
  

  

Abstract— We propose a limb trajectory planning method 

that considers both body and limb dynamics in robots, 

particularly suitable for those with non-trivial limb mass. To 

simplify the complexity and computation cost of using the full-

body dynamics of the limbs, a reduced-order model that can 

simulate the dynamic characteristics of the original limb is 

proposed. The performance of the model is experimentally 

validated using an exemplary single leg-wheel of the leg-wheel 

transformable robot. The limb trajectory optimization is 

developed using a genetic algorithm that considers many aspects, 

including body and limb dynamics, limb workspace, limb motion 

continuity, body tip-over stability, and power consumption. The 

performance of the proposed limb trajectory planning strategy 

is experimentally validated using the same leg-wheel 

transformable robot, and the results confirm the effectiveness of 

the strategy. 

I. INTRODUCTION 

Legged robots can move agilely across diverse terrains, but 
in flat terrain, their energy efficiency is far less than that of 
wheeled robots. Therefore, integrating the advantages of 
legged robots and wheeled robots can be one of the practical 
solutions for applications in complex terrains while 
maintaining energy efficiency. The concept of a leg-wheel 
hybrid robot is presented in various ways. [1], [2], and [3] 
realized the wheeled-legged concept with a similar approach 
in which the wheel is equipped at the foot-end joint. [4], [5], 
and [6] performed the concept by transforming the leg-wheel 
mechanism.  

For both legged and leg-wheel hybrid robots, planning and 
controlling leg motion are essential and crucial tasks. Most 
studies implement force or compliance force control on the 
stance legs, and position control on the swing legs. For the 
foot-end trajectory of the swing leg, numerous researchers 
have formulated the foot-end trajectory with different types of 
curves, such as polynomial, Bezier, and sinusoidal-like. [7] 
proposed a bionic impact-free foot-end trajectory, adopting 
quintic polynomial curves for the back and forward swings and 
cycloid curves for the stride trajectory. [8] planned a foot-end 
trajectory for quadruped robots with a high-speed trot gait. The 
foot-end trajectory was planned as a spline curve, ensuring 
continuity of position, speed, and acceleration during a high-
speed trot gait. [9] designed a smooth foot-end trajectory with 
Bezier curves, achieving the continuity of velocity and 
acceleration with the design of the control points of Bezier 
curves. [10] found an optimal, efficient gait over a range of 
retraction rates and reduced slippage and impact at the moment 
of touchdown. [11] proposed an ellipse-based trajectory 
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method to generate foot-end trajectories for a gallop gait, and 
the results were effective in achieving a stable gallop gait. 

The leg-wheel transformable robot utilized in this study 
was developed in the lab, as shown in Figure 1 [12]. The 
legged and wheeled forms of the robot are achieved by 
transforming the 11-linkage mechanism [13]. The robot in 
legged mode has a leg length that is 3.4 times the wheel radius, 
significantly increasing its rough terrain negotiability. By 
contrast, the robot in wheeled mode performs fast, smooth, and 
power-efficient motions on flat terrain. Owing to the complex 
leg-wheel design, the leg wheel itself has non-trivial mass and 
inertia; thus, its motion affects body motion, especially when 
all leg wheels are in motion. Therefore, the motion planning of 
the leg-wheel is a crucial task that should be carefully 
addressed.  

In this study, we propose a trajectory planning strategy that 
simultaneously considers the dynamics of the body and leg 
wheels. On the leg-wheel side, mechanical properties such as 
the mass and inertia of the leg-wheel are included in the 
construction of reduced-order leg-wheel modeling. The leg-
wheel trajectory itself also follows the requirements of 
velocity and acceleration continuity. On the body side, whole-
body stability is considered. By combining all of these criteria 
and constraints and optimizing the process for energy 
efficiency, the desired leg-wheel motion trajectory of the robot 
is obtained. Compared to motion planning using the whole-
body dynamics expected in the humanoid community, this 
methodology is rare in the multi-legged robot community. 
Further, owing to the complexity of the leg wheel, in contrast 
to the humanoid community that uses the original morphology 
of the robot for optimization, here, the reduced-order model of 
the leg wheel is developed to extract its essential motion 
dynamics for trajectory optimization. To the best of our 
knowledge, this is the first work to plan leg/wheel trajectories 
of the robot in the legged/hybrid robot community. 
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Fig. 1.  The photo of the leg-wheel transformable robot with linkage-
based leg-wheel mechanisms in leg mode (a) and wheel mode (b). 
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  The remainder of this paper is organized as follows. Section 
II describes the dynamics of the linkage-based leg-wheel 
mechanism used in this study. Section III presents the 
optimization method for leg-wheel trajectories in swings. 
Section IV describes the experimental results and discussion, 
and Section V concludes the work. 

II. THE ROBOT 

A. The Robot Specifications 

Figure 1 shows the leg-wheel transformable robot utilized in 

this research [12] [14] [15] [16]. The robot was equipped with 

four leg-wheel modules. Each module was actuated with two 

brushless DC motors. The front modules were connected to an 

Ackermann steering mechanism, enabling the robot to achieve 

steering in wheel mode. The body’s weight, including the 

battery, was 21.205 kg, and the weight of the leg-wheel 

module was 0.654 kg. The robot’s body measured 0.33 m in 

width, 0.62 m in length, 0.134 m in height, and 0.444 m in 

wheelbase. The wheel diameter was 0.2 m, and the maximum 

length of the leg wheel was 0.34 m. 

B. The Leg-Wheel Kinematics 

Figure 2 shows the configuration of the leg wheel and the 

associated notations. The leg-wheel module had two degrees 

of freedom: one of the motors controls the right linkage (𝑂𝐴), 

and the other controls the left linkage (𝑂𝐴′). We defined the 

state of the motor angle as 𝚽 = [𝜙𝑅 𝜙𝐿]𝑇 . For a simpler 

analysis and representation, we established another 

coordinate 𝚯 = [𝜃 𝛽]𝑇 , where the length of the leg wheel 

only depended on 𝜃 and the orientation of the leg wheel only 

depended on 𝛽: 

𝚯 = [
𝜃
𝛽

] =
1

2
[
1 −1
1 1

] [
𝜙𝑅

𝜙𝐿
] + [

1
0

] 𝜃0 (1) 

In other words, the notation resembled the toe of the leg wheel 
in polar coordinates. When the leg wheel was in wheel mode 
(i.e., 𝜃 = 𝜃0 = 17°), it had the shortest length of 0.1 m, equal 
to the wheel radius. From the 𝚯  coordinate definition, the 
kinematic model of the leg wheel was derived by geometric 
method, and the Jacobian matrix 𝑱𝑮 of point 𝐺 was obtained 
by central finite difference approximation. 

C. The Reduced-Order Dynamic Model of the Leg-Wheel 

The leg wheel was an 11-linkage closed-chain mechanism, 

and the complex formulation of its dynamic equations resulted 

in high computational costs in the optimization process. 

Therefore, we proposed a reduced-order model of the leg 

wheel that simplifies the variation of the center of mass (COM) 

position with respect to the hip point 𝑂 and inertia with respect 

to COM of the leg wheel using polynomial approximations 

with 𝜃  as the solo variable, 𝑅𝑚(𝜃) and 𝐼𝑐(𝜃), as shown in 

Figure 3: 

𝑅𝑚(𝜃) = 𝐴4𝜃4 + 𝐴3𝜃3 + 𝐴2𝜃2 + 𝐴1𝜃 + 𝐴0

𝐼𝑐(𝜃) = 𝐵4𝜃4 + 𝐵3𝜃3 + 𝐵2𝜃2 + 𝐵1𝜃 + 𝐵0

(2) 

Since 𝜃 and 𝛽 controlled the leg wheel’s length and angle, 

respectively, the leg wheel was analogized to a revolute-

prismatic manipulator, where the state vector of the leg wheel 

was defined as 𝒒 = [𝑅𝑚 𝛽]𝑇 . The transformation between 

state 𝒒 and state 𝚯 was obtained by Jacobian matrices: 

𝒒̇ = 𝑱𝚯𝚯̇ = [4𝐴4𝜃3 + 3𝐴3𝜃2 + 2𝐴2𝜃 + 𝐴1 0
0 1

] [
𝜃̇
𝛽̇

] (3) 

𝒒̈ = 𝑱𝚯𝚯𝚯̇2 + 𝑱𝚯𝚯̈ = [12𝐴4𝜃2 + 6𝐴3𝜃 + 2𝐴2 0
0 1

] [
𝜃̇2

𝛽̇2]

+ [4𝐴4𝜃3 + 3𝐴3𝜃2 + 2𝐴2𝜃 + 𝐴1 0
0 1

] [
𝜃̈
𝛽̈

]

(4) 

The dynamic equations of the reduced-order model of the leg-

wheel are derived using the Lagrangian Method. The Euler-

Lagrange equations are shown in (5) , where 𝑇 , 𝑉 , and 𝐿 

represent kinetic energy, potential energy, and Lagrangian, 

respectively. 

𝐿 = 𝑇 − 𝑉

𝜏 =
𝑑

𝑑𝑡
(

𝜕𝐿

𝜕𝑞̇ 
) − (

𝜕𝐿

𝜕𝑞
)

(5) 

The total kinetic energies and potential energies of the system 

were as follows: 

𝑇 =
1

2
𝑚 ((𝑅𝑚𝛽̇)

2
+ (𝑅𝑚̇)

2
) +

1

2
𝐼𝑐𝛽̇2

𝑉 = −𝑚𝑔𝑅𝑚 cos 𝛽
(6) 

 

Fig. 2. The leg-wheel in wheeled mode (a) and in legged mode (b). The 

leg-wheel rim is composed of four circular arcs. 

 
 

Fig. 3. The leg-wheel module: (a) Notations utilized in deriving the 

reduced-order model of the leg wheel, (b) the COM with respect to the 

hip point O, 𝑅𝑚(𝜃), and (c) the inertia with respect to the COM, 𝐼𝑐(𝜃), 

as the function of 𝜃. 
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The equation of motion was derived as follows: 

[
𝐹𝑅𝑚

𝜏𝛽
] = [

𝑚 0
0 𝐼𝑐 + 𝑚𝑅𝑚

2 ] [
𝑅𝑚̈

𝛽̈
] + [

−𝑚𝑅𝑚𝛽̇2

2𝑚𝑅𝑚𝑅𝑚̇𝛽̇ + 𝐼𝐶̇𝛽̇
]

+ [
−𝑚𝑔 cos 𝛽
𝑚𝑔𝑅𝑚 sin 𝛽

]

(7) 

By applying the law of conservation of energy, the 

transformation between [𝐹𝑅𝑚
𝜏𝛽]𝑇  and the motor actuate 

torque [𝜏𝜙𝑅
𝜏𝜙𝐿]𝑇 was derived as:  

𝚯̇ = 𝐽Φ𝚽̇ (8)

[
𝐹𝑅𝑚

𝜏𝛽 ] = (𝑱𝚯
𝑇)

−1
(𝑱𝚽

𝑇)
−1

[
𝜏𝜙𝑅

𝜏𝜙𝐿
] (9)

 

The forward and inverse dynamic model of the leg wheel was 

then obtained in a computation-efficient manner using 
(7)(8)(9) 

D. Validation of the Reduced-Order Dynamic Model of the 

Leg-Wheel 

Figure 4 shows a single-leg platform designed to validate 

the leg wheel’s dynamic behavior. The single-leg module was 

attached to two parallelly-installed rails with linear bearings, 

which constrained the movement of the leg-wheel module on 

the vertical axis. A single-axis load cell was connected to the 

leg-wheel module, which measured the vertical axial force of 

the leg-wheel module while the leg wheel was swinging. 

The validation experiment was performed by giving the 

control inputs of the leg wheel’s sinusoidal position 

trajectories (𝜃, 𝛽) , where the leg wheel tracked the trajectory 

using field-oriented position control. The state (𝜃, 𝛽)  were 

transformed into state (𝑅𝑚, 𝛽) using (2)(3)(4). Next, by the 

dynamic equation (7), the (𝐹𝑅𝑚
, 𝜏𝛽) trajectory was obtained, 

which represents the constraint force and constraint torque to 

hold the dynamic constraint. Furthermore, the required joint 

torque was computed by substituting the (𝐹𝑅𝑚
, 𝜏𝛽)  to 

(𝜏𝜙𝑅
, 𝜏𝜙𝐿

). 

Figure 5 shows the validation results. The reduced-order 

dynamic model of the leg wheel effectively estimated the 

constraint force while the leg wheel was swinging. The 

required motor current for the given trajectory was also 

calculated. There was a slight error between the measured 

current in the experiment and the estimated current using the 

dynamic model, possibly caused by current sensor noise, 

friction force in the gearbox, and numerous joint bearings in 

the leg wheel. The dynamic model was sufficiently accurate to 

estimate the energy requirements of the trajectory. 

Furthermore, the load cell measurement revealed that the 

inertia force caused by the leg motion was sufficient to affect 

the robot’s motion. Therefore, we propose an optimization 

method that considers swing leg dynamics to obtain the 

optimal foot-end trajectory for the swing legs. 

 

III. THE LEG-WHEEL TRAJECTORY OPTIMIZATION 

Planning limb trajectories is a critical task in legged robots. 
A trajectory generator developed for high-speed locomotion 
for MIT Cheetah is a classic example [9], in which the stance 
phase trajectory and the swing phase trajectory are designed 
separately. The former is designed based on compliant force 
control, and the latter is based on position control. The 
trajectory was parametrized by a Bezier curve with 12 control 
points, with the number of points being sufficient to grant 
ground clearance, lift-off, touchdown velocity, acceleration, 
etc. Following this approach, we parametrized the Bezier 
curve using 12 control points. Together with the designated 
step length 𝐿 and swing period 𝑇𝑠𝑤 , the leg-wheel trajectory 
was effectively optimized. 

A.  The Bezier Curve Parametrization 

The Bezier curve utilized in this work is defined by 12 

control points [9]. Considering that the lift-off and touch-down 

vertical velocity should be zero and the smooth force transition 

between “follow-through,” “protraction,” and “retraction,” the 

 
Fig. 6. The leg-wheel trajectory parametrized using a Bezier curve with 
twelve control points. 

 
Fig. 4. The single-leg platform validating the performance of the reduced-
order dynamic model: (a) A photo and (b) the associated notations. 

 

Fig. 5. The comparison of the force/current measured during the leg-wheel 
experiment and those estimated by the reduced-order model. In this set of 

experiment, 𝜃(𝑡) =
𝜋

4
sin (

2𝜋

5
𝑡) +

𝜋

2
 and 𝛽(𝑡) = 0. 
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12 control points were parametrized with 6 variables 𝒃 =
[𝐻1 𝐻2 𝐿1 𝐿2 𝐿3 𝐿4], as shown in Figure 6. Double-overlapped 

control points generate zero velocity, and triple-overlapped 

control points cause zero acceleration. The overlapped control 

points were set such that the trajectory fit the consideration of  
velocity and smooth force transition. 

B. The Optimization Problem Formulation 

This work aimed to achieve an optimal Bezier-based foot-

end trajectory for all four leg wheels so that the robot could 

obtain the maximum tip-over stability margin and the least 

energy consumption. Furthermore, the trajectory of the swing 

leg wheel was designed to satisfy workspace constraints and 

the continuity of velocity and acceleration. 

The state of the robot is defined as follows: 

𝑿𝒌 = [𝒙𝑘̇ 𝒙𝑘 𝝎𝑘  𝒉𝑘  𝒒𝐿𝐹  𝒒𝑅𝐹  𝒒𝑅𝐻  𝒒𝐿𝐻]𝑇

𝑼𝒌 = [𝝉𝐿𝐹𝑘
 𝝉𝑅𝐹𝑘

 𝝉𝑅𝐻𝑘
 𝝉𝐿𝐻𝑘

]
𝑇 (10) 

The 𝑿𝑘 represent the state of the robot, where 𝒙𝑘, 𝝎𝑘, 𝒉𝑘, and 

𝒒 represent the position of the robot COM, the orientation of 

the robot in quaternion, the angular velocity, and the joint state 

of each leg, respectively. The 𝑼𝑘 represents the torque inputs 

of the leg wheels. The optimal problem was formulated as 

follows: 

minimize       ∑ 𝑉(𝑿𝑘 , 𝑼𝑘)
𝑁−1

𝑘
+ 𝑉𝑇(𝑿𝑁)

subject to     𝑿𝑘+1 = 𝑔(𝑿𝑘 , 𝑼𝑘)
            𝑿𝑘 ∈ 𝕏, 𝑘 = 1,2, … , 𝑁

                    𝑼𝑘 ∈ 𝕌, 𝑘 = 1,2, … , 𝑁 − 1

(11) 

where 𝑉(𝑿𝑘 , 𝑼𝑘)  represents the integral objective function 
and 𝑉𝑇(𝑿𝑁)  represents the terminal objective function, 
including the evaluation of tip-over stability and energy 
consumption. 𝑔(𝑿𝑘 , 𝑼𝑘) represents the state equation of the 
robot, including the single rigid body dynamic model and the 
leg-wheel dynamic model. 𝕏 represents the feasible set of the 
state of the robot, and 𝕌 represents the feasible set of torque 
inputs for each leg. Given step length 𝐿, swing period 𝑇𝑠𝑤, and 
Bezier curve profiles of the leg wheels 𝑩 =
[𝒃𝐿𝐹  𝒃𝑅𝐹  𝒃𝑅𝐻  𝒃𝐿𝐻], the optimal foot-end trajectories profile 
for the leg wheels 𝑩∗ was computed. 

C. The Tip-Over Stability Measure 

In various studies of legged robots, robot walking stability is 

often characterized by the concept of a support polygon. The 

robot tips over when the rigid COM falls out of the support 

polygon. [17] proposed a force-angle tip over stability margin 

measure for mobile manipulators. The measure of stability 

proposed could authentically reflect whether the robot is in a 

state of tipping. 

For the leg-wheel transformable robot utilized in this study, 

the forces (𝒇) and moments (𝒏) acting on the robot COM that 

would participate in tip-over instability were expressed as: 

𝒇𝒓 = ∑𝒇𝒈𝒓𝒂𝒗 + ∑𝒇𝒔𝒘 + ∑𝒇𝒅𝒊𝒔𝒕 − ∑𝒇𝒊𝒏𝒆𝒕𝒊𝒂𝒍

= −∑𝒇𝒔𝒖𝒑𝒑𝒐𝒓𝒕
(12) 

𝒏𝒓 = ∑𝒏𝒔𝒘 + ∑𝒏𝒅𝒊𝒔𝒕 − ∑𝒏𝒊𝒏𝒆𝒓𝒕𝒊𝒂𝒍 = −∑𝒏𝒔𝒖𝒑𝒑𝒐𝒓𝒕 (13) 

where 𝑓𝑔𝑟𝑎𝑣  represents the gravitational loads, 𝒇𝒔𝒘  and  𝒏𝒔𝒘 

represent the force and moment transmitted from the swinging 

leg, respectively. The symbols 𝒇𝒔𝒖𝒑𝒑𝒐𝒓𝒕  and 𝒏𝒔𝒖𝒑𝒑𝒐𝒓𝒕 

represent the ground reaction force and the moment caused by 

the ground reaction force. The symbols 𝒇𝒅𝒊𝒔𝒕  and 𝒏𝒅𝒊𝒔𝒕 

represent force and torque from the external disturbances 

acting on the system. The symbols 𝒇𝒊𝒏𝒆𝒕𝒊𝒂𝒍  and 𝒏𝒊𝒏𝒆𝒓𝒕𝒊𝒂𝒍  are 

the inertial force and moment, respectively. As shown in 

Figure 7(a), the components of resultant force 𝒇𝒓 and moment 

𝒏𝒓 that would contribute to tip over with respect to the axis 𝒂𝒊̂ 

was derived as: 

𝒇𝒊 = (𝐈 − 𝒂𝒊̂𝒂𝒊̂
𝑇)𝒇𝒓 (14)

𝒏𝒊 = (𝒂𝒊̂𝒂𝒊̂
𝑇)𝒏𝒓 (15)

 

The angular loads 𝒏𝒊  were replaced with equivalent force 

couple as follows: 

𝒇𝒏𝒊
=

𝒍𝒊̂ × 𝒏𝒊

‖𝒍𝒊‖
 (16) 

Combining the effective force component and the equivalent 

force couple of the effective moment components, the 

effective net force vector for the tip-over axis, 𝒇𝒊
∗ was 

formulated as follows: 

𝒇𝒊
∗ = 𝒇𝒊 + 𝒇𝒏𝒊

(17) 

Next, the force-angle stability measure 𝑆 is then defined as: 

𝑆 = 𝜗𝑖 ⋅ ‖𝒅𝒊‖ ⋅ ‖𝒇𝒊
∗‖ (18) 

where ‖𝒅𝒊‖ represents the distance between 𝒇𝒊
∗ and tip-over 

axis, and 𝜗𝑖 represents the force-angle of 𝒇𝒊
∗, as shown in 

Figure 7 (b). A positive 𝑆 indicates that 𝒇𝒊
∗ is directed inside 

the support polygon and, thus, a high tip-over stability. The 

magnitude of 𝑆 also indicates a stable system’s tip-over 

stability margin. Critical tip-over stability occurs when 𝑆 =
0. Tip-over instability occurs when 𝒇𝒊

∗ is directed outside the 

support polygon, in which case 𝑆 is negative. 

 

Fig. 7. Force-angle stability analysis of the robot in walking. At this 

moment, the right front (RF), right hind (RH), and left hind (LH) legs are 

in stance, forming a support polygon. (a) 𝒇𝟑 and 𝒏𝟑  are the effective 

components of the resultant force 𝒇𝒓 and the resultant moment 𝒏𝒓 to the 

tip over motion with respect to the axis 𝒂𝟑̂, one of the axes forming the 

support polygon. The 𝒇𝟑
∗  is the net effective force which sums the effect 

of 𝒇𝟑 and 𝒏𝟑, where 𝜗 represents the effective force angle as shown in (b). 
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D.  The Objective Function Definition 

From the definition of the tip-over stability measure in 
(18)(19) , the desired tip-over stability measure should be 

positive, and the magnitude should be as large as possible. As 

for the energy efficiency, by using the reduced-order dynamic 

model shown in (7)(8)(9),  the required torque for tracking a 

given Bezier curve was obtained. The overall objective 

function was defined as follows: 

𝑉(𝑿𝑘 , 𝑼𝑘) =

     ∑ (−𝑊𝑠 ⋅ 𝜃𝑖  ∙ ‖𝒅𝒊‖ ∙ ‖𝒇𝒊
∗‖ + 𝒖𝑇𝑾𝒖𝒖) ⋅ Δ𝑡

𝑁−1

𝑘
(19)

 

where 𝒖  represent the required torque vector, 𝑊𝑠  and 𝑾𝒖 

represent the weight of tip over stability and energy 

consumption, respectively. 

E.  The Constraints of the Leg-Wheel Trajectory 

The leg-wheel trajectory was optimized to satisfy several 
constraints, including the leg wheel’s workspace and the 
velocity and acceleration continuity at the moments of liftoff 
and touchdown when the stance trajectory and swing trajectory 
were switched. The minimum and maximum lengths of the leg 
wheel were 0.1 m and 0.3428 m, respectively. Moreover, to 
prevent the leg wheels from colliding, they must not exceed 
the coronal plane of the robot body. Thus, the workspace 
constraint was represented as follows: 

0.1 ≤ ‖𝑷𝑮(𝑡) − 𝑷𝒉𝒊𝒑(𝑡)‖ ≤  0.3428 (20) 

At the moments of lift-off and touch-down, the position, 
velocity, and acceleration of the toe point G of the leg wheel, 
as shown in Figure 2(b), should be continuous, as follows: 

𝑷𝑮|𝑡𝑠𝑤=0 = 𝑷𝑮|𝑡𝑠𝑡=𝑇𝑠𝑡
 , 𝑷𝑮|𝑡𝑠𝑤=Tsw

= 𝑷𝑮|𝑡𝑠𝑡=0 (21) 

𝑷𝑮̇|𝑡𝑠𝑤=0 = 𝑷𝑮̇|𝑡𝑠𝑡=𝑇𝑠𝑡
 , 𝑷𝑮̇|𝑡𝑠𝑤=Tsw

= 𝑷𝑮̇|𝑡𝑠𝑡=0 (22) 

𝑷𝑮̈|𝑡𝑠𝑤=0 = 𝑷𝑮̈|𝑡𝑠𝑡=𝑇𝑠𝑡
 , 𝑷𝑮̈|𝑡𝑠𝑤=Tsw

= 𝑷𝑮̈|𝑡𝑠𝑡=0 (23) 

where 𝑇𝑠𝑤  and 𝑇𝑠𝑡  represent the period of swing phase and 
stance phase, respectively, and 𝑡𝑠𝑡  and 𝑡𝑠𝑤  represent the 
elapsed time after lift-off and touch-down, respectively. 

F.  Optimization Implementation 

 To obtain the optimal leg-wheel swing trajectory, the 

optimal problem was solved using genetic algorithms (GA). 

GA offers several advantages for global optimization, such as 

(1) applicability to a wide range of optimization problems, 

including those with non-linear, complex objective functions, 

and (2) less likelihood of getting stuck in local optima 

compared to traditional optimization methods. 

The chromosome used in the GA presented 24 genes (𝑩 =
[𝒃𝐿𝐹1×6

 𝒃𝑅𝐹1×6
 𝒃𝑅𝐻1×6

 𝒃𝐿𝐻1×6
]). The specific parameters set 

up for the GA are shown in Table 1. The optimal trajectory 

parameters 𝑩∗ was derived by implementing a GA with the 

dynamic model simulations that provided fitness for 

evaluation. The constraint violation of chromosomes was set 

as a penalty to fitness to achieve the optimal solution that 

satisfied the constraints. 

TABLE I.  PARAMETERS OF GENETIC ALGORITHM 

Parameters of genetic algorithm 

Chromosome length 24 

Population size 60 

Number of offspring 30 

Sampling method Random Sampling 

Crossover 
Simulated Binary Crossover 

(Probability = 0.9 ) 

Mutation Polynomial Mutation 

Evolution generations 200 

IV. THE RESULTS AND DISCUSSION 

The Robot experiments were conducted to validate the 
proposed leg-wheel trajectory optimization strategy. The robot 
was set to walk with step length 𝐿 = 0.2 m, swing period 
𝑇𝑠𝑤 = 0.6 s, and at least a foot lift of 0.03 m. The robot was 
set to walk straight at a constant speed and without variations 
in height. In addition to test the optimal trajectory, the 
trajectory before optimization was evaluated as the baseline. A 
motion capture system (Vicon) was utilized to record the 
robot’s motion with a sampling of 500 Hz as the ground truth. 

The robot’s high-level controller was realized by position 
control, and each joint controller was realized by FOC-based 
torque control. The high-level controller operated in the 
embedded controller (SbRIO-9629, National Instruments (NI), 
1000 Hz hardware interrupt), and the low-level joint controller 
operated in the microcontroller unit (STM32-F446RE, 40 kHz 
hardware interrupt). Communication between the embedded 
controller and the joint controller unit was realized by the CAN 
bus. The power inputs to each BLDC motor were monitored 
with a current sensor at 1000 Hz. 

A. The Leg-Wheel Trajectory Optimization 

For the first generation of chromosomes, the trajectories for 

each leg were configured as shown in Figure 8(a). The 

optimized trajectories obtained after 200 generations of 

evolution are shown in Figure 8(b). Figure 9 shows the 

improvement in the tip-over stability measure in the 

simulation after optimization. Tip-over instability occurred 

when implementing the first-generation trajectories. However, 

the tip-over stability measure of the optimized trajectory was 

primarily positive, indicating that the robot was mostly stable. 

Moreover, critical tip-over stability (tip-over stability equals 
zero) occurred at the moment of switching the foot, such that 

the robot achieved a smoother transition between each step. 

B.  The Experimental Results 

The robot was set to track a straight forward trajectory with 
0.083 m/s velocity. Figure 10 shows the robot’s performance 
with leg-wheel trajectories before and after optimization. The 
orientation of the robot is expressed in Tait-Bryan angles (z-y-
x). While the tracking errors of 𝑷𝐶𝑂𝑀𝑋

 were not significantly 

improved, those of 𝑷̇𝐶𝑂𝑀𝑋
 had a remarkable improvement in 

both the smoothness and the tracking error. The average 
velocity tracking error was reduced from 0.103 m/s to 0.0317 
m/s. The robot with optimized leg-wheel trajectories exhibited 
substantially reduced tracking errors in pitch and roll during a 
certain period of the gait pattern. The average tracking error of 
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the roll angle decreased from 0.038 rad to 0.0266 rad, and the 
average tracking error of the pitch angle slightly reduced from 
0.032 rad to 0.03 rad.  

Figure 10 shows the power consumption of the robot. The 
robot consumed less power with the optimized leg-wheel 
trajectories than with the trajectories before optimization. The 
average power consumption was reduced from 220 W to 134 
W, and the power profile of the robot with the leg-wheel 
optimization was much smoother than without the 
optimization. 

V. CONCLUSION AND FUTURE WORK 

In this study, we proposed a limb trajectory planning 
method for the robot that considers both body and limb 
dynamics. Including leg-wheel dynamics in trajectory 
planning is crucial for robots with non-trivial limb masses. To 
remedy the complexity and computation costs of using the 
full-body dynamics of the limbs, a reduced-order model that 
can simulate the dynamic characteristics of the original limb 
was proposed. The performance of the reduced-order model 
was experimentally validated using a single leg-wheel module, 
and the results confirmed the model’s effectiveness. The 
results showed that the inertial force of the leg wheel caused 
by its swing motion significantly affected the motion of the 
robot’s body.  

We performed leg-wheel trajectory optimization that 
considered many issues, including body and leg-wheel 
dynamics, leg-wheel workspace, leg-wheel motion continuity, 
body tip-over stability, and power consumption. The GA was 
adopted for optimization. The performance of the proposed 
strategy was experimentally validated, and the leg-wheel 
trajectory before optimization was utilized as the baseline. The 

experimental results confirmed that the optimized leg-wheel 
trajectory increased the performance of the robot in both 
motion smoothness and power consumption. The velocity 
tracking error decreased by 70.3%, and the power 
consumption was reduced by 39.1%. 

We plan to realize the optimization process with a more 
efficient computational method to generate optimal leg-wheel 
trajectories online. Incorporating the terrain into the 
optimization considerations by integrating the point cloud 
information allows the technique proposed in this study to be 
more closely aligned with practical scenarios. 
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