacle without online learning, which is much more than the
prescribed tolerance (5%) and cannot be tolerated in practice.
Further, due to the efficiency of the online variational
inference algorithm and the sequential penalized relaxation
algorithm, the computation time for OL-DR-NMPC is lower
than that for W-DR-MPC.

VI. CONCLUSION

In this paper, an OL-DR-NMPC based motion control
framework was proposed for mobile robots to avoid collisions
in environments with randomly moving obstacles. We
reformulated the DR-CVaR constraints as LMI and BMI
constraints and developed a sequential penalized relaxation
algorithm for computational tractability. The simulation
results demonstrated that the proposed method enjoyed less
conservative control performance and lower computational
overhead meanwhile ensuring safety even facing time-varying
distribution.

APPENDIX. PROOF OF THEOREM 1
Proof. By (8) and (9), the DR-CVaR in (12) can be rewritten.

supCVaR" [E(y,O + a))]

veld

=spin 24252 (-y-0-of =) ]

<inf o] (-0 -of |

where the inequality follows from the minimax inequality.

(20)

Based on the definition of the ambiguity set (10), the
worst-case expectation problem supE’ [(—Hy—O—wHi—z)q
veb

can be rewritten as the following optimization problem.

sup z;;l}/,J.Wmax(—Hy —O—a)Hi —Z,O)pl.(da))

P v--«/7m57)(w)
J.Wp‘/.(da)):l (21)
st J‘Wa)pj(da))zyk/ Vi=1,...,m
[ 00 p,(dw) <2, + pyu]
The dual problem of (21) can be rewritten as follows.
,/’2{2/ ZZ; 7, {tj +HE +(2/ +”/”§)'Q/} (22a)
2
s.L. Hy—O—a)H2+z+tj (22b)
+ a)ngj + a)TQja) >0,VoeW,Vj
L+ E+0'Qo>20,VoeW,V) (22¢)
Q,;20,vj (22d)

where ¢, &, and Q, are the dual variables corresponding to

the constraints in the ambiguity set. For matrices 4 and B,
A e B represents their Frobenius inner product. Constraints
(22b) and (22c¢) are further reformulated follow.

Constraints (22b) can be rewritten as follows.

=0l + 2+,

>0,Vj
P +wT[§j_2(y_0)]+mT(Qj+I)w =0

(23)

Based on the duality of convex quadratic programs and Schur
complements [14], Constraint (23) can be reformulated as the
following semidefinite constraint.

%(51 +HT‘”f)_(y_0)

e +Hp) ~(y-0) z+t,-Wg +|y-0f;

Qj+1
>0,vj (24)

where ¢, >0 is the dual variables corresponding to the
constraint Ho<h . Similarly, Constraint (22c) can be
reformulated as semidefinite constraint below.

Q, He+HA)

J

>0,Vj (25)

Ne+H™A)  1,-h2

J

where 4, >0 is the dual variables corresponding to the

constraint Hw < h . Substituting (22), (24) and (25) into (20),
we can obtain the result of the theorem. |
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